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1  The points A(2,-3) and B(-3,1) are on a curve with equation y=f(x) . The
corresponding points on the curve y=f (a(x— b)) are A'(7,-3) and B'(-1,1). Find the
values of a and b. [3]

2 Use differentiation to find the area of the largest rectangle with sides parallel to the
coordinate axes, lying above the x-axis and below the curve with equation

y=44+4x-x>. [5]

243X

3 Solve the equation X =2X+3 exactly. [4]

x* 43X

Hence, by sketching appropriate graphs, solve the inequality <2Xx+3 exactly.

(2]

4 A kite 50 m above ground is being blown away from the person holding its string in a
direction parallel to the ground at a rate 5 m per second. Assuming that the string is taut,
at the instant when the length of the string already let out is 100 m, find, leaving your
answers in exact form,

(i) the rate of change of the angle between the string and the ground, [3]
(ii) the rate at which the string of the kite should be let out, [4]

5  Given that y =tan(1—e3x) , show that %: ke’ (1+ y2) , where K is a constant to be
X

determined. By further differentiation of this result, or otherwise, find the first three non-
zero terms in the Maclaurin series for tan(l - ) . [5]

The first two terms in the Maclaurin series for tan(l —e’ X) are equal to the first two non-

. Find the constants a and b. [3]

zero terms in the series expansion of
a+bx
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6  The diagram below shows the graph of y=2"+1 for 0 <X<I. Rectangles, each of
width 1 , are also drawn on the graph as shown.
n

Show that the total area of all n rectangles, S, , is given by
1

S, =2]—+1. (3]
n(2" —1)
Find the exact value of lim S, . [2]
YA y=2"+1
ol 1 2 3 N3 2o g
n n n n n n

7 (a) Find jsin pxcosgx dx where p and q are positive integers such that p # q. (2]

XcosnX  sin nx

n n’

is an arbitrary constant. [1]

(b) Show that IXsin nx dx =— +C where n is a positive integer and

Hence find

. L . . kn _
@) jo xsin nx dx, giving your answers in the form o where the possible values

of k are to be determined, [2]
(i) J?|Xsin 3X| dx in terms of 7. (3]
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8 Do not use a calculator in answering this question.
(a) The complex numbers z and W satisfy the following equations

w—-2z=9,
3w-wz" =17-30i.
Find w and z in the form a+bi, where a and b are real and Re(z)<0. [4]
(b) (i) Given that —1i is a root of the equation
2’ +kz? +(8+2x/§i)z+8i:0,
where K is a constant to be determined, find the other roots, leaving your
answers in exact cartesian form X+ yi, showing your working. (3]
(ii) Hence solve the equation iz’ + kz* +(2\/§—8 i) z-81=0, leaving your
answers in exact cartesian form. [2]
(iii) Let z, be the root in (i) such that arg(ZO)> 0. Find the smallest positive

integer value of n such that (izo)n is a purely imaginary number. [2]

9 (a) The diagram below shows the graph of y = % with asymptotes X =0, x=2, and

y =1, and turning point (1,—2).

y
——————————————————————————————————————————————————————————————————— y= 1
X
O
x=0 x=2
(i) Given that f(0)=1(2)=0, sketch the graph of y=1f(X), stating clearly the
coordinates of any turning points and points of intersection with the axes, and
the equations of any asymptotes. [3]
(i) The function fis now defined for x >k such that f' exists.
State the smallest value of k. On the same diagram, sketch the graphs of
y=f(x) and y=f"(x), showing clearly the geometrical relationship
between the two graphs. [3]
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(b) The function g is defined for X >0 as

g:x—2"x-1, 21—r13x<2L where nel] .

n-1"~2
(i) Fill in the blanks.

1 1
, Z <X< 5
g(x)=
1
, —<Xx<l1
2
1
Hence sketch the graph y = g(X) for 7 <x<l1. [3]
(x)
ii) Show that g(x)=g| —|. 2
(i) g(x) gL 2) [2]
(iii) Find the number of solutions of g(X) =X for 0.001< x <1. [2]

10 David is preparing for an upcoming examination with 9 practice papers to complete in 90
days. The examination is on the 91% day. He is planning to spread out the practice papers
according to the following criteria, and illustrated in the diagram below.

e He only completes 1 practice paper a day.
e He attempts the first practice paper on the first day.

The duration between the first and the second practice paper is a days.

The duration between each subsequent paper decreases by d days.

He completes the last practice paper as close to the examination date as possible.

a days a—d days a—2d days
A A A

If N N N\

| i i —
1% paper 2™ paper 3 paper 4™ paper

(i) By first writing down two inequalities in terms of @ and d, determine the values of
aandd. [4]

The mark for his n-th practice paper, U_, can be modelled by the formula
u =92-65(b)" where 0<b<1.

(ii) What is the significance of the number 92 in the formula? [1]

(iii) Find m, his average mark, for the nine practice papers he completed, leaving your

answer in terms of'b. [3]

(iv) Given that he scored higher than m from his fourth practice paper onwards, find the

range of values of b. [2]
ANGLO-CHINESE JUNIOR COLLEGE 2019 H2 MATHEMATICS 9758/01 [Turn over

www.KiasuExamPaper.com
7



11 A toy paratrooper is dropped from a building and the attached parachute opens the
moment it is released. The toy drops vertically and the distance it drops after t seconds is
x metres. The motion of the toy can be modelled by the differential equation

2 2
d—§+k(%j =10,
dt dt

dx
By substituting velocity, V= @ write down a differential equation in v and t. [1]

where Kk is a constant.

. Vv o . .
Given that % =6 when v=+/10 , and that the initial velocity of the toy is zero, show

that
e 51-e™) ’
1+e™
and deduce the velocity of the toy in the long run. [6]
The toy is released from a height of 10 metres. Find the time it takes for the toy to reach
the ground. [5]

12 In air traffic control, coordinates (X, y,z) are used to pinpoint the location of an aircraft

in the sky within certain air space boundaries. In a particular airfield, the base of the
control tower is at (0,0,0) on the ground, which is the x-y plane. Assuming that the

aircrafts fly in straight lines, two aircrafts, F and F,, fly along paths with equations

r=i+2j+3k+A(2i—4j+k) and x+2=y—_1=3_7Z
m
respectively.
(i) What can be said about the value of m if the paths of the two aircrafts do not
intersect? [3]

(ii) The signal detecting the aircrafts is the strongest when an aircraft is closest to the
controller, who is in the control tower 3 units above the base. Find the distance of
F to the controller when the signal detecting it is the strongest. (3]

In a choreographed flying formation, the aircraft F, takes off from the point (1,1,0) and

flies in the direction parallel to i—k. The path taken by another aircraft, F,, is the
reflection of the path taken by F, along the path taken by F,.

For the case when m =35, find

(iii) the cartesian equation of the plane containing all three flight paths. 2]
(iv) the vector equation of the line that describes the path taken by F,. (4]
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2019 ACJC H2 Math Prelim P1 Marker’s Report

Qn | Solutions Comments
1 = f(x)% y= f(ax) Badly done:
S Common errors:
Tepostnex resion > ¥ = £ (2(X=b)) (1) f(a(x - b)) is taken as
o) o) translate b units in the positive X-
A:(2,-3)—> (—a—3j - (— +h, —3J =(7,-3) direction then scale // X-axis by
a a factor 1/a.
B:(L3.1) > (_ 3 ’lj N (_3 +b,1) L) Thus (2+b)/a = 7 and
a a (-3 + b)/a = -1 were commonly
) ‘ ‘ seen.
—+b=7 solving gives (2) Equations
a 5 19 a(2-b)=7and
—§+b=—1 azg’b:? a(-3-b) =-1 commonly seen.
a The correct equations should be
a(7-b) =2 and a(-1-b) = -
2 Badly done
(1) Many assume that the area of
the rectangle is Xy or 2xy.
(2) Some even differentiate y =
44 + 4x — x* to find the
maximum value of y = 48
X Thus area =48 x 2 =96
/ (3) Quite a number of candidates
did not check that the area is
Area of rectangle, A =2(x—2)y maximum by checking the 2"
derivative
=2(x-2)(44+4x-x)
dA >
o =0 = 2(x-2)(4-2x)+(44+4x-x")(2)=0
ie. —6X°+24x+72=0
ie. x> —4x-12=0
Hence x=-2 or 6.
2
Check that d A =—48<0,
X=6
therefore A is maximum when X=6.
Maximum A =2(6—2)(44+24-36)=256 sq. units.
3 X2 +3X Squaring both sides would lead
w—1 1 ﬁX\"‘ 17 — to tedious working unless

Note that fok-thie: e”quatfqii’f)o’ haﬁ;e y solution,

2x+3>0:>x>—%

students were able to apply a* —
b2.

Another tedious method was to
consider 4 different regions
according to X =-3, 0, 1.
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A3 43 X oxe3)
X—1 X—1

X* +3x=(2x+3)(x-1) X* +3x =—(2X+3)(x-1)

x> =2x-3=0 3X* +4x-3=0

(x=3)(x+1)=0 4+ [16-4(3)(-3)

x=3,-1 B 2(3)

Y(22m)

Reject %(—2—\/5)( since ~—1.87<—-1.5)

X:—l,%(—2+\/ﬁ) or 3.

Final answers need to be

RN

simplified: — =——
4.2
6 3

Many students were not aware of
the need to reject ( —2-4/1 )

Of those who rejected this
negative root, few were able to

. 3
provide reason that x > 5

y = X +3x y
x—1
L/ X
: N
x=7—\1 \ x=3
i |
y=2x+3 : ng(_“\/g)

x=1
From graph, solution is —1< x < %(—2 + \/B) or X>3

“Hence, by sketching
appropriate graphS, solve...”
was not followed:

C[x*+3x
| x-1

° —2x—3 was drawn

instead.

e Sign test was seen instead.

¢ No graphs were seen in some
scripts.

Missing asymptote of X = 1
resulted in a pointed graph as
shown in the GC.

50;

0

Given that % =5.
dt

Very badly done:

- wrong understanding of
question. The rate of change
given in the question is not the
length of the string but the
horizontal distance of the kite
and the person.

- many assume that the length of
the string is constant at 100 and

resulted in cos@ = X and
100

similar expressions.

From the dl?gfarln.:f =
50 A . L ,;'.,'- -
tan@d = —. F_\ 'm r.'?_;'wf

X \siandwide D
Hence,
X= >0 =50cotd.
tan &

Differentiating with respect to 6,

- There were many who did
average rate of change, rather
than instantaneous rate of change
- when doing differentiation or
integration, the angle is always
in radians, a significant number
left the answer in °/sec.
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& ~50 cosec’d .
do
When y =100, smé’—l nd %—S,hence
2 dt
dx_dx do 5:(—50 coseczé’) 40
dt do dt dt
2\ dé
- 5_(—50~(2) )'E
B N T
t -50(4) 40
ALTERNATIVELY,
tan9=5—O
X

At the instant when y =100,

X =+100> —50> =+/7500 = 50+/3 , and 6 =sin" % _T

6
Differentiating (*) with respect to t,

seczé’%z—gﬁ.
dt X° dt
o dx
When X=50\/§, #=— and — =5,
6 dt

¢ (6] (clif _(505\;)5)2'(5)

d_6:_$=_i I‘ad S_l

(7500)(%)2 0

- there are some who used

_ X
6 =cos' ——— or

X2 +50°
50
X2 +50°

result in very tedious
differentiation.

- many did not use chain rule
when differentiating

-1

0 =sin which will

6 =tan" 5—0 and similar

X
expressions, resulting in
do 1

i . > which is wrong
+(%)

- many students still do not know

how to differentiate

sec, cot, cosec directly, resulting

in unnecessary working

(i)

Want to find % when y=100.

Now X*+50° =y> = y=+/x*+50’

jy l(x +502)

By chain rule, ﬂ:ﬂ%
dt dx d

\/x +502

5043

dy _( X j.s B 5v3
dt (Jx* +50° (s0v3 )2 +50?

-5=—— cms

-1

This part was left empty in most
scripts.

For those who did this, many did
not simplify the final answer.
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y:tan(l—e3x) = tan'y=1-¢

Differentiating with respect to X,
1 dy

) _ 3 3x

1+ Yy dx
ﬂ=—3e“(1+ y’).
dx

Hence k =-3

Differentiating again with respect to X,

d’y dy 2\ (2035

= (2yd J =3(1+y?)(3¢™)
_6y y 3X 9e3X(1+y2)

= -3¢ (2y—y+3+3y2j

dy Y, o(dy dy | oox( -, dy
a=3 [2y (dx 6y |79 2y, T3+

When x=0,
d’y

Y3 9 g ana Yo g,

0,
y= dx dx? dax’

Hence,

y:tan(l—e3x)

Most approach it this way:
differentiate tan (1 —e¥ ) to get
-3¢ sec’ (1 —~ e“) and use trigo

identity to show K.

A lot of complete and accurate
work, as many of them make
careless mistakes/slips:

d 2 dy
o —(l+y)=1+2y—
dx( y ) ydx
2
dx "~ dx dx dx

And some did not use product
rule:

d( dy
o — — | =
dx(ydxj

Clearly taught to avoid quotient
rule for implicit differentiation
but some students still proceed
in that direction.

dy &’y
dx dx?

-9 !
=O—3x+( )x2+( )x3+...
! 3!
~3x—ax =y
2 2
X -1
= X(a+bx
a +bx ( )
-1
-3
a a
x( bx (bsz ]
=—|1-——+ +.
a a a
x_bx*
a a’
Hence —3x+2
Comparing goefﬁ dtlice s
-1, very -..-.:_.I-_.:--.. 8B660031
X: 3=— = a=——
a
X —2:—% -1
2 a

Instead of using binomial series
to expand, more students
differentiated twice, use
Maclaurins again, compared
coefficient of X with f'(0), but
many made mistake in

comparing the coefficient of X*

where they equated f"(0) = —% .
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Total area of n rectangles

- %{(2; +1)+(2% +1)+...(2an1 +1)+(2' +1)}

o2
_1 {2” +2"+..20 +2‘}+l[1+1+...1+1]
n

27(1-2")" |, _

1 1
2 2

n(1-2")

+1

1
1-2n n2" -1

Most students could identify the
area of the r'" rectangle having

width L and length (2" +1).
n

Many fail to recognize that
they should split the following

| QLIRS
sum: — 2(2n +1) and proceed
N5

with Sgp and sum of constant.

As this is an answer given
question, students have to show
the full details when applying
the GP formula.

X 1 1
lims, = [ 2 +1dx=| 2= +x | =| =41 |-2= =41
n—e 0 In2 In2 In2 In2

0

Most students aren’t aware that
the limit of the sum of the area
of n rectangles is the area under
curve.

Many students concluded that
1

n(2" —1) tends to zero when the

table in the GC indicates that
1

n(2" —1) tends to 0.69339. But

since the question asked for
exact answers, students can’t use
this method.

7(a)

Isin pX cos gx dx :%J-sin(p+q)x+sin(p—q)x dx

:_cos(p+q)x_cos(p—q)x+c
2(p+q) 2(p-q)

Half of the cohort not aware the
need to use factor formula. They
attempted to solve by parts.

(b)

COS nX) J‘ cos nx

jxﬁnnxdx:xc— dx

sin nNX
2

XcosnXx
n

X cos NX
dx=—
n n n

cos nx
il

Most able to use by parts
correctly.

(b)(®

TCcOosNm L
—_ =+=
n

n

Many have no idea what to do
with cosnm.
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(b)(i) | = LA T Some students used 1 instead of
J'2|Xsm3x| dX:I3Xsm3X dx—j,sz1n3X dx -
‘ ‘ 3 3 They gotten the number
_{_ Xcos3X sin3x}3 _{_Xcos3x . sin3x}2 from GC.
3 9 1 3 9 Ir
3
TCOST mcos3E  sinE ( ncosnj
9 6 9 9
2w+l
9
8(a) | From w—2z=9, w=9+2z. It is good practice to work to
Substitute into 3w—wz" =17 —30i: eliminate one variable when
3 (9 ) Z) _ (9 " 22) 75 =17-30i solving simgltapeous equati'ons
76797 - 277" =17 30 before substitutingz =a+bi.
= +62-9z —2z2z =17-30i
Let z=a+bi, then Many students who started by
27+6(a+ bi)—9(a—bi)—2(a+bi)(a—bi) =17-301 using z=a+biandw=c+di
i.e. 27+6a—9a—2a’ —2b* + 6bi+9bi =17 —30i made careless mistakes in their
i.e. 27-3a—2a’ —2b> +15bi =17-30i computation and were not
(.Zo.rnparing coefficients ) successful in arriving at the
Imaginary: 15b=-30 = b=-2 correct answer.
Real: 27-3a-2a’-2b° =17 = 2-3a-2a’=0
solving for a, a =% or —2.
Since Re(z)<0, a=-2.
Therefore,
z=-2-2i,and W=9+2(-2-2i)=5-4i.
8(b) | —j isaroot of the equation z* +kz> +(8 +22 i) z+8i=0 The given equation is NOT a
(i) real polynomial as the

hence
()’ +k (i)’ +(8+2v21i)(~i)+8i=0
i—k—8i+24/2+8i=0
i—k+242=0
oo k=242+i.
3+<2\/§+i)22+(8+2\/§i)z+8i:0
(z+i)(22+bz+8):0
Comparing cgefpﬁcmrkfswof 2
8+2\/_1—k+/ii ] j '—§
Hence 2\/_ b : :
(z+1)(z +2\/§z+8) 0

242 £+/8-32 345
: +/61.

The other roots are —«/E + \/g i and —\/5 —\/g 1.

. Z=-1 or z=

coefficients are not all real
numbers. Hence conjugate of —i
1s NOT a root.

k is a constant does not mean it
is a real number.

In this case it is a complex
constant. So when

i—k+242=0

= k=22+i

Instead, some students wrongly
proceeded to equate real and
imaginary parts.
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(b)(ii) i7% 4 k22 +(2\/§—8i)z—8i:0 Not well done.
A substitution is needed here.
= —(iz)' —k(iz) —(8+2v21)(iz)-8i=0
ie.  (iz) +k(iz) +(8+2v2i)(iz) +8i=0.
Hence from (i),
iz=—, —\J2+61, or —2-6i
SooZ=—1, —J3+J§i, or 6+\/§i.
(b)(iii | 7 — L2 +6i Not well done.
) Some errors in the method to
argz, = “r find argument of a complex
3 number.
For (iz,)" to be purely imaginary,
arg(iz,)" = ig = narg(iz,)= ik—zn where k is odd
1.e. n[argi+arg ZO] = ik—zn
1.€ [E + Z—RJ == E
2 3 2
1.€ [— S—R} == k_n
6 2
Hence smallest positive integer value of n is 3.
9(ai) y Generally well done, except
some students who totally do not
know how to sketch reciprocal
graph.
y=1 Common errors are
"""""""""""""""""""" /" - both tails tend to infinity
X - left tail tends to infinity
o (2.0) ] ol for min
1,-1 wrong y-value for minimum
point
(a)(ii) | k=1
y Some did not get the mark k =1
even though their (i) is correct.
Weird!
y=f"(x

Common mistakes for
y=f"(x) graph

- draw y = f'(x) instead

- the left end points are on the
respective asymptotes

- missing labelling of points,
especially the y-intercept

- the point (1, —1) becomes
(-13)

- missing vertical asymptote
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(b)(i) 1 1 Most students get the 2 marks if
Ax-1, 4 SX< P they attempt it
g(x)= { 1
2x—1], = <x<— Common mistakes in graph
y 2 4 - the y-value of both end points
are at 1, so they should reach the
same height
- scale on the x-axis, there were
a significant number who drew
the same width for both pieces
X - swap the rule for the domains
(b)(ii) B 1 < 1 About half did not attempt this.
B S o0 n-1 Most who attempted it got
X X 1 x 1 partial marks.
Bl peres
2 2 222 Partial marks were given if
— My o], — 1 X< —— - Obtgin 'the mle for the general
" 2" case in simplified form
1 1 ) - obtain the rule for the case in
=2x-1, ST SX<So k- (optional) (i) with the correct domain
=g(¥)
(b)(iii | Consider y Most students assume that the
) 1 1 y =X | solution is in the region of the
: . graph drawn in b(i).
In0.001 | | .
> =~ =9.97 ; | Few who attempted this got the
In(3) o correct answer, which is fine.
1 1 o= 2 ’
T<0'001<? o 77'}’?' 1o 1
When n=10,
1 1
g(x)=2"x~1, F_)K?'
Solving
g(X)=x when n=10,
2x—-1=x = x=0.000978 <0.001.
Hence there is no solution when n=10.
There are t refore 8 olutl(,)ns (since-11 =1 also has has no
solution). —“3 i
10(i) | As there aref 9 papers ther.p areﬁ@ratlons in between the Very few students manage to

papers.

write down both inequalities
correctly.
Many students wrote S, <90 as

they may have miss out on the
fact that the 1% practice paper is
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SS:§(2a+(8—l)(—d))<90 T,=a+(@8-1)(-d)>0

— 8a—28d <90 =a>7d

=a<11.25+3.5d

For the last paper to be as close to the exam date as possible,
aand S; must be as large as possible,

By trial and error,
d=1a<14.75=a=14(>7(1)) and S, = 84
d=2a<1825=a=18(>7(2))and S, =88
d=3,a<2l.75=a=21(£7(3))

Therefore d =2, a=18.

already attempted on the 1% day.
By writing S; <90, this implies
that the 9" practice paper could
be on the 91" day (examination
day) which is not what the
question wants.

Quite a number of student also
wrote T, > 0. This is incorrect as

T, > 0O means that it is possible

for the 8™ and 9" practice paper
to be done on the same day
which is also not what the
question wants.

Even fewer students realised of
the need to determine the values
of a and d by trial and error.

Quite a number of students
attempt to “solve” the 2
inequalities by treating them as
“equations” and attempting to
“solve” them “simultaneously”
which is incorrect.

10(ii)

92 is the highest (theoretical) mark that he will get even if he
practise many many times.

OR

92 is the highest (theoretical) mark that he will get based on
his aptitude and ability.

This part was quite well
attempted as students generally
know the significance of the
number 92. However, their
answer can be improved on by
being clearer in stating the
reason why 92 is the highest
mark David will get.

10(iii 1< 1< . Many students assume wrongly
y | m=odu, =0 (92-6500M) 5
93 = that Zun is an AP and took the
1 9 . n=1
- §(92(9) B 65; b J first term as (92 —65(b)) and the
65( b(1-b%) last term as (92 - 65(b9)) which
=92— 9[b] N = are incorrect.
I;: g J Quite a number of student could
' e.Cny 20000 not recall the Sy of GP correctly.
10(iv) | As he scored higher than m from his 4" paper onwards, Many students could write the

inequality but could not solve as
they did not realise that GC can
be used to help them solve.
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9
0y 65(D0-D)
9 b
=1-b’>9b°(1-b)

=b’-9b* +9b* -1<0
From GC, 0<b<0.726

j <92-65(b*)

11

2
d—§(+k(d’(] ~10
at’ o\ dt

) dx
Substitute v=—

dv

2
dﬂzd—l to DE,
dt dt?

+kv’ =10

Majority are able to get the
differential equation. A handful
of students left blank. Many
students misinterpreted the

. X
question as V= ? .

whenv=\/m, %=6

6+k(-/10)>=10..k=0.4
dv

—=10-0.4v*
dt
[ el
10—-0.4v*
1 1 > dv=t+c
047 25-v
AL PV S
04 25)) |5-v
llnSLV=t+C
4 |5-v
5+vV
In|— [=4t+d, d=4c
5-v
5i:Ae‘“, A= +e"
5-v
57V _ et gt
5+v A
whent=0,v=0 .. A=1
5_V_e4t
5+vV

5-v= (5+\I)e4t )

Ast— o0, v— 5ms™!

Those who managed to obtain

\"
dv +kv? =10, are able to get

k=0.4 easily.

With % +kv? =10, majority

knew how to separate the
variables. However, only a
handful include modulus.

A common mistake made is

5
I 50—2v°
5 In «/% + \/§v|
2(4/50) V50 -+2v|’
Students did not realise that

coefficient of v’ must be 1 if
they are applying the same
formula from MF26.

Students have no idea why
5" -1 _501-e™)
e* +1 l+e™

must be shown explicitly.

. Working

Students didn’t read question. At
least a quarter of the cohort
missed this part. Those who
attempted this part managed to
answer correctly.
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dx _5(1-e™)
dt  1+e™
4t
_IS(I - ) dt
I+e

—4t 4t —4t
1 e

e
ZSJ.l+e4” e ™ dt=5J'1+e4t C4e™ dt

5 _
:Z[ln(1+e4t)+ln(l+e “]+e

whent=0,x=0 ..c=-2.5In2

Hence,
x=5[1n(1+e4t)+1n(1+e*“)]—§1n2.

4 2
From G.C., when x =10, t=2.3465~2.35s

Alternatively,

—4t

I 5(1-e¢ ) _10
0 14+e™

From G.C.,, t=2.3465~2.35s

Badly done. Many students did
not attempt this part. Those who
attempted, majority have no idea
that the question is solving for
the particular solution of X.
Many students differentiated

5(1—-e™)
l+e™
handful of students who got

j 5(1—- e_4t)
l+e™
most of them stuck at

. There is still a

dt. However,

j -dt, which many
1+e™

mistook as In (l +e ™ ) or

tangent inverse. Some students
interpreted the question wrongly
as “whent=0, x=10". There
are some impressive solutions,
but a handful of them didn’t
realise that they need to make
use of G.C to solve.

12(i)

Fi.r=i+2j+3k+AQ2i—4j+k)
Fo. r =-2i+j+3k+ u(i+mj—7k)

2 1
Since | =4 |# k| m |, the paths cannot be parallel.
1 -7
If the paths intersect,
1 2 -2 1
20+A4|=| 1 [+ m
3 1 3 -7
2A—pu=-3 ... (1)
A+Tu=0 ... (2)
42+mu=1 ....... (3)

Solving (1) and (2), 4 :—%, 1 :é

From (3), m=33
Since the paths do not 1ntersect they are skew lines
-m 7 33 \ QJ |

Shocking that a significant
number of students did not know
how or made mistakes/slips
when converting from Cartesian
to vector form.

For non-intersecting lines, many
considered parallel lines and
concluded that m is not multiples
of 4. A lot of students did not
even consider case of skew lines.

(ii)

Let A(1,2,3) be a point onF1 y 88660031

(0 1 -1
Then AS=|0|-|2|=|-2
3 3 0

Many students did not write the
position of signal correctly, base
of control towel at (0, 0, 0) (info
given earlier and found on a
different page).
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Perpendicular dist = ‘A—S X B‘

-E%J%L—?J L

( 2) +1+82 23

7

Method 2:
— 2
=l lae 1 6
AF|=|ASb|=| 2 |.—| 4 |=—=
[AF|=[As-bl=) 2 4=
6 23

SF =+/AS> - AF? = |(\5) = (—=)* = ==

\/( ) (Jﬁ) 2
Method 3:

1
Let OF =| 2 |+ 4
3 1

1+24 1+24
SF=|2-44|- 2—42

3+1 A
SF.b=0

1+224) ( 2 5
2-42 || 4 [=0=2(1422)-42-42) + =0 A=
A 1

2
( —4 | for some A.
0
0
3

_(1+22/7)) (11
SF=|2-42/7)|==| 6

2/7 7\ 2

2 2

‘SF' V11 2467 +2 \/16
Method 4:
o 1+24 0 1+24
‘SF‘: 2-42 |-l 0|=|l2-42

3+ 3 A

= 2+21(/1—£2
7 21

..shortest dist =, /?
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(iii) 1 1 5 Many students did not know
n=| 0 |x| 5 |=|6 what cartesian form
_ -2 ! -1) =7 5 “ax-+by+cz = p” of equation of
Fir= ; TH 57 N (5 plane is and left answer in
a an=11l6l=11 parametric form:
1 0)!5 1 1 1
F:r={1|+a| 0 r=|1|+a|l 0 |[+u| 5 |
0 -1 S 0 -1 ~7
L1 6 |=11=5x+6y+52=11
5
(iv) | When F; and F3 intersect,

2+ u I+«
I+5u |=| 1 Su=0,a=-31e.
3-Tu —-a
Let B be another point on F> (u = 1).
o —2+1 -1
OB=|1+501) |=| 6
3-7(1) -4
Find p.v. of foot of perpendicular to F3:
Method 1:
(1 1
Let ON =| 1 |+« O for some a.
0 _
1 +a 2 +a
BN.b=0
2 + a

onN=28+98 _ Ggi-

20N -OB

J—03(2+a) 4-a)=0..

Method 2:

Most students just gave up.

Out of those who did not, many
used the intersection of F» and
F3 (-2, 1, 3) to find foot of
perpendicular, which failed.
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2
Section A: Pure Mathematics [40 marks]

1 Referred to the origin O, the points A and B have position vectors a and b, where a and b
are not parallel, b is a unit vector, and ZAOB =45". The point R has position vector given

by r=3a+5b.

Find

(i) the position vector of the point where OR meets AB, [3]
(ii) the length of projection of OR on OB, leaving your answer in terms of |a|. (3]

show that

2 By considering - ,
r(r—=2) r(r+2)

Z 1 Cas b L ,

= (r=2)r(r+2) (n=D(n+1) n(n+2)
where a, b and ¢ are constants to be determined. [4]
(i) State the value of _ . [1]

S(r-2)r(r+2)
L 1

ii) Find Y ————— interms ofn. 3
@) rZ;‘r(r+2)(r+4) B3]

2 2
3 (a) An ellipse has equation X—2+Z—2 =1 whereb>a> 0.
a

(i) Show that the area A of the region enclosed by the ellipse is given by

A:4—b_|':l\/a2—x2 dx. [1]

a
By using the substitution x =asin@ , find A in terms of a, b and 7. [4]

(ii) The region enclosed by the ellipse is rotated about the x-axis through © radians
to form an ellipsoid. Find the volume of the ellipsoid formed, in terms of a, b
and 7. [3]

(b) When a continuous function, y=f(x), a<x<b, isrotated completely about the x-axis,
the resulting curved surface area is given by

b d P
S:J 2my 1+[_YJ dx.
. \/ dx

By considering the circle with equation x*+y* =r? where —r < x <r, show that the
surface area of a sphere with radius r is 4nar*. [4]

ANGLO-CHINESE JUNIOR COLLEGE 2019 H2 MATHEMATICS 9758/02
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3

4  The folium of Descartes is an algebraic curve defined by the equation
X} +y? =3axy,
where a is a real constant.
Consider the curve when a=1.
Show that by setting y = xt, where t is a parameter such that t €[] ,

X = LS, t=zk,
1+t
where K is a real number to be determined.
Hence write down the expression for y in terms of't. [3]
(i) Show that
X+Yy= 3t
O
and, by considering limits or otherwise, find the equation of the oblique asymptote
of the curve. [3]

(ii) Sketch the graph of the folium of Descartes when a =1, showing clearly the
coordinates of any intersection with the axes, and the equation of any asymptote(s).

(2]
(iii) Find the equation of the tangent to the curve at t =2, and determine if the tangent
cuts the curve again, giving the coordinates of the intersection if it does. [6]

Section B: Probability and Statistics [60 marks]

5 A school tennis team comprises of 6 boys and 6 girls.

(i) Given that the members of the tennis team all have different heights, find the number
of ways a group of 4 students of increasing heights can be chosen from the team. [1]

(ii) A delegation of at least one student from the team is to be chosen to attend a
convention. Find the number of ways this delegation can be chosen. [2]

(iii) Andy, a boy, and Beth, a girl, are members of the tennis team. A group of 8 students
from the team is to be chosen to attend a dinner, seated at a round table.
Find the probability that the boys and the girls in the group alternate such that the
group includes Andy and Beth who are seated next to each other. [2]

6 A class proposes the following game for their school’s fundraising event.

Four discs numbered ‘17, ‘3, ‘5” and ‘7’ respectively are placed in Bag A. Another four
discs numbered 2°, ‘4’, ‘6, and ‘8’ respectively are placed in Bag B. A player chooses
two discs at random and without replacement from each of the two bags. It is assumed that
selections from the two bags are independent of each other.

Let X represent the difference between the numbers on the two discs drawn from Bag A,
and Y represent the difference between the numbers on the two discs drawn from Bag B.
The player wins $X if X =Y. Otherwise, the player wins nothing.

(i) Show that P(X =2) =% and find the probability distribution of X. [3]

(ii) Find the probability that the player wins a prize. [2]
The game is to be played using a $k coupon, where Kk is a positive integer. Find the
minimum value of K in order for the class to earn a profit for each game, justifying your
answer. 2]
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4

7 A concert promoter claims that the mean price of a ticket to a pop concert is $200. A media
company collected information on ticket price, $x, for 50 randomly chosen people who
bought pop concert tickets. The results are summarised as follows.

¥ (Xx—200) =450 > (Xx=200)* =55 000
(i) Test, at the 4% level of significance, the concert promoter’s claim that the mean price
of a ticket to a pop concert is $200. You should state your hypotheses and define any
symbols you use. [5]
(ii) The media company took another random sample of n tickets, and found that the
average ticket price for this sample is $206. If the standard deviation of ticket price
is now known to be $32.25, find the maximum value of n such that there is
insufficient evidence at the 4% level of significance to reject the concert promoter’s
claim. [2]

8 A company that organizes live concerts believes that the popularity of an artiste affects
his/her concert ticket sales. The popularity of an artiste can be measured by an index, X,
such that 1< x <10, where 10 indicates most popular and 1 indicates least popular. A study
was conducted over six months to investigate the relationship between the popularity index
of eight artistes and their concert ticket sales. The results are summarised in the following
table.

Artiste A B C D|E|F |G H

Popularity Index, X 1.2 2027 |38 4856169 8.0

Concert Ticket Sales (hundreds of

thousands), $y 22 14558 [73(74]1901]99] 108

(i) Draw a scatter diagram for these values, labelling the axes. [1]
(i) It is thought that concert ticket sales y can be modelled by one of the formulae
y=ax’+b or y=clnx+d,

where a, b, ¢ and d are positive constants.
Use your diagram in (i) to explain which of the two is a more appropriate model, and
calculate its product moment correlation coefficient, correct to 4 decimal places. [2]
(iii) The data for a particular artiste appears to be recorded wrongly. Indicate the
corresponding point on your diagram by labeling it P. Find the equation of the least
squares regression line for the remaining points using the model that you have chosen
in (ii). [2]
(iv) The ticket sales for a new artiste is found to be $800, 000. Estimate the popularity
index of this artiste and comment on the reliability of your estimate. Explain why

neither the regression line of In X on y nor x> ony should be used. [3]

9  The teacher in-charge of the Harmonica Ensemble observed that a pair of twins often
turned up late for practice. Attendance records show that the older twin, Albert, is late for
practice 65% of the time. When the younger twin, Benny, is late for practice, Albert is also
late 97.5% of the time. When Benny is not late for practice, Albert is late 56.875% of the
time.

(i) Show that the probability that Benny is late for a practice is 0.2. [3]
(ii) Find the probability that only one of the twins will be late for the next practice. [2]
The teacher observed that another student, Carl, is late for practice 50% of the time. The
probability that all three will be late for practice is 0.098. Given that the event of either
twin being late for practice is independent of the event that Carl is late for practice, find
the probability that neither the twins nor Carl is late for a practice. [3]
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10 In this question you should state the parameters of any distributions you use.

Mary runs a noodle stall by herself. The noodles are prepared to order, so she prepares the

noodles only after each order, and will only take the next customer’s order after the

previous customer is served his noodles.

The time taken for a customer to place an order at the stall follows a normal distribution

with mean 60 s and standard deviation o s. The time taken for Mary to prepare and serve

a customer’s order also follows a normal distribution, with mean 300 s and standard

deviation 50s.

The probability that a customer takes not more than 40 s to place an order is 0.16. Show

that o =20.11, correct to 2 decimal places. [2]

(i) Let A be the probability that a randomly chosen customer takes between 57 s and
63 s to place an order with Mary, and B be the probability that a randomly chosen
customer takes between 49 s and 55 s to place an order with Mary. Without
calculating A and B, explain, with the aid of a diagram, how A and B compare with

each other. [2]
(ii) There is a 0.1% chance that a randomly chosen customer has to wait for more than k
seconds for his noodles to be served after placing his order. Find k. [1]
(iii) A man visits the noodle stall on 10 separate occasions. Find the probability that his
average waiting time per visit after placing his order is less than 4.5 minutes. [2]

(iv) In an effort to shorten wait time, Mary improves the ordering and cooking processes
such that the time taken for a customer to place an order is reduced by 5%, while the
time taken to prepare and serve a customer his noodles is reduced by 10%. Find the
largest number of customers she can serve in 1 hour for at least 80% of the time.
State one assumption you made in your calculations. [5]

11 A factory manufactures a large number of wine glasses. It is found that on average, a
proportion p of the wine glasses are chipped. A distributor purchases batches of wine
glasses from the factory, each batch consisting of n wine glasses. A batch of wine glasses
is rejected if it has more than 1 chipped wine glass. Let X be the number of wine glasses
that are chipped in one batch. State two assumptions for X to be well-modelled by a
binomial distribution. [2]
Show that A, the probability that one batch of wine glasses will not be rejected, is given by
the formula

A=(1-p)"'[I+(n-1)p]. [2]
(a) Given that p=0.02, and the probability that a batch of wine glasses is not rejected
is at least 0.9, find the largest possible value of n. [2]

(b) The distributor also purchases wine glasses from another factory in batches of 40 and
it is found that A= 0.73131.

(i) Find p correct to 5 decimal places. [1]
(ii) The mean and standard deviation of X are denoted by pand o respectively.
Find P(u—c<X<p+0). (2]

(iif) The distributor has a one-year contract with this factory such that every week,
the factory produces 20 batches of wine glasses. According to the contract, the
distributor will receive a compensation of $100 for each batch of wine glasses
it rejects every week. Assuming that there are 52 weeks in a year, find the
probability that the total compensation in the one-year contract period is more
than $30 000. [4]
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2019 JC2 H2 Prelim Exam P2 Markers Report

1(3i) k(3a+5b)=a+ A(b—a) Some made the mistake of using
Comparing coefficient of a and b, vector AB as the line equation
3k=1-41 5 1 Line ABis r=a+A(b—a) not
.'.ﬂ,:—,kz— =bh—
Sk =2 8 8 r=>b-a
-.p.v of the point of intersection is Ea + éb : Some assumed that the
8§ 8 intersection point is R, making
the mistake of equating
(3a+5b)=a+ A(b—a) when it
should have been
k(3a+5b)=a+ A(b—a)
(ii) . |a| Some wrote the dot product
a-b = a[b|cos 45° = 7 correctly in (i) but didn’t put it to
. use in any way.
[OR-b|=|(3a-+5b)-b| = [3a- b+ 5b-b)
=(3a-b+5/p|) _3l,
2
2 11 (r+2)=(r=-2) 4 A minority of students did not
r(r=2) r(r+2) (r=2)r(r+2) (r—2)r(r+2) |considerthe given expression.

s 1 1
rZ:;‘(r—2)r(r+2) :Zz(r(r—z) r(r+2)}

_p
41 3(1) A5)

1
") A6

A

M Y(n—4) /{ 2)n
M(n 3)  (n- l)(n+1)

1 1
iy_,eﬁ_—z) n n+2)J
E;é 1

?%ﬁ—l)(n +1) n(n+2)

1

4 + 4

96 % (n=D(n+1) n(n+2)
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Out of those who did use the
result from considering the given
expression, ~10-20% of them
used the result wrongly
(multiplying by 4 instead of by
Va).

MOD was done well generally,
with minor slips.




(i) From previous result, Done well, but the presentation
n 1 11 1 1 was off for 20-30%. Some even
;(r—Z)r(r+2) 9% 4n—=1)(n+1) 4n(n+2) wrote | "
1 1 Asr—>owo, ——— 5|
As n— oo, (DD nn+2) — 0, therefore (r_g)r(r+2) 96
. | 1 tSh‘fudentst are reminded to answer
_ = e question.
,Z:;‘(r—z)r(uz) 96
(ii) n 1 Poorly done. A variety of similar
[] m approaches can be applied, but
r_eplace , by r—2, there were many conceptual
oen e errors with regard to how to the
z general term interacts with the
= (- 2)"(" +2) F(r- 2)r(r +2) dummy variable in the
2 Z": summation.
={r= 2)r(r +2) = 2)r(r +2) There was a small number of
— (H — 1 — 1 J scripts where the working was
96 4(n+1)(n+3) 4(n+2)(n+4) filled with errors arriving at the
( 11 1 1 j right answer (or close to). Marks
| == - may not have been awarded if the
96 46-D(6+1) 4(6)(6+2) terr)rlls used in the working were
_ 83 1 _ 1 not equal at any juncture.
6720 4(n+1)(n+3) 4(n+2)(n+4)
3(a)(i) For the ‘show’ part, it is a simple

x*) b*@ -x%)
P ANTET

a a

A=4j:y dx=4j0a bz(l—:—zj dx

2002 2 a
=4J- Q/b(a—zx) dx=4—bJ‘ Ja* —x* dx. (shown)
0 a a o

:4_bja a’— x> dx
a Yo
—“—'C’F,/a2 ~(asin)* (acosd) d@
a Yo
B 5 @1 —sin ) acos ) 4
a 0
= 4—bJ‘5a2 cos’ @ d@
a o
= 2ab [ 2¢65] Gfr€240 ) do

xamPaper
5 :(Hely | ®h [I(
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result that aims to test the
students’ conceptual
understanding of the application
of integration to find area under a
curve. Students’ presentation has
to demonstrate that
understanding.

Generally very well done, though
the usual mistakes were still
present (not changing the limits,

. oo .odx
making errors substituting in 0 ).

Some students did not know how
to proceed with the integrand
thereafter (but only minority).

Of those who applied the cosine
double angle formula, there was a
significant minority who
integrated cos26 wrongly.




@3 |\ _oy J‘a V> dx orm J‘a y? dx Poorly done by quite a number of
0 -a students. These students may
_ ana b’ (@’ - x") dx = 275?2 J‘aaz 2 dx have been confused by the
0 a a’ v integral they showed in (i), not
o[, KT 2mb’(2a° helped by their poor
=——|aX—— | =—F| —/— understanding of finding volume
a 3 a 3 . .
0 of revolution by applying
_ 4mab’ integration.
3 Simplify answers too!
(b) dy Students generally made good
S= J 2my 1+( » j dx progress with this part, applying
the formula with ease. A common
; x Y conceptual error was integrating r
) :LZny I+ —— | dx r2
Xty =a y with respect to X to obtain 5
2x+2y%_ =j'r 2myX* +y? dx
X -r
dy_x = [ 2mx + (= %) dx
dx y ‘ .
= Lan dx=2mr [x]_, =4ar’
Alternative:
y= /az x>
dy___x
dx  a?-x

b d 2
S:LZny /H(d_zj dx

=[ 2nr? - 1+[
=[ 2nr 4

:Lzml(r —x*)+ x> dx

= er2nr dx =2mnr [X]ir =4nr?

J—)de
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When a=1, X’ +y’ =3xy.
Let y=xt, then
x3+(xt)3 =3x(xt)
= X +Xt=3xt
= X (1+1°) =3t
3t

= X= T
1+t

(shown)

For X to be defined, 1+1t° =0
Hence t #—1. Therefore k =—1

3t 3t?
Si =xt,h = t= .
mce Yy ence Y [1+t3 j 1ot

The proof for X was generally
well done.

Working for find y in terms of
t varied from a one-liner to a
full page working when the
question says “write down the
expression...” which students
should suspect that the answer
is obvious.

Some students neglected to
write down the value of k.

(i) 3t 3t2 In this show question,
XY =10 ar students either did not know
3t(1+t
. 3t(1+t) how to simplify ( ; ) , Or
TS 1+t
3t(1at some just did
_ (2+ ) M) 3
_ = withou
(1+0)(E ~t+1) 1+ £ —t+1
3t h showing the factorization.
T2 _tal (shown) Students need to realise that
nothing in a “show” or
Oblique asymptote is when X — *o0 . “prove” question should be
assumed as obvious.
Since X = o X — 1o when t —>—1.
When t _);[1 ’ 3 3 Only a few students knew that
X+Yy=- — : _ = =1 oblique asymptote occurs
U—t+l  (-1) —(-1)+1 when X — +00, not when
Le. Xx+y—-1 t— too.
= y —>-1-X.
Therefore, the oblique asymptote of the curve is
y=-1-X.
(ii)
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Graph was badly drawn.
Students need to know how to
interpret their G.C. sketch:

HORMAL FLOAT AUTD REAL RADIAN HP n
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1. Why is there a “hole”
in the graph near the
origin?

2. Is that line that looks
like a straight line part
of the graph?

Sketches that included a sharp
turn to draw the straight line
as part of the graph did not
get any credit. Nor did
sketches with a gap near the
origin.

(iii) | Differentiating the cartesian equation implicitly,
d d
3 +3y° d_i - 3Xd_§(/ +3y This part of the question
) dy ) required students to choose
= (y - X)— =y—-X between the given Cartesian
dx ) equation or the equivalent
e dy _ yz— X parametric equations to use to
YT =X find dy . Most students chose
2 4 dx
When t=2, x= 3973 to differentiate the parametric
By i ( N ) 4 equations,.with many many
and = =223/ _ 7 remembering quotient rule
dx (%)2 -2 5 wrongly. Some used product
Hence equation of tangent when t=2: ru‘le instead but also fumbled
y—t 4 4 4 with .the algebra. The most
l=— = y=—X+-. efficient method is to
X—-3 5 505 differentiate the Cartesian
equation implicitly, then
If the tangent cuts the curve again, using the parametric substituting t =2 to find X
equations of the curve to substitute into the equation of the | and y at the point to find
tangent, gradient of the tangent.
3t — ﬂ( 3t j + 4 The intersection between
1+t7 5\1+t°) 5 tangent and original curve
4 4 should be a familiar question.
= 3t'= §(3t)+§(1+t3) The parametric equations
— 15t = 2t + 44413 should be substituted into the
equation of the tangent to
= 4 —15t* +12t+4=0 solve for t.
— t= _l . or 1=2(tangent here Technically, even without
4 L1AS] )= having done the preceding
Therefore thtangentgu‘tsthegu a:gain at t= —i , with IS) ;ﬁiﬁgig{:iiﬁ?i;ﬁ; have
. 16 4 easily been done with just the
coordinates [_E > Ej . Cartesian equation and the
G.C.
5() | Number of ways Most common error was to
="C, use "°P, instead. But order in
=495 this case is already
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predetermined by heights, so
we just need to find how
many ways a group of 4 can
be chosen and there is only 1
way to arrange them by
height.

5(ii)

Method 1
Number of ways
=221

=4095

Method 2
Number of ways

- °C,+°C, + °C,..+ °C,,

=4095

This question, unintentionally,
has two interpretations:

1. Total number of ways to
choose delegations with
at least one student. This
was the intended
interpretation.

2. Ifnis assumed constant,
then number of ways to
choose n students from
the team is just
“C, = 1—2' For

n!(12—-n)!
this approach we need to
see the formula in order
to gain the second mark.

5(ii)

Probability
_ °C,3!1x°C,3! x2
- 2C, 7!

(or 0.00289)

This question proved a
challenge for many with a
majority neglecting to choose
the number of boys and girls
to be seated with Andy and
Beth. The team has 12
members but only 8 are
chosen to attend the dinner.
Another problem is not
knowing that the total number
of ways is to count how many
ways to choose any 8§ to seat
at a round table.

6(i)

P(X =2) = 2P({1,3})+2P({3,5}) + 2P({5,7})

sk

1 (shown)

sl )

P(X =4)=2P({1,5})+2P({3,7})

2

(

X

KRB

IS

P(X =x)

0| — M

wl»—_i

o | = Oy

(1) Unclear presentation for
P(X=2) = 0.5 for many
students.

Some wrote 6(lj(lj = l or
4 )\ 3 2
(35 E)6)
4 )\ 3 4 )\ 3
without explaining what these
numbers meant.

6(ii)

Similarly

AN

y

P(Y =)

SR )
W —

=N

(i1) some made the mistake

son=a{3) 45
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P(player wins a prize)
= P(X =2)P(Y =2)+P(X = 4)P(Y = 4)+P(X =6)P(Y =6)

(3)+6))

when it should have been

1y (1Y (1

J

_ 7
18
6(ii) | Let W be the winnings per game. Some didn’t realise that to
win a prize you need P(X=Y),
W 0 2 4 6 thus making the mistake of
PW=w)| 11 1Y | (1) 1Yy calculating E(X) = 10/3
s |66
> > 2 Some students did not realise
EW)= 2(1) +4 l) + 6(lj = 10 that amount won is associated
2 3 6 9 with their different
Since the expected winnings of player = $& > $1 , the probabilities, they made;the
) ) ) 9 mistake of using prob —
game is to be played using $2 coupon in order to have profit 18
per game. with W (winning per game).
k=2
10
Some found E(W) _3 but
made wrong conclusion for k
=$1
7)) | - 2 (x=200) B Most students are able to
X= 50 +200 =209 present first step, i.e.
i H,:pn=200
450 :
< - 1155000 (450)" | _ 50950 or 1039.8 (5 s.£) H, :p =200 at 4% level of
49 50 49 sig.
Let pu be the population mean price of all concert tickets. Many DID NOT define p.
To test H, :p =200 Some students made the
against H, : pu# 200 at the 4% level of significance. mlstake‘ of putting the‘wrong
_ population mean 209 in place
X =200 i
Under H,,Z = ~N(0,1) or X~N| 200, 22229 || of the value 200 in the
y 49(50) distribution,
J50
) o ) ) 50950
approximately by central limit theorem since sample size, X~N 200, ———
) 49(50)
50, is large.
Value of test statistic Z=1.97 Some forgot to quote central
p-value = 0.0484 > 0.0_fl (do not reject H,) limit theorem.
'\ = . Phrasing of the conclusion
There is 1nsufﬁclen revidence % level of was contradicting for some
s1gn1ﬁcance that the.mean.concert ticket price is not $200. students, even though they
knew it was ‘do not reject
Ho’.
(ii) | Now given the standard deviation is 32.25 Some students misread the

32.25°

Under H,, Y~N( j by CLT since n is large

question.
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2% 2%

-2.0537 2.0537

For Hy to not be rejected, the test statistic, z, must not be in
critical region. Hence
—2.0537<2<2.0537

. 206—-200
1.C. —20537 < W

Jn
6Jn
32.25

ie. -11.039<+n<11.039
Hence largest value of nis 121.

<2.0537

ie. —2.0537< <2.0537

(i1)) Some made the mistake
to assuming it is upper tail,
2062200 _ 0537

32.25

n

instead of
206-200

Jn

Some also made the mistake
of confusing it with (i)
information, writing it as

209 -206

n

writing

<2.0537

8(i) y Students should be using a

X cross ‘X’ to make the points
x % (8, 10.8) instead of a small square box
(as seem on the calculator
x @ screen).
x P(4.8,7.4)
x
*(1.2,2.2)
X
(ii) | The scatter diagram suggests that as X increases, Yy increases | Quite a number of students

at a decreasing rate, which is consistent with the model
y=clnx+d where ¢ and d are positive. The model

y =ax’ +b where a and b are positive suggests instead that

as X increases, Y increases at an increasing rate, which is not
suitable for the data given.

r=0.9927 (4dp)

said that the points in the
scatter diagram were
distributed along a line, hence
y=clnx+d was the
appropriate model (incorrectly

assuming In X is a linear
function?)

Some students mentioned the
turning point in y =ax’ +b.
This is not relevant to the
current question as we are

only looking at a limited
range of values of X.

Some students also calculated
r for both models before
deciding y=cInx+d was
the better model as its value
of r was closer to 1. This was
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not accepted as it did not
make use of the scatter
diagram.

Finally, many students did not
give I to 4 decimal places as
stated in the question.

(iii)

Least squares regression line is
y=13755+4.4612Inx (5s.f)

=1.38+4.46Inx (3s.f)

A large number of students
gave Y =4.46+1.38InX, or

otherwise chose the wrong
model in part (i1) and hence
lost marks here.

Most students chose P
correctly; some students
thought it was the bottom left
point (1.2, 2.2).

(iv)

Wheny =38,
8=1.3755+4.46121In x
Hence
o 8—1.3755
4.4612
= X=442 (3s.f)

This estimate is reliable as 1, | ,

y = 8 is within the data range of y (2.2 <y <10.8) used to
obtain the regression line of y on InX.

is very close to +1 and

The popularity index (variable X) is the independent variable
in this context, therefore it is not appropriate to use the In x
ony orthe x> ony regression lines to estimate popularity
index X.

%

Some students did not use the
regression line in (iii), but
recalculated a new regression
line based on a linear model.

Some students left their
answer as

. 8—1.3755 _ 148
4.4612

Many students omitted to
mention that r is close to 1.

Some students wrote that it
was unreliable as the
popularity index of a new
artiste might not be accurate.
This was not accepted.

Finally, a large number of
students stated the two models
were inappropriate for various
reasons — such as the fact that
y could not be negative, or
that the graph did not have a
turning point. This reflects a
misconception that the
regression model can be
extrapolated to values of X
beyond those of the data.

9(i)

Let A be the event that the older twin Albert is late for
practice, and B be the event that the younger twin Benny is
late for practice.

Given: P(A)=0.65, P(A/B)=0.975, P(A|B')=0.56875.

Majority of students were able
to do this. Those who could
not wrongly interpreted the
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P(ANB)

P(AB)=0.975= =0.975

— P(ANB)=0.975 P(B)

P(ANB")

P(A| B")=0.56875= ®) =0.56875

=P(ANnB")=0.56875P(B")
Now,
P(A)=P(AnB)+P(ANB")

0.975P(B)+0.56875[1—P(B)] = 0.65
P(B)=0.2 (shown)

probability of 0.975 as
P(ANB) instead of P(A|B).

Some students had difficulty
combining P(AnB) and
P(ANB"), not realizing that
drawing a simple venn

diagram would clearly lead to
P(A)=P(AnB)+P(ANB").

9(ii) | P(ANB) B Very common mistake:
Probability =P(ANB") + P(A'" B) =P(A)P(B")+P(A)P(B)
=[P(A)-P(ANB)]+[P(B)-P(ANB)] =(0.65)(0.8) +(0.35)(0.2).
=0.65-0.195+0.2-0.195 Student need to realise that
=0.46 the question did not state that
A and B are independent, and
OR they must not assume this. In
Probability = P(B")P(A|B")+P(B)P(AB) this question, indeed, A and B
= (0.8)(0.56785) +(0.2)(1-0.975) are NOT independent.
=0.46
OR
P(A'mB")=1-P(AuUB)
=1-[P(A)+P(B)-P(ANnB)]
=1-(0.65+0.2-0.195)
=0.345
Probability = 1-P(ANB)—P(A'nB")
=1-0.195-0.345
=0.46
9(iii)) | P(A'nB'nC") A common mistake:
=1-P(AUBUC) P(A'NB'NC)
=P(A'nB")P(C"), where
P(A)+P(B)+P(C)-P(AnB)-P(B
=1- (A)+P(B)+P(C) ~P(ANB)—P( mC)} students assumed that A'nB'
-P(ANC)+P(ANBNC) is independent of C’.
=1-[0.65+0,2+ ]

0.5-0,195-(0.2)(0.5) — (0.65)(0.5) +0.098

=0.172 \ ,

Some students wrongly
interpreted the phrase ‘event
of either twin being late for
practice is independent of the
event that C is late for
practice’ as

AU B independent of C, and
wrote P((AUB)NC)

=P(AUB)xP(C).
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10 | Let X be the random variable for the time taken to place an | This is generally well-done.
order and Y be the random variable for the time taken to | However, no credit is given if
prepare and serve an order. X —~ N(60,5°),Y ~N(300,50%) | student used the value of

20.11 and compared the
Given: P(X <40)=0.16 probabilities of P(X < 40) for
= P(Z D J =0.16 For a question that requires
50 the student to show the result,
= — =-0.9944578907 student must not use the value
o to be shown in the working.
= o0=20.11146
= 0 =20.11(to 2 d.p.) (shown) There are also some students
who wrote the standardized
60—-40
value wrongly as ,
o
instead of 20=60
o
10(i) Students need to read the
question carefully. Many
I s students wrongly interpreted
A : X ~N(60,20.117) A and B as events rather than
% ! probabilities. Hence the
:% I following mistakes:
l% : 1. Drawing a venn diagram
:% I showing A and B as 2 sets
3 .
:% | X 2. Writing P(A)>P(B).
P | >
3994 f 7‘6% 80.1 Some drew 2 different normal
495557 63 . -
curves, without realizing that
Since normal curve is symmetrical about mean 60, it’s the same random variable
P(49 < X <55)<P(57< X <63).So A>B. X.
10 | Y ~N(300,50%) Not well-done despite it being
(i) P(Y > k) =0.001 an easy question.

From GC, k =454.5116154=455s (to 3 s.f.)

Common mistakes:

1. Very careless in
interpreting the
probability of 0.1%, often
writing it as 0.1, or 0.01.

2. Some considered
distribution of X, or X+Y
instead.

Many did additional step of
standardizing Y. This is not
necessary since the mean and
variance of Y are given.
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10 | _ Y 4+Y. +..4Y 50?2 This is generally well-done.
(iii) Y=——= 10 =~ N(300, _) Some, however, wrongly
P(Y <270) = 0.028897188 quoted the use of CLT.
Common mistakes:
=0.0289 (to 3 s.f.) 1. Considering distribution
of X+t X +Y, +.4Y,
10
2. Writing variance of Y as
10(50°) .
3. Not converting 4.5 mins
to 270s
10 | Let T be random variable for time taken to take the order and | Common mistakes:
(iv) | prepare the order of 1 customer. 1. Writing Var(T) as
T =0.95X +0.9Y 20.11146° +50° or
T ~ N(0.95(60) +0.9(300),0.95*(20.11146°) +0.9*(50%)) (0.95)(20.11146%) +
T ~N(327,2390.01822) (0.9)(50%)
2. Interpreting the time taken
Time taken to serve n customersis T, +T, +...+T, for n customers as nT
T +T,+...+T ~N(3271,2390.01822n) instead of T, +T, +..+T,,
and hence writing Var(nT)
Given: P(T, +...+T <3600)>0.8 as 2390.01822n°
3600—-327n
P(Z < N )=>0.8 Students should realise that
2390.01822n for normal distributions,
3600 —327n >0.84162 independence of random
2390.01822n variables is a necessary
3600—327n assumption.
From GC, let Y, = /2390018220 There are students who
: simply assume that the new
n Y . . .
! improved time for serving
9 4.4796 >0.84162 customers is normally
10 | 2.1346 > 0.84162 distributed, and even quote
11 | 0.0185 <0.84162 use of CLT.
Largest n=10
Assume that the time taken to place an order is independent
of the time taken to prepare and serve an order for a customer
OR
Assume that the time taken to place an order for a customer
is independent of the time taken to place an order for another
customer. | o
11 | The probablhty of a Iand@mlyéﬂiﬁen wine glass being Keywords for assumptions:

chipped is constant.
Selections of chlpped wine glasses are independent of each
other.

e probability ... constant

e Selections/events ...
independent

probability ... independent is

WRONG!

Note the difference between

conditions & assumptions.
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Let X be the number of chipped wine glasses in a batch of n
glasses.
X ~B(n, p)
A=P(X <1
=PX =0)+P(X =1)

~(o)p"a=pr+(7)p'a-py
=(1-p)"+np(1-p)™
=(1-p)"'(1-p+np)
=(1-p)"" [1+(n-1)p] (shown)

Generally well done except —

e Some students mistook A
to be P(X > 1).

e Some only had one of P(X
=0)or P(X=1).

e Some had missing 2™ last
step of factoring out (1 —

p™'(1-p+np)

11 | Given p=0.02, X ~B(#n,0.02) Generally well done except

(2) | A=P(batch of glasses will not be rejected ) = P(X <1)>0.9 | that some students wasted
From GC, time in writing out a few steps

n A=P(X <) Qf working before‘usmg' GC,
instead of comparing with 0.9
25 09114 >0.9 directly. Another common
26 0.9052 > 0.9 mistake is N = 27 because of
27 0.8989 <0.9 wrong inequality or using
Thus largest n = 26 equation instead.
11 | Given that n = 40, A=P(X<1)=0.73131 where | Common mistake — ignoring
(b) | X ~B(40, p) ‘5 decimal places’ in the
question. Answer such as
0.025300 was common.
CALC INTERSECT
Y1=binomadf {46, 4,1
v=0.73131
From GC, p =0.02530 (5 d.p.)

11 | X ~B(40,0.02530) Confusion in the distribution

(b) | 1=E(X)=40x0.02530=1.012 of X is common:

D1 52 Z Var(X) = 40x0.02530 x (1—0.02530) = 0.9863964 i)(ezoi(ljg’o'ozs 30) at the start
Plu-o<X<pu+o) X ~N(1.1012,0.9863964) a
=P(0.018805 < X <2.005175) few steps later!
=P(X =1)+P(X =2)
=0.56107 K | A S IJ —S A few students took the
=0.561(to 3 S £) 2 values of N =26 and p = 0.02

- o o e from part (a) instead of using
T the current values stated in
part (b) with n =40 and p
found in (b) (1)

11 | Let R be number of rejected batches out of 20x52 batches in | There were a few scripts with

(b) | ayear. no mention of any

(ii) | R~B(20x52,1-0.73131) distributions!
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R ~ B(1040, 0.26869)

P(total compensation > $30000) = P(R > 300)
= 1-P(R <300)=0.0711

OR

Let C be number of rejected batches out of 20 batches in a
week.

C ~B(20,1-0.73131)

C —~ B(20, 0.26869)

E(C)=20x0.26869 =5.3738

Var(C)=20x0.26869 x0.73131=3.929913678

Since n =52 is large, by Central Limit Theorem,
C +C,+...+C,, ~N(279.4376,204.3555113)

approximately

Let total compensation be W.
W =100(C, +...+C,,)

E(W) =100(279.4376) = 27943.76

Var(W) =100>(204.3555113) = 2043555.113
W ~ N(27943.76,2043555.113)

P(W > 30000) = 0.075160
= 0.0752 (to 3 5.f))

Central Limit Theorem was
wrongly used for 20 batches
instead of 52 weeks.

Students should note the

random variables involved

with their respective n and p:

e X ~B(40,0.02530) for the
number of chipped wine
glass

e C~B(20,1-0.73131) for
the number of rejected
batches
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Do not tear out any part of this booklet.
Give non-exact numerical answers correct to 3 significant figures, 4
or 1 decimal place in the case of angles in degrees, unless a
different level of accuracy is specified in the question.
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Where unsupported answers from a graphing calculator are not
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mathematical steps using mathematical notations and not
calculator commands. 7
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question or part question.
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2019 H2 Math Prelim - ASRJC

1-2x can be written in the form &

1+2X J1—4x>

1 (a) Show that

where f(X) is a

polynomial to be determined. Hence, find | , /1_ 2x dx [3]
14+ 2x
(b) Show that J ! dx =1In2. [3]
¢ XInXx

2 It is given that tan%y =/2x, where —%< y <%.

(i)  Show that (1+2x’ )% =22 . 2]

(ii) Use the result from part (i) to find the first two non-zero terms in the Maclaurin
series for Yy, giving the coefficients in exact form. [3]

(iii) Hence, using standards series from the List of Formulae (MF26), find the

2tan”' 2
cos2X
term in X°, giving the coefficients in exact form. [3]

expansion of in ascending powers of X, up to and including the

3 The position vectors of A, B and C referred to a point O are a, b and ¢ respectively.
The point N is on AB such that AN:NB = 2:1.

(i) If O is the midpoint of CN, prove that a + 2b+3c=0. [2]

(i) Show that A, O and M are collinear, and find the ratio AO:OM [3]

(iii)  If the point P is such that NP = AM , show that the ratio of the area of
PNAM : area of PNOM = 12:7 [3]
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(@)

(b)

The diagram shows the graph of y = f(X) . The curve crosses the x-axis at X =0
and X =3. It has a turning point at (4, 5) and asymptotes with equations y =2
and x=2.

Showing clearly the coordinates of turning points, axial intercepts and equations
of asymptotes where possible, sketch the graphs of

@ y=f(x): 2]

(i y=f'(x) [3]

The curve with equation y = f(X) is transformed by a stretch with scale factor 2
parallel to the x—axis, followed by a translation of 2 units in the negative x—
direction, followed by a translation of 3 units in the positive y—direction. The

equation of the resulting curve is y = In (e3 ) .

Find the equation of the curve y = f(X). [3]
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A curve C has parametric equations

Xx=asin’t, y=acost,

whereOStS%anda>O.

(i) Find the cartesian equation of C, stating clearly any restrictions on the values
of X and y. [2]
(ii) Sketch C, showing clearly the axial intercepts. [1]

(iii)  The region bounded by C, the line y+x = %a and the y-axis is rotated through

2 radians about the y-axis. Show that the exact volume of the solid obtained is
kma’ where K is a constant to be determined. [5]

A function f is defined by

L for x<-2,
£ix) = X—4
M=) ey for —2<x<l,
X*—x—-2 for x>1.
(i) Sketch the graph of f. [3]
4
(i)  Evaluate exactly I |£(x)|dx . [4]
-3

Do not use a calculator in answering this question.

The roots of the equation z* + (2 — 2i)z =-3 — 2i are z, and z,.
(i) Find z, and z, in cartesian form X + 1y, showing clearly your working.  [5]

(i)  The complex numbers z, and z, are also roots of the equation
244423 11422 +47+13=0.

Find the other roots of the equation, explaining clearly how the answers are
obtained. [2]

(iii)  Using your answer in part (i), solve z> + (2 + 2i)z = 3 + 2i. [2]
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r+4 = A + B +E where A, B and C are constants
(r+2)(r+1)r r+2 r+l1 r

to be determined. [1]

(i) Show that

(ii)  Find the sum to n terms of

7 10 13
+ + +...
3x2x1 4x3x2 5x4x3

(There is no need to express your answer as a single algebraic fraction).  [4]

n+3
r-5 4
—. [3]

(iii)  Hence show that

<
= (r=I)(r=2)r-3) 3

The diagram above shows an object with O at the centre of its rectangular base ABCD
where AB = 8 cm and BC = 4 cm. The top side of the object, EFGH is a square with
side 2 cm long and is parallel to the base. The centre of the top side is vertically above
O at a height of h cm.

4 -3
(i)  Show that the equation of the line BG may be expressed as r=| -2 [+t| 1 |,
0 h
where t is a parameter. [1]
(ii)  Find the sine of the angle between the line BG and the rectangular base ABCD
in terms of h. [2]
It is given that h = 6.
(iii)  Find the cartesian equation of the plane BCFG . [3]
(iv)  Find the shortest distance from the point A to the plane BCFG. [2]
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10

(v)  The line I, which passes through the point A, is parallel to the normal of plane
BCFG. Given that, the line | intersects the plane BCFG at a point M, use your
answer in part (iv) to find the shortest distance from point M to the rectangular
base ABCD. [2]

Commonly used in building materials, sand is the second largest world resource used
by humans after water. To reduce the environmental impacts of sand mining, an
alternative approach is to make “sand” by crushing rock.

A machine designed for this purpose produces sand in large quantities. Sand falling
from the output chute of the machine forms a pile in the shape of a right circular cone

such that the height of the cone is always equal to % of the radius of its base.

1 .
[Volume of a cone = Eﬂrzh and curved surface area of a cone = zrl where r is the

radius of the base area, h is the height of the cone and | is the slant length of the cone]

Chute

Sand
A machine operator starts the machine.
(a) (i) Given that V and A denote the volume and the curved surface area of
the conical pile respectively, write down V and A in terms of r, the
radius of its base. [2]

(ii) Hence show that the rate of change of A with respect to V is inversely
proportional to the radius of the conical pile. [3]

An architect is tasked to design sand-lined walking paths in a large park. He decides to
base his design of the paths on the shape of astroids, which are shapes with equations
2 2 2

X3 +y3 =k3 (k> 0).

2 2 2
On a piece of graph paper, he sketches an astroid with the equation x3 +y3 =k?3.

(b) The tangent at a point P (Xl, yl) on the curve meets the X-axis at Q and the y-

axis at R. Show that the length of QR is independent of where P lies on the curve.
[7]
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11 (a) Find the sum of all integers between 200 and 1000 (both inclusive) that are not
divisible by 7. [4]

(b)

Fig. 1 Fig. 2 Fig. 3 Fig. 4

Snowflakes can be constructed by starting with an equilateral triangle (Fig. 1),
then repeatedly altering each line segment of the resulting polygon as follows:

1.
2.

3.
4.

Divide each outer line segments into three segments of equal length.

Add an equilateral triangle that has the middle segment from step 1 as
its base.

Remove the line segment that is the base of the triangle from step 2.

Repeat the above steps for a number of iterations, n.

The 1%, 2" and 3" iteration produces the snowflakes in Fig. 2, Fig. 3 and Fig. 4
respectively.

)

(ii)

(iii)

(iv)

If a, denotes the area of the original triangle and the area of each new

triangle added in the n™ iteration is denoted by a, , show that

n

a, = éan_l for all positive integers n. [2]

Write down the number of sides in the polygons in Fig.1, Fig. 2 and Fig.
3, and deduce, with clear explanations, that the number of new triangles

added in the n™ iteration is T, = k(4") where K is a constant to be

determined. [2]

Find the total area of triangles added in the n'" iteration, A in terms of

a, and n. [2]

Show that the total area of the snowflake produced after the n't

iteration is a, {%—%(gj } units?. [3]

The snowflake formed when the above steps are followed indefinitely is called
the Koch snowflake.

v)

Determine the least number of iterations needed for the area of the
snowflake to exceed 99% of the area of a Koch snowflake. [3]
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Solution

/1—2x dx
1+2x

(b)

Solution

1-2x can be written in the form &

1+2X J1—4x2

polynomial to be determined. Hence, find J‘ /1_ zx dx
+ 2X

"\/1—2XX\/1—2x
) J1+2x  J1-2x

Show that

dx

.
_ 1-2Xx dx

J A1-4x?

(1 X
JA1-4x®  J1-4x

%Jﬁ 7 dx+%J(_78X](l—4x2 )21 dx

1
2

2

Show that J

dX =1n2.
X1In X

e 1
J de
In X

= [ln|ln XH :z

= In[ln €?| — In|In €|

=In2-In1l

KIRSY =
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where f(X) is a

. 1 . .
sin”' 2X + 5\/1 —4x* +c¢, where C is an arbitrary constant.

[3]

[3]



2 It is given that tan%y =+/2x, where —%< y <Z.

2
. 2\ dy
()  Show that (1+2x*)-2 =22 . [2]
dx
Solution
tan%y=\/§x —(1)

Differentiate w.r.t X, %sec2 [l yjﬂ =2

2
1 dy
1+tan’| — — =242
[ (2yﬂdx A

(1+2x° )ﬂ =22 —(2)
dx
(ii) Use the result from part (i) to find the first two non-zero terms in the Maclaurin
series for Yy, giving the coefficients in exact form. [3]
Solution
2
Differentiate Eq(2) w.r.tx,  (1+2x° )ﬂ+ wxY oo o
dx’ dx
3 2 2
(1+2x2)ﬂ+4 Y Y Sy

dx’ dx*  dx dx?

When x =0, from (1), (2), (3) & (4),

dy d’y d’y
0, =2 =0, =—-8v2
Y= dx \/_ dx? dx’ \/_

8V2

y =0+2+/2%+0x> +_TX +...

= 2\/§x—ﬂ X2 +...
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(iii) Hence, using standards series from the List of Formulae (MF26), find the
expansion of 2tach‘2X\/§x in ascending powers of X, up to and including the
term in X°, giving the coefficients in exact form. [3]
Solution
2tan”' v/2x _ Y
cos 2X cos 2X

~ |22 x_ix _1—%(2x)2+4i!(2x)4+..}1

- -1
= 2\/§x—ix 1—2x2+§x4+..1

= Z\Ex—gﬁ +... 1—(—2x2 +%x4 +ﬂ

= 2\/5x—¥x3 +... (1+2x2 +)

22x + 425 —#ﬁ +

=22x +¥ x> (up to the x* term)
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3 The position vectors of A, B and C referred to a point O are a, b and ¢ respectively.
The point N is on AB such that AN:NB = 2:1.

(i) If O is the midpoint of CN, prove that a + 2b+3¢c=0. [2]

Solution

P |
By ratio theorem, ON = g(a +2b)

Since O is the midpoint of CN, ON = —c

g O—N=%(a+2b) =_¢

= a+2b=-3c¢

=a+2b+3¢c=0

The point M is on CB such that CM:MB = 2:3.

(ii) Show that A, O and M are collinear, and find the ratio AO:OM [3]
Solution
By the ratio theorem, OM = 2b+3¢
2+3
_a_ 157
5 5
Hence, A, O and M are collinear (Shown)

Since |W| :%|ﬁ , the ratio AO:OM = 5:1

www.KiasuExamPaper.com
62



(iii)  If the point P is such that NP = AM , show that the ratio of the area of
PNAM : area of PNOM = 12:7 [3]

Solution
Method 1
Area of //gram PNAM

=h |m| where h is the height of the //gram

Area of trapezium PNOM

- L ([PN+fon])n

=3[ [Aw ] <[a ¢
2 6

= lh|m| s x Area of //gram PNAM
12 12

.. the ratio of the area of PNAM : area of PNOM = 12:7

Method 2
Area of //gram PNAM

=[PN xPM]|

= [PN x M| - [N x O

~ 1

) 3°

== ——|-EazbpnE - g
5 [ax} oot 151}°rxk~)|y

.. the ratio of the area of PNAM : area of PNOM = 12:7
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4 (@)

Solution

The diagram shows the graph of y = f(X) . The curve crosses the x-axis at X =0
and X =3. It has a turning point at (4, 5) and asymptotes with equations y =2
and x=2.

Showing clearly the coordinates of turning points, axial intercepts and equations
of asymptotes where possible, sketch the graphs of

@ y=f(x): 2]

(4, 5) y (4, 5)

y = f(x])

=-2 x=2
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) y=F'(x) [3]
Solution
y |
|\ e
y=0 i y
i x=2

(b) The curve with equation y = f(X) is transformed by a stretch with scale factor 2
parallel to the x—axis, followed by a translation of 2 units in the negative x—
direction, followed by a translation of 3 units in the positive y—direction. The

equation of the resulting curve is y = In (e3 x) .

Find the equation of the curve y = f(X). [3]
Solution

Translation of 3 units in the negative y-direction

yzln(e3x) replacey with y+3 >y:1n(e3x)—3 =3+Inx-3=InX

Translation of 2 units in the positive X-direction

y=Inx replace X with X—2

>y =In(x-2)

Stretch with scale factor % parallel to the X — axis
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5 A curve C has parametric equations

Xx=asin’t, y=acost,

whereOStS%anda>0.

(i) Find the cartesian equation of C, stating clearly any restrictions on the values
of X and y. [2]
Solution
X 2
sint+cos’t=1 = —+(lj =1
a a

ax+y’=a’where0<x<aand0<y<a

(i) Sketch C, showing clearly the axial intercepts. [1]

Solution

(0, a)

@ 0)
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10

@iii)  The region bounded by C, the line y+x = %a and the y-axis is rotated through

2n radians about the y-axis. Show that the exact volume of the solid obtained is
kma’ where K is a constant to be determined. [5]
Solution

5 5
y+x= a=x=-a-y

N

5 2 2
S.al —a— + =a
(4 yj J

yz—ay+la2 =0

4
1 2
__a =
(y 2)
y=la
s 5
1 (5 1. V(5 1 laioyrY
= Volume required = —n|—a—— —a——a|-=n dy
3 \4 2 4 2 | a
Ea
1 (3 nge
=—n|>a|-—| a*-2a’y*+y*dy
3 [4) ﬁjk
_ ina3—£_a4y—za2y3+ly5}a
64 |l "’ 3 57 i,
2
=ina3—£2 2 Zaily Lyl Ly
64 a 5 2 12 160
= 2 12 units’ k= 29 (Shown)
0 960
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11

6 A function fis defined by

6

—_— for x<-2,
fix) = X—4
=1 jex for —2<x<l,
x> —x-2 for x>1.
(@) Sketch the graph of f. [3]
Solution
(i) y

v

4
(i)  Evaluate exactly .[ |£(x)|dx . [4]
3

2 4

X2 —x—-2 dx+j x? —x—2 dx

2

1

[Jroofax = [ =Lax+20))+1(2)2)- [

1

2 4
:—6 lnlx 4] +—— 1o Ly —2x} +[1x3—lx2—2x}
2 ) .

Exampaper /

_61n§ 5. §_i_4_l Lol 84 16 ¢ 8.4,
7 2 [3 2 3 2 3 2 3 2
:—6ln6+3—7
7 3
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7 Do not use a calculator in answering this question.

The roots of the equation 22 + (2 — 2i)z = -3 — 2i are z, and Z,.

@ Find z, and z, in cartesian form X + 1y, showing clearly your working.  [5]
Solution
(1) Letz=x+1ly

S (XY (2 =2 (x+iy)=-3-2i

X2 42Xy — Y2 + 2X + 2yi — 2xi + 2y = -3 - 2i

(242X —y? +2y) +i(2xy + 2y — 2X) = -3 — 2i

By comparing real and imaginary parts,

X2+ 2x—y*+2y=-3 (1)

2Xy +2y —2x=-2

yx+1)=x-1

y=X=1 o)
X+1

Subt (2) into (1):

5 (x—ljz (x—lj
XT4+2X—| — | +2| — |=-3
X+1 X+1

xz(x+1)2+2x(x+1)2—(x—1)2+2(x—1)(x+1)=—3(x+1)2

X (X7 +2X+ 1)+ 2% (X7 +2X+1) = (X7 =2x+1) +2(X* —1) = =3(x* + 2x+1)
X+ 4x3 + 9%+ 10x=0
Let f(X) = x(X* + 4x*> + 9x + 10)
f(0)=0 and f(=2)=-8 + 16— 18+10=0
— x =0, =2 are roots of X* + 4x> + 9x*+ 10x =0
Whenx=0,y=-1 and whenx=-2,y=3
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(i) The complex numbers z, and z, are also roots of the equation
2 +42% +142° + 42413 =0.

Find the other roots of the equation, explaining clearly how the answers are
obtained. [2]

Solution

Since all the coefficients of z* + 423 +1422 + 4z + 13 =0 are real, the other roots of the
equation must be complex conjugates of —i and —2 + 3i.

Hence the other two roots are 1 and —2 — 31.

(iii)  Using your answer in part (i), solve z> + (2 + 2i)z = 3 + 2i. [2]
Solution
2+(2-2iz=-3-2i
2+ (2+2i)z=3+2i
2+ Q22+ 2i)z=3+2i
(iz)*+ (i +2)iz=3+2i
Hence from part (i), —iz=-ior-2+ 3i

2431 i .
JT31><i=—3—21
-1 i

= z=1lor
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Solution

3r+4

Show that

14

r+4 A N B
(r+2)Uﬂ+Ur__r+2 r+1 r

to be determined.

A B C

(r+2ﬂr+nr:r+2+r+l+r
By cover-up rule, A=

(ii)

Solution

n
The sum to nth terms = Z

-2 . 1 .
(=D(-2) (-1 ’
Find the sum to n terms of
7 10 13
+ + +...
3x2x1 4x3x2 5x4x3

(There is no need to express your answer as a single algebraic fraction).

3r+4
(r+2)(r+)r

r=1

Z” { 1 1 2}
= ———_+_
= r+2 r+1 r
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ExamPaper J

Islandwide Delivery | Whatsapp Only 88660031

www.KiasuExamPaper.com
71

=—" =2
(2)(1)

C
+— where A, B and C are constants

[1]

[4]



15

n+3
r-5 4
—. [3]

(iii)  Hence show that <
e~ (r-1)(r-2)r-3) 3

Solution

n+3

r-5
= (r =1)(r —2)(r -3)

_r+3=n+3 3(r+3)_5
A (r43-1)(r+3-2)(r+3-3)
=i 3r+4

e~ (r+2)(r+1)(r)

Z”: 3r+4 3 +4
— (r+2)(r+D(r) G)2)1»)

+L>O for all n.
3 n+2 n+l1
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The diagram above shows an object with O at the centre of its rectangular base ABCD
where AB = 8 cm and BC = 4 cm. The top side of the object, EFGH is a square with
side 2 cm long and is parallel to the base. The centre of the top side is vertically above

O at a height of h cm.

(i) Show that the equation of the line BG may be expressed as r=| =2 |+t| 1

where t is a parameter.

Solution

B(4,-2,0) and G(1,~1,h)

1Y (4) (-3
BG=|-1|-|-2|=| 1
h) o) (h
4Y (-3
lo:r=-2|+t| 1 [teR
0 h

www.KiasuExamPaper.com
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(ii)  Find the sine of the angle between the line BG and the rectangular base ABCD
in terms of h. [2]

Solution

Let @ be the angle between the line BG and the rectangular base ABCD.

. -3)(0
sin@zﬁ 1 . O
10+h h 1

h

sinf =

\J10+h?

It is given that h = 6.
(iii)  Find the cartesian equation of the plane BCFG . [3]
Solution

A normal perpendicular to plane BCFG is

-3) (0 -12 2
n=BGxGF=| 1 |x|2|=| 0 |=-6|0
6 0 —6 1
2 2\ ( 4
Equation of plane BCFGis -0 |=|0 || -2
1 0
2
r-10|=8
Cartesian equation of plane is 2Xx+2z2—-8=0
(iv)  Find the shortest distance from the point A to the plane BCFG. [2]
Solution
. . la-n—d|
Shortest distance from point A to plane BCFG == |~ n|
ExamPaper ¢ 4\ (2
Islandwide Delivery | Whatsapp Only 88660031 1 16 16\/§ ]
=—=|| 2 |/0|-8 =—f4== units
> 0 1 Vs .
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(v)  The line I, which passes through the point A, is parallel to the normal of plane
BCFG. Given that, the line | intersects the plane BCFG at a point M, use your

answer in part (iv) to find the shortest distance from point M to the rectangular
base ABCD.

[2]
Solution
2 2
A 165 16] 1|11 16/
NN |
Shortest distance from M to the base = z-coordinate of AM
16
5
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10 Commonly used in building materials, sand is the second largest world resource used
by humans after water. To reduce the environmental impacts of sand mining, an
alternative approach is to make “sand” by crushing rock.

A machine designed for this purpose produces sand in large quantities. Sand falling
from the output chute of the machine forms a pile in the shape of a right circular cone

such that the height of the cone is always equal to % of the radius of its base.

1 .
[Volume of a cone = gﬂr2h and curved surface area of a cone = zrl where r is the

radius of the base area, h is the height of the cone and | is the slant length of the cone]

Chute

Sand
A machine operator starts the machine.
(a) (i) Given that V and A denote the volume and the curved surface area of
the conical pile respectively, write down V and A in terms of r, the
radius of its base. [2]
Solution
V= lnrz(irJ Mg
3 3 9
A=zl

rate of change of A with respect to V is inversely

adius of the conical pile. [3]
Solution
ﬂ=iﬂ(3r2) = i7zr2 and d—=§7r(2r) = Eﬂ'r
dr 9 3 dr 3 3
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dA dA dr

dV dr dV
10 |

= —7rx
3 2

—rr

5
— Shown
2r ( wn)

An architect is tasked to design sand-lined walking paths in a large park. He decides to
base his design of the paths on the shape of astroids, which are shapes with equations

2 2 2

X3 +y3 =k3 (k> 0).

2 2 2
On a piece of graph paper, he sketches an astroid with the equation X3 +y? =k3.

(b) The tangent at a point P (Xl, yl) on the curve meets the X-axis at Q and the y-

axis at R. Show that the length of QR is independent of where P lies on the curve.
[7]

Solution
i)  x*+y?=k?
Lo ! dy

Differentiating wrt X, 2X S4—y
3 3 dx

ﬂ__(zf
dx X

3
. the equation of the tangent at P(X,,y,) is y-Y, = ( Y j (x=x)

w GIASYT

Islandwide Delivery | Whatsapp f‘nly 8660031
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Whenv=0 —v. = [_LJS _
y > yl - X (X Xl)
|

21
X=Y % +X

The length of QR =X’ +y’

21 g 12 ?
= (yl3xl3+xlj +(yl3xl3+y1]

22 2
= kX +y
2 2

=k§\[k§

= k which is a constant.

Hence, the length of QR is independent of where P lies on the curve.
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11 (a)

Solution

Sum required

(b)

22

Find the sum of all integers between 200 and 1000 (both inclusive) that are not
divisible by 7. [4]

=(200+201 +202 + ... +1000) — (203 + 210 + 217 + ... + 994)

= w(zommoo) —7(29+30+31 + ... + 142)

= 480600 — 7(%)(29 +142)

=412371

/
V

Fig. 1 Fig. 2 Fig. 3 Fig. 4

Snowflakes can be constructed by starting with an equilateral triangle (Fig. 1),
then repeatedly altering each line segment of the resulting polygon as follows:

1. Divide each outer line segments into three segments of equal length.

2. Add an equilateral triangle that has the middle segment from step 1 as
its base.

3. Remove the line segment that is the base of the triangle from step 2.
4. Repeat the above steps for a number of iterations, n.

”\“he l'Stzl' 2“4;_12__md 3-“ii_t_g:§€ produces the snowflakes in Fig. 2, Fig. 3 and Fig. 4

respeotively?
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i) If a, denotes the area of the original triangle and the area of each new

triangle added in the n™ iteration is denoted by a, , show that

a, = %an_l for all positive integers n. (2]

n

Solution
Each new triangle added in the n iteration is similar to the triangle added in the previous
iteration (AAA).

Since the length of a side of the new triangle is % of the length of a side of the triangle in the

2
. . . 1 1
previous iteration, a, = (gj a, = gan_l (Shown)

(ii)  Write down the number of sides in the polygons in Fig.1, Fig. 2 and Fig.
3, and deduce, with clear explanations, that the number of new triangles

added in the n™ iteration is T, = k(4”) where K is a constant to be

determined. [2]
Solution
No of sides in the polygon (Fig 1) = 3, No of sides in the polygon (Fig 2) = 12
No of sides in the polygon (Fig 3) =48
GP with first term 3 and common ratio 4

Since there is 1 new triangle for every side in the next iteration, the number of new triangles
added in the n' iteration = the number of sides in the polygon after the (n — 1) iteration

re. T1=3,T,=12,T; =48, ...

L Ta=3(4)" =%(4)” andk= ">

N

(iii)  Find the total area of triangles added in the n™ iteration, A, in terms of

a, and n. (2]
Solution
nonea RiAGU)=Ze
ExamPaper
Islandwide Delivery | Whatsapp Only B8660031
3, 011 1 3(4Y
__( ) —X—X—X x—ao = Z| = a, units
4 9 9 4
n terms
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(iv)  Show that the total area of the snowflake produced after the n'"

iteration is a, {%—%(g] } units?.

Solution

n

4 r
Total area required = @, + Z%(gj a,

r=1

f=1

|8 3[4y
=a _5 5(9) } (Shown)

[3]

The snowflake formed when the above steps are followed indefinitely is called

the Koch snowflake.

v) Determine the least number of iterations needed for the area of the

snowflake to exceed 99% of the area of a Koch snowflake.

Solution

Area of a Koch snowflake = lima, 8 34128 a,
e TS 5\ 9 5

Consider a, [g —%(%} } >0.99 ><§a0

0.016—§(ij >0
509

From GC,
n W
0.016—§é1!AS U -
sExamPaper ¢
4 _0.007 < Olandwidh‘ Delivery | Whatsapp Only 88660031
5 10.0056>0
6 |00114>0

Hence the least value of nis 5.
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Section A: Pure Mathematics [40 marks]

2
Given that the curve y = ax+—b>l<+c =f(X) passes through the points (-1, —3),
X —
(%,—%) and (5,3—23j , find the values of a, b and c. [3]

Hence find the exact range of values of X for which the gradient of y = f(X) is positive.

[3]

The functions f and g are defined by:

f:XH|aX—X2, xeR

g: X ae " +1, x>0
where a is a positive constant and a>5.
(i) Sketch the graphs of y = g(x) and y = f(X) on separate diagrams.
Hence find the range of the composite function fg, leaving your answer in exact
form in terms of a. [5]

(ii)  Given that the domain of f is restricted to the subset of R for which x > k,
find the smallest value of k, in terms of a, for which f' exists. Hence,
without finding the expression for f™'(X), sketch the graphs of y = f(x) and
y =f"'(X)on a single diagram, stating the exact coordinates of any points of
intersection with the axes. [3]

(iii)  With the restricted domain of f in part (i), find with clear working, the set of
values of x such that ff™'(x)=f"f(x). [2]
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A student is investigating a chemical reaction between two chemicals A and B. In his
experiments, he found that the reaction produces a new product C which does not react
with A and B after being formed.

His experiments also suggest that the rate at which the product, C is formed is given by
the differential equation

dx
e — b— R
it (a—x) X

where a and b are the initial concentrations (gram/litre) of A and B just before the
reaction started and X is the concentration (gram/litre) of C at time t (mins).

(i) If a=b =9, solve the differential equation to show that

Xx=9-—2" [4]

(i)  Sketch the graph of X and describe the behaviour of X as t increases. Find the
amount of time needed for the concentration of C to reach 4.5 gram/litre. [3]

It is now given that a > b instead.

(iii)  Solve the differential equation to find t in terms of X, @ and b by using the
substitution U= 1/b—x for 0 <x<bh. [6]

The illumination of an object by a light source is directly proportional to the strength
of the source and inversely proportional to the square of the distance from the source.

A small object, P, is placed on the straight line passing through two light sources A and
B that are eight metres apart. It is known that the light sources are similar except that S,
the strength of light source A, is a positive constant and is three times that of light source
B. It can be assumed that I, the total illumination of the object P by the two light source
is the sum of the illumination due to each light source.

The distance between the object P and light source A is denoted by X.

(i) Show that when P is between A and B,

o a(pox)

a and [ are constants to be determined. [1]

1 1 . ..
I = kS {—2 + —} where K is a positive constant and,

(i) Show that there is only one value of X that will give a stationary value of I.
Determine this value and the nature of the stationary value without the use of a
graphic calculator. [5]

2
It is now given that | = Ax_ —a8x+ 192 for 0 <x <8&.

xz(x2—16x+64)
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(iii)  Sketch the graph of I, indicating clearly any equations of asymptote and
coordinates of the stationary point. [3]

(iv) It is desired to place P such that I = \J2—(x—X, )2 where X, is the value of X

found in part (ii) and A is a positive constant. Find the value of 4 if there is only
one possible position to place P. [2]

Section B: Statistics [60 marks]

Greenhouse gases generated by Singapore comes mainly from the burning of fossil
fuels to generate energy for industries, buildings, households and transportation.

The following table* shows the total greenhouse gas emissions, X (kilotonnes of

CO>), and the total deaths in Singapore, Y from 2007 to 2016.

Year 2007 | 2008 2009 | 2010 | 2011 2012 | 2013 2014 | 2015 2016
Total 42613 | 41606 | 43100 | 47063 | 49930 | 48712 | 50299 | 50908 | 51896 | 51519
Greenhouse
Gas Emissions
X)
Total Deaths | 17140 | 17222 | 17101 | 17610 | 18027 | 18481 | 18938 | 19393 | 19862 | 20017
(Y)

*Extracted from www.singstat.gov.sg

(i) Draw a scatter diagram for these values, labelling the axes and state the product

moment correlation between X and Y. Use your diagram to explain why the best
model for the relationship between X and Y may not be given by Y = aX + b,
where a and b are constants. [3]

(i) Comment on the correctness of the following statement.

“Since there exists a high positive linear correlation between total greenhouse
gas emission and total deaths, the deaths are a result of the greenhouse gas
emissions.” [1]

(iii)  Explain clearly which of the following equations, where a and b are constants,
provides the more accurate model of the relationship between X and Y.

(A)  Y=ax*+b
(B) lgY=aX+b 3]

The Government has pledged that Singapore’s greenhouse gas emissions will peak
around 2030 at the equivalent of 65 million tonnes of carbon dioxide.

(iv)  Using the model you have chosen in part (iii), write down the equation for the
relationship, giving the regression coefficients correct to 5 significant figures.
Hence find the estimated total deaths in the year 2030 if Singapore’s pledge is
fulfilled and comment on the reliability of the estimate. [3]
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Birth weight can be used to predict short and long-term health complications for babies.
Studies show that the birth weight of babies born to mothers who do not smoke in a
certain hospital can be assumed to follow a normal distribution with mean 3.05 kg and
variance o kg’.

The hospital classifies babies based on their birth weight as shown in the table below.

Birth weight Classification
Less than 1.5 kg Very low birth weight
1.5kgto2.5kg Low birth weight
2.5kgto4.0kg Normal birth weight
More than 4.0 kg High birth weight

(i) A sample showed that 20.2% of the babies born to mothers who do not smoke
have low birth weight. If this is true for the entire population, find two possible
values of o, corrected to 2 decimal places. Explain clearly why one of the values
of o found should be rejected. [4]

Studies also show that babies born to mothers who smoke have a lower mean birth
weight of 2.80 kg.

For the remaining of the question, you may assume the birth weight of babies born to
mothers who smoke is also normally distributed and that the standard deviations for the
birth weight of babies born to mothers who do not smoke and mothers who smoke are
both 0.86 kg.

(i) Three pregnant mothers-to-be who smoke are randomly chosen. Find the
probability that all their babies will not be of normal birth weight. State an
assumption that is needed for your working. [3]

(iii) Find the probability that the average birth weight of two babies from
mothers who do not smoke differs from twice the birth weight of a baby from
a mother who smokes by less than 2 kg. [3]

Babies whose birth weight not classified as normal will have to remain in hospital for
further observation until their condition stabilises. Depending on the treatment received
and length of stay, the mean hospitalisation cost per baby is $2800 and standard
deviation is $500.

(iv)  Find the probability that the average hospitalisation cost from a random sample
of 50 babies, whose birth weight not classified as normal, exceeds $3000. [2]
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Three cards are to be drawn at random without replacement from a pack of six cards
numbered 0, 0, 1, 1, 1, 1. The random variables X, X2 and X3 denotes the numbers on
the first, second and third card respectively.

(i) IfY =X1 — X2+ X3, show that P(Y=1) = % and find the probability distribution

of Y. [3]
(ii) Find the values of E(Y) and Var(Y). [2]
(iii)  Find the probability that the difference between Y and E(Y) is less than one

standard deviation of Y. [2]

A factory makes a certain type of muesli bar which are packed in boxes of 20. The
factory claims that each muesli bar weigh at least 200 grams. Muesli bars that weigh
less than 200 grams are sub-standard. It is known that the probability that a muesli bar
is sub-standard is 0.02 and the weight of a muesli bar is independent of other muesli
bars.

(i) Find the probability that, in a randomly chosen box of muesli bars, there are at least
one but no more than five sub-standard muesli bars. [2]

The boxes of muesli bars are sold in cartons of 12 boxes each.

(ii) Find the probability that, in a randomly chosen carton, at least 75% of the boxes
will have at most one sub-standard muesli bar. [2]

As part of quality control for each batch of muesli bars produced daily, one box of
muesli bars is randomly selected to be tested. If all the muesli bars in the box weigh at
least 200 grams, the batch will be released for sales. If there are more than one sub-
standard muesli bar, the batch will not be released. If there is exactly one sub-standard
muesli bar, a second box of muesli bars will be tested. If all the muesli bars in the second
box weigh at least 200 grams, the batch will be released. Otherwise, the batch will not
be released.

(iii)Find the probability that the batch is released on a randomly selected day. [2]
(iv) If the factory operates 365 days in a year, state the expected number of days in the
year when the batch will not be released. [1]

To entice more people to buy their muesli bars, a scratch card is inserted into each box.
The probability that a scratch card will win a prize is p. It may be assumed that whether
a scratch card will win a prize or not, is independent of the outcomes of the other scratch
cards.

Jane buys a carton of muesli bars.
(v) Write in terms of p, the probability that Jane win 2 prizes. [1]

The probability that Jane win 2 prizes is more than twice the probability that she win
3 prizes.

(vi) Find in exact terms, the range of values that p can take. [2]
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In preparation for an upcoming event, a student management team is considering having
meetings on this Friday, Saturday and Sunday. The probability that the meeting is

o1 . .
conducted on Friday is 3 On each of the other days, the probability that a meeting is

. . .2
conducted when a meeting has already been conducted on the previous day, is 5 and
the probability that a meeting is conducted, when a meeting has not been conducted on

: 1
the previous day, is 3

Find the probability that

(i) a meeting is conducted on Sunday, [3]
(ii) a meeting is not conducted on Friday given that there is a meeting on Sunday.

[3]

The student management team consists of 7 girls and 3 boys. At one of the meetings,
they sit at a round table with 10 chairs.

(iii)  Find the probability that the girls are seated together. [2]
Two particular boys are absent from the meeting.

(iv)  Find the probability that two particular girls do not sit next to each other. [3]

Along a 3km stretch of a road, the speed in km/h of a vehicle is a normally distributed
random variable T. Over a long period of time, it is known that the mean speed of
vehicles traveling along that stretch of the road is 90.0 km/h. To deter speeding, the traffic
governing body introduced a speed monitoring camera. Subsequently, the speeds of a
random sample of 60 vehicles are recorded. The results are summarised as follows.

St=5325 > (t-t) =2000.

(i) Find unbiased estimates of the population mean and variance, giving your answers

to 2 decimal places. [2]
(i) Test, at the 5% significance level, whether the speed-monitoring camera is effective
in deterring the speeding of vehicles on the stretch of road. [4]

(iii) In another sample of size n (n > 30) that was collected independently, it is given that

t = 89.0. The result of the subsequent test using this information and the unbiased
estimate of the population variance in part (i) is that the null hypothesis is not
rejected. Obtain an inequality involving n, and hence find the largest possible value
N can take. [4]
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Section A: Pure Mathematics [40 marks]

2
1 Given that the curve y = ax+—b>1<+c =f(X) passes through the points (-1, —3),
X_
l,—i and 5,2 , find the values of a, b and c. [3]
22 2
Solution
a(-1) -b+c
( )1 RALINE —  a-b+c=6 —(1)
2
a[;j +lb+c 3 L1
2 - —a+—b+c== -—(2)
1_1 2 4 2
2
a(5) +5b+c
(5) _33 = 25a+5b+c=66 -—-(3)

Using GC, a=3,b=-2,c=1.

Hence find the exact range of values of X for which the gradient of y = f(X) is positive.

[3]

Solution

2_
f'(x)>0 :iw >0
dx x—1

- (X=1)(6Xx—2)—(3x> =2x+1)(1) >0

(x-1)

3xP —6X+1

(x-1)

3P —6x+1 >0
f-"{\ ™1 1

>0

Since (X—l)2 >0,

ExampPapor % '-«E 'ﬂE

BB B x 5 3) >0

x>1+\P or x<l—\E
3 3
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2 The functions f and g are defined by:
f:XH|aX—X2, xeR
g: X ae  +1, x>0
where a is a positive constant and a >5.
(i) Sketch the graphs of y = g(x) and y = f(X) on separate diagrams.
Hence find the range of the composite function fg, leaving your answer in exact
form in terms of a. [5]
Solution
y y
y = g(x) y = f(x)
a+1 2 B N !
(5 6_1] |
2’ 4 !
|
atll- I
5 i
y=1 | |
_________________________________ | |
| |
i l
0 X of 1 a at+l X
From the graphs,
Re=(l,a+1]
2
Sincea>5, 22251 = 0<1<2 = 255
2 2 2 4
2
and a’>5a = a—z%a:a+la2a+1
[0,00)—E—(La+1]— >Ry,
a2
From the graphs, R = {O,T}
A Q Wi
~i<\ u flf:"k\\\ O i_,ﬂ ::@
ExamPaper Y4
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(ii) Given that the domain of f is restricted to the subset of R for which x > k,
find the smallest value of k, in terms of a, for which f' exists. Hence,
without finding the expression for f'(X), sketch the graphs of y = f(x) and

y =f'(X)on a single diagram, stating the exact coordinates of any points of
intersection with the axes. [3]

Solution

The smallest value of k for which f ! exists = a.

0,2)9

10 (a, 0) X

(iii)  With the restricted domain of f in part (i), find with clear working, the set of
values of x such that f ™' (x)=1"f(x). [2]

Solution

f'f(x)=x for xeD,,ie xe[a,x)
ff'(x)=x for xeD, ,,ie x €[0,0)

For ff'(x)=f"f(x), [0,0)n[a,x)=[a,0)

Set of values of X required = [a,oo)
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A student is investigating a chemical reaction between two chemicals A and B. In his

experiments, he found that the reaction produces a new product C which does not react

with A and B after being formed.

His experiments also suggest that the rate at which the product, C is formed is given by

the differential equation

X _(a-x)vb-x.

dt

where a and b are the initial concentrations (gram/litre) of A and B just before the
reaction started and X is the concentration (gram/litre) of C at time t (mins).

(i) If a=b =9, solve the differential equation to show that

Solution
dx

0 (- X)(9x)2

j(9 X) dx jldt

1

-2(-1)(9-x) 2 =t+c

1

Whent=0,x=0, 2(9-0) 2 =0+¢

2
C:_
3
2 2 3t+2
= =t+—=
9—X 3 3
4 _(3t+2)2
9—-X 9
- _L
3t+2

Islandwide Delivery | Whatsapp O nlyI BBEE0O031
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(ii)  Sketch the graph of X and describe the behaviour of X as t increases. Find the
amount of time needed for the concentration of C to reach 4.5 gram/litre. [3]

Solution X

__ X=9

0 t
[G1 — shape with asymptote (no need for correct value of limit]

As tincrease, X increases and approaches the value of 9 gram/litre.

2(v2-1)

From GC or otherwise, t = 0.276 mins or 16.6 s (3sf) or

It is now given that a > b instead.

(iii)  Solve the differential equation to find t in terms of X, @ and b by using the

substitution U= v/b—x for 0 <x<bh. [6]
Solution
du_ -1 _ 1
dx 2+Jb-x 2u
u= b—x::>x:b—u2:.ggxgiz(a—b+uﬂu
dt du
du
—x(-2u)=(a-b+u*)u
a2 = )
2 ;du—jldt
(a—b)+u?
2 tan ™! u +C =t
a-b a-b
2 )
tan _—
a-b a-b
=t= 2 tan™' b 2 tan™ b-x
Ja-b a-b a-b a-b
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4 The illumination of an object by a light source is directly proportional to the strength
of the source and inversely proportional to the square of the distance from the source.

A small object, P, is placed on the straight line passing through two light sources A and
B that are eight metres apart. It is known that the light sources are similar except that S,
the strength of light source A, is a positive constant and is three times that of light source
B. It can be assumed that I, the total illumination of the object P by the two light source
is the sum of the illumination due to each light source.

The distance between the object P and light source A is denoted by X.

(i) Show that when P is between A and B,

1 1
= kS {—2 + —2} where K is a positive constant and,

X" a(f-x)
o and [ are constants to be determined. [1]
Solution
kS k ( ; Sj ° X . 8 =X °
I —+ - where k>0 A P B
X (8-x)

= kS{L+%} sox=3and f=8

(ii) Show that there is only one value of X that will give a stationary value of I.
Determine this value and the nature of the stationary value without the use of a

graphic calculator. [5]
Solution
IR R YRS T (R B S B
dx X 3(8-x) X" 3(8-X)
PR B
dx X" 3(8-x)

&3
1+€/§

Hence | will have a stationary value only when X =

. (Shown)
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4 4

= 2kS i+ ! > ( for all x.
X" (8-x)

83
1+%6'

= | is minimum when X =

2
It is now given that | = Ax_ —a8x+ 192 for 0 <x <8&.

xz(x2—16x+64)

@iii)  Sketch the graph of I, indicating clearly any equations of asymptote and

coordinates of the stationary point. [3]
Solution
I
| b 4 —48x+192
| X (x-16x+64)
| o
\ / |
\ |
\ ) !
[
|
i
(4.72, 0.22y |
|
|
Tu |
(X1, 0) | X
X=0 X=38
(iv) It is desired to place P such that | = \JA—(x—X, )2 where X, is the value of X
found in part (ii) and A is a positive constant. Find the value of A if there is only
one possible position to place P. [2]
Solution

one”

ExamPaper ¢
Hence when thereis‘only~1 pesition to‘place P, it must happen when JA =0.2276094

b7 LA CO- L. . .
A—(x=x, )Qf{és{ E?%?@dt.lgﬁ'@‘cmle centred at (X,0) and radius Ja.

i.e. A=0.0518 (3sf)
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Section B: Statistics [60 marks]

5 Greenhouse gases generated by Singapore comes mainly from the burning of fossil
fuels to generate energy for industries, buildings, households and transportation.

The following table* shows the total greenhouse gas emissions, X (kilotonnes of
CO2), and the total deaths in Singapore, Y from 2007 to 2016.

Year 2007 | 2008 | 2009 | 2010 | 2011 | 2012 | 2013 | 2014 | 2015 | 2016

Total 42613 | 41606 | 43100 | 47063 | 49930 | 48712 | 50299 | 50908 | 51896 | 51519
Greenhouse
Gas Emissions

(X)

Total Deaths | 17140 | 17222 | 17101 | 17610 | 18027 | 18481 | 18938 | 19393 | 19862 | 20017
)

*Extracted from www.singstat.gov.sg

(i) Draw a scatter diagram for these values, labelling the axes and state the product
moment correlation between X and Y. Use your diagram to explain why the best
model for the relationship between X and Y may not be given by Y = aX + b,
where a and b are constants. [3]

Solution

20500

20000 XX
19500

19000 X

18500 X

Total Deaths (Y)

18000 X

17500 X

X
17000 XX
40000 42000 44000 46000 48000 50000 52000
Total Greenhouse Gas Emissions (kilotonnes of CO2) (X)

From the GC, r = 0.90527 = 0.905 (3 sf)

From the scatter%tr pOTHtE: a curvilinear trend rather than a linear trend, hence
Y=aX +b maymothe the best mo

Islandwide Delivery | Whatsapp Only 88660031
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10

(ii)  Comment on the correctness of the following statement.

“Since there exists a high positive linear correlation between total greenhouse
gas emission and total deaths, the deaths are a result of the greenhouse gas
emissions.” [1]

Solution

High positive linear correlation does not indicate causation, hence it is incorrect to state that
the deaths are a result of the greenhouse gas emission. Moreover, there are other factors
affecting the total deaths in Singapore.

(iii)  Explain clearly which of the following equations, where a and b are constants,
provides the more accurate model of the relationship between X and Y.

(A) Y =aXx*+b
(B) IgY=aX+b [3]
Solution

From GC, r=0.928 for Y =aX* +b
r=0.912 for Ig¥Y =aX +b

Since the product moment correlation coefficient for Y =aX *1b is closer to 1 as compared

to the one for IgY =aX +b, Y =aX 4 1 is the better model.

The Government has pledged that Singapore’s greenhouse gas emissions will peak
around 2030 at the equivalent of 65 million tonnes of carbon dioxide.

(iv)  Using the model you have chosen in part (iii), write down the equation for the
relationship, giving the regression coefficients correct to 5 significant figures.
Hence find the estimated total deaths in the year 2030 if Singapore’s pledge is
fulfilled and comment on the reliability of the estimate. [3]

Solution
The required equation is Y = 6.4326x 10710x % 414911
When X = 65000, Y =6.4326x1071(65000)" +14911

=26393.6

KIASUr=

The estimate is ﬁ%?emg)l@&%gtrﬁ 8 1on 1s carried out where the linear correlation outside
nly BBBE0

landwide Delivery | Whatsapp O
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6 Birth weight can be used to predict short and long-term health complications for babies.
Studies show that the birth weight of babies born to mothers who do not smoke in a
certain hospital can be assumed to follow a normal distribution with mean 3.05 kg and

variance o kg’.

The hospital classifies babies based on their birth weight as shown in the table below.

Birth weight Classification
Less than 1.5 kg Very low birth weight
1.5kgto2.5kg Low birth weight
2.5kgto4.0kg Normal birth weight
More than 4.0 kg High birth weight

(i) A sample showed that 20.2% of the babies born to mothers who do not smoke
have low birth weight. If this is true for the entire population, find two possible
values of g, corrected to 2 decimal places. Explain clearly why one of the values
of o found should be rejected. [4]

Solution

Let X be random variable representing the birth weight of a baby in kg.

5. X ~N(3.05, &%) NORMAL FLOAT AUTO REAL RADIAN P
CALC ZERD

P(1.5< X <2.5)=0.202 Y1=n0rM010dF(L.5:2.5:3.05,1)-0.202

By plotting the graph of y=P(1.5< X <2.5)-0.202

using GC,

we have 0 =0.70 (2 dp) or 6 =1.56 (2 dp) fﬁ

If 0=0.70,P(2.5 <X <4)=0.70
If o=1.56,P(2.5 <X<4)=0.37

2ero
H=0.6972351 Y=

Reject o= 1.56 as this would mean that it is very much more likely that a baby will be born
with “abnormal” birth weight than normal birth weight.
(Or when o= 1.56, P(X < 0) = 0.03 compared with P(X < 0) = 6.6x107° for 6= 0.7)

Studies also show that babies born to mothers who smoke have a lower mean birth
weight of 2.80 kg.

For the remaining of the question, you may assume the birth weight of babies born to
mothers who smoke is also normally distributed and that the standard deviations for the
birth weight of bables born to mothers who do not smoke and mothers who smoke are

both 0. SF/lég || U

(ii) Threerpregnam: m@{ﬁ -to-be who smoke are randomly chosen. Find the
probabifity’ that “all"their babies will not be of normal birth weight. State an
assumption that is needed for your working. [3]

[Turn Over
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Solution

Let Y be r.v. denoting the birth weight of a baby in kg from a mother who smokes.
Y ~N(2.8, 0.86°)

Required probability = [1-P(2.5<Y <4)]'

= (1-0.55493)’
= 0.088157
=0.0882 (3 s)

Assumption: The birth weights of babies are independent of one another.

(iii) Find the probability that the average birth weight of two babies from
mothers who do not smoke differs from twice the birth weight of a baby from
a mother who smokes by less than 2 kg. [3]

Solution

Let A=¥—2Y

E(A)=3.05-2(2.80)=-2.55
Var(A)=0.5"(0.86" x2)+2°(0.86”) = 3.3282
. A~N(=2.55, 3.3282)
Required probability = P(|A|<2) = P(-2< A<2)=0.37521
=0.375 (3 s.f.)

Babies whose birth weight not classified as normal will have to remain in hospital for
further observation until their condition stabilises. Depending on the treatment received
and length of stay, the mean hospitalisation cost per baby is $2800 and standard
deviation is $500.

(iv)  Find the probability that the average hospitalisation cost from a random sample
of 50 babies, whose birth weight not classified as normal, exceeds $3000. [2]

Solution

Let W be random variable representing the hospitalisation charge of a baby.
E(W)=2800 and Var(W )= 500" =250000

Since N =50 is Kff eorem,
W +W, +. S
soExam approximately
_ Islandwide Delivery | Whatsapp Only 88660031
i.e. W ~ N(2800, 5000) approximately [M1]
= P(V_V > 3000) =0.00234 (3.s.f) [Al]
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7 Three cards are to be drawn at random without replacement from a pack of six cards
numbered 0,0, 1, 1, 1, 1.

The random variables X, X, and X3 denotes the numbers on the first, second and third
card respectively.

(i) IfY=X; — X2+ X3, show that P(Y=1) = % and find the probability distribution
of Y. [3]
Solution

P(Y =1)=P(0,0, 1)+ P(1,0,0)+ P(1, 1, 1)

21 4 4 2 1 4 3 2
= —X—X—+—X—X—+—X—X—
6 54 6 54 6 5 4
1
= — (Shown)
3
y 1 0 1 2
+
POV 1 p0, 1,0)= 2x 2L PU-LOZEPOLD Ll o, 1)= 262532
6 5 4 432,243 13 6 5 4
1 65 4 6 5 4 1
15 _2 5
5
(ii) Find the values of E(Y) and Var(Y). [2]
Solution
1 1 2 2
EY)= —+0+—+—=—==0.667 (3s
™ 15 3 5 3 (3s1)
2
Var(Y)=L+O+l+i— 2 —ﬁ—0756(3sf)
15 3 5 3 45

(iii)  Find the probability that the difference between Y and E(Y) is less than one
standard deviation of Y. [2]

Solution

[Turn Over
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8 A factory makes a certain type of muesli bar which are packed in boxes of 20. The
factory claims that each muesli bar weigh at least 200 grams. Muesli bars that weigh
less than 200 grams are sub-standard. It is known that the probability that a muesli bar
is sub-standard is 0.02 and the weight of a muesli bar is independent of other muesli
bars.

(i) Find the probability that, in a randomly chosen box of muesli bars, there are at least
one but no more than five sub-standard muesli bars. [2]

Solution

Let X be the random variable denoting the number of sub-standard muesli bars, out of 20. .-
X ~B(20, 0.02)

= Probability required = P(1 < X <5)
=P(X<5)-P(X=0)
=0.33239
=0.332 (3 sf)

The boxes of muesli bars are sold in cartons of 12 boxes each.

(ii) Find the probability that, in a randomly chosen carton, at least 75% of the boxes
will have at most one sub-standard muesli bar. [2]

Solution

Let Y be the random variable denoting the number of boxes of muesli bars that have at most
one sub-standard muesli bars, out of 12 boxes.

P(X<1)=0.94010

- Y ~B(12,0.94010)

Probability required =P(Y >0.75 x 12)
=P(Y>9)
=1-P(Y <8)
=0.99568
=0.996

KIASU=
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As part of quality control for each batch of muesli bars produced daily, one box of
muesli bars is randomly selected to be tested. If all the muesli bars in the box weigh at
least 200 grams, the batch will be released for sales. If there are more than one sub-
standard muesli bar, the batch will not be released. If there is exactly one sub-standard
muesli bar, a second box of muesli bars will be tested. If all the muesli bars in the second
box weigh at least 200 grams, the batch will be released. Otherwise, the batch will not
be released.

(iii) Find the probability that the batch is released on a randomly selected day. [2]

Solution

Probability required =P(X; =0)+P(X;=1)P(X2=0)
=0.84953
=0.850 (3 sf)

(iv) If the factory operates 365 days in a year, state the expected number of days in the
year when the batch will not be released. [1]

Solution

Expected number of days when the batch will not be released
=365 — 365x0.84953

=54.9 (3 sf)

To entice more people to buy their muesli bars, a scratch card is inserted into each box.
The probability that a scratch card will win a prize is p. It may be assumed that whether
a scratch card will win a prize or not, is independent of the outcomes of the other scratch
cards.

Jane buys a carton of muesli bars.
(v) Write in terms of p, the probability that Jane win 2 prizes. [1]
Solution

Let W be the random variable denoting the number of prizes Jane wins, out of 12.

~ W ~B(12, p)

Islandwide Defivery | Whatsapp Only 88660031

=66p°(1-p)

10
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The probability that Jane win 2 prizes is more than twice the probability that she win
3 prizes.

(vi) Find in exact terms, the range of values that p can take. [2]
Solution

P(W =2)>2 P(W =3)

12
66p*(1-p)” >2(3 j p*(1-p)
66p*(1-p)’ —440p* (1-p)’ >0

y=x(1-x°3-23%) |

p*(1-p)’[3(1-p)-20p]>0 j

p*(1-p)’'[3-23p]>0 0 Vs I X
Since0<p<1,0<p< 3

S 23
9 In preparation for an upcoming event, a student management team is considering having

meetings on this Friday, Saturday and Sunday. The probability that the meeting is

conducted on Friday is % On each of the other days, the probability that a meeting is

. . .2
conducted when a meeting has already been conducted on the previous day, is 3 and
the probability that a meeting is conducted, when a meeting has not been conducted on

: 1
the previous day, is 3

Find the probability that

(i) a meeting is conducted on Sunday, [3]
Solution Friday Saturday Sunday
M
P(meeting is conducted on Sunday) 2/5
1122 31 512 21 NM
:g g.§_|_g._ '+_ _—— = 25 M ﬁ

6k3 513 3]
n\17 ) = Q / 1/3 M

L 1 % M T NM
1350 e Delvr e on } 33
slandwide Delivery | Whatsapp Only BE660031 == NM
3/6

\ 2/5 M
5/
NM 1/3 ~ NM
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(i)  a meeting is not conducted on Friday given that there is a meeting on Sunday.
[3]
Solution

P(no meeting on Friday | meeting on Sunday)

P (no meeting on Friday and meeting on Sunday )
P (no meeting on Friday)

5[12 21
{35 33}
i)
400
481
= 0.83160

=0.832 (correct to 3 s.f)

The student management team consists of 7 girls and 3 boys. At one of the meetings,
they sit at a round table with 10 chairs.

(iii)  Find the probability that the girls are seated together. [2]
Solution
17!
P (girls are seated together ) = @-ni7!
1o-n!
_ 1
12

Two particular boys are absent from the meeting.

(iv)  Find the probability that two particular girls do not sit next to each other. [3]

Solution

Probability reqﬁ%ﬁp%

Islandwide Delive ry( =3 iniv"ﬂaﬁﬁcoh

7
9
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10 Along a 3km stretch of a road, the speed in km/h of a vehicle is a normally distributed
random variable T. Over a long period of time, it is known that the mean speed of
vehicles traveling along that stretch of the road is 90.0 km/h. To deter speeding, the traffic
governing body introduced a speed monitoring camera. Subsequently, the speeds of a
random sample of 60 vehicles are recorded. The results are summarised as follows.

St=5325 3 (t-t) =2000.

(i) Find unbiased estimates of the population mean and variance, giving your answers
to 2 decimal places. [2]

Solution

Unbiased estimate of the population mean =t= 5255 =88.75

>t —5)2 ~ 2000

Unbiased estimate of the population variance = s* = T

=33.89830508
=33.90

(i) Test, at the 5% significance level, whether the speed-monitoring camera is effective
in deterring the speeding of vehicles on the stretch of road. (4]

Solution

Let p denote the population mean speed of the vehicles traveling along the stretch of the road.
To test Ho: p=90.0

Against Hi: p <90.0

Conduct a one-tail test at 5% level of significance, i.e., o = 0.05

Under Hy, since n = 60 and is sufficiently large, by Central Limit Theorem,

T~N (90.0, w) approximately.

Using GC, p-value = 0.0481545117

Since p-value Ki ﬁ is sufficient evidence at 5% level of significance to
conclude that t % e 3km stretch of road has been reduced.
ExamPaper
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(iii) In another sample of size n (n > 30) that was collected independently, it is given that

t = 89.0. The result of the subsequent test using this information and the unbiased
estimate of the population variance in part (i) is that the null hypothesis is not
rejected. Obtain an inequality involving n, and hence find the largest possible value

N can take. [4]

Solution

If the null hypothesis is not rejected, Zcaie must lie outside the critical region.

Critical Region: Z <-1.644853626

T-90.0

Test Statistics, £ = ~N(0, 1)
/33.89830508
n

89-90.0

Zeale = >—1.644853626
/33.89830508
n

h
v33.89830508

Jn <9.576708062
n<91.713

>—1.644853626

Since n is an integer, the largest possible value n can take is 91.
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CJC 2019 H2 Mathematics

Prelim Paper 1

Differentiate ¢ * with respect to X. Hence find .|.x3e‘XZ dx. [3]

X+3

Without using a calculator, solve the inequality X* +4x+3 < il [4]
+
2 2
The curve C has the equation (X 65) + (y 93) =1.
(1) Sketch C, showing clearly the coordinates of the stationary points and the vertices.
[2]
The region R is bounded by curve C, the line X =9 and the X axis.
(i1) Find the volume of the solid generated when region R is rotated completely about
the X axis. [3]
(i)  Describe fully a sequence of two transformations which would transform the curve
2x=5) vy’
C to the curve ——+-—=1. [2]
16 9

Ir(r+D+1 A
- -3+ ,
re+1)’ o (r+1)

(1) Show that where A and B are to be determined. [2]

7 19 on(2n+1)+1
d ——S+—F-+..+ ; T -
M2y X0 (2n)"(2n+1)

(i1) Hence fin

[3]

. 3 = 3r(r+1)+1 (1Y
U rt (ii) to find — | = |- 3
(ii1) se your answer in part (ii) to fin Z{ Pty (2j} [3]

r=1



A developer has won the tender to build a stadium. Sunrise Singapore, who would finance
the construction, wants to have a capacity of at least 50 000 seats. There is a limited land
area to the stadium, and in order for the stadium to have a full sized track and football pitch,
the first row of seats can seat 300 people, and every subsequent row has an additional
capacity of 20 seats.

(1) What is the least number of rows the stadium must have to meet Sunrise
Singapore’s requirement? [3]

Assume now that the stadium has been built with 60 rows, with row 1 nearest to the football
pitch.

(1) For the upcoming international football match between Riverloop FC and Gunners
FC, tickets are priced starting with $60 for Category 1, with each subsequent

category cheaper by 10%. How much would a seat in the 45" row cost? [1]
Category 1 Rows 1 —20
Category 2 Rows 21 — 40
Category 3 Rows 41 — 60

There is a total crowd of 51 000 for the football match.

(i)  Assuming that all the tickets from the cheapest category are sold out first before
people purchase tickets from the next category, calculate the total revenue collected

for the football match. [5]
2 2
(1) Given that y =+/€”* cos X, show that (%j + y% = 2y% -y, [4]

(1) Find the Maclaurin series for y =+/€* cos X, up to and including the term in x”.
[4]

(i)  Verify the correctness of the expansion found in part (ii) using standard series found
in the List of Formulae (MF26). [3]



(1) A water trough, shown in the diagram below, in the shape of a triangular prism is
used to collect rainwater. The trough consists of two rectangular zinc sheets of
negligible thickness, each with fixed dimensions 10 m by 2 m, and two triangular
zinc sheets with height h m, as shown in the diagram below. Use differentiation to
find the maximum volume of the trough, proving that it is a maximum. [5]

hm

(i1) Water collected in the trough is drained at a rate of 0.001m3 /s into a container
consisting of two cylinders, as shown below. The larger cylinder has radius 1 m
and height 0.5 m. The smaller cylinder has radius 0.6 m and height 0.5 m. Find
the rate at which the depth of water is increasing after 29 minutes. (4]

. A5 T”‘S )
.= I?'S m

(i)  Let H be the height of the water level in the container at time t.

Sketch the graph of CL—T against t. [3]

Do not use a calculator in answering this question.

(a) Showing your working clearly, find the complex number z and w which satisfy the
simultaneous equations

3z—iw=12+09i,

. [5]
22*+3w=16-23i.



(b) It is given that z; is a root of the equation z*+3z’+4z°-8=0, where

z, = —1+.Bi.

(1) Express z'+32°+42z>-8=0 as a product of two quadratic factors with
real coefficients. [4]

(i)  Given that e®"™ =2z’, determine the exact values of p and ¢, where

—T<Q<r. [4]
-1 2

Line |; has equation r =| 8 |+ 4| 1 | where A is areal parameter, and plane p has equation
3 5

a
r-| b |=17. It is given that |; lies completely on p and the point Q has coordinates
0

(-1,-2,3).
(i) Show thata=—1and b =2. [3]

(i1) Find the foot of perpendicular from point Q to point P. Hence find the shortest
distance between point Q and p in exact form. [4]

. : : .5
Given that the shortest distance between | and the foot of perpendicular of Q on p is 3 J6

(i)  Using the result obtained in part (ii) or otherwise, find the shortest distance between
Qand I;. (2]

The line |, is parallel to p, perpendicular to |; and passes through P and Q.
. . . . . X+1
(iv)  Show that the Cartesian equation of the line I, is EN y+2=3-12. [3]

(v) Find the vector equation of line I3, which is the reflection of |, about p. [3]



10

Tumours develop when cells in the body divide and grow at an excessive rate. [f the balance
of cell growth and death is disturbed, a tumour may form. A medical scientist investigates
the change of the tumour size, L mm at time t days of a particular patient using models A
and B. For both of the models, it is given that the initial rate of the tumour size is 1 mm per
day when the tumour size is 1 mm.

(1)

(ii)

(iii)

(iv)

Under Model A, the scientist observes that the patient’s turmour is growing at a rate
proportional to the square root of its size. At the same time, the tumour is reduced
by radiation at a rate proportional to its size. It is further observed that the patient’s
tumour is decreasing at 2 mm per day when the tumour is 4 mm.

Show that L and t are related by the differential equation

%%:3JE—ZL. [2]

Using the substitution L =y* where y > 0, show that the differential equation in
part (i) can be written as

dy 3-2y
a 2
Find y in terms of t and hence find L in terms of 't only. [7]

Under Model B, the scientist suggests that L and t are related by the differential
equation

oL
dt? 1+t

Find the particular solution of this differential equation. [4]

Find tumour sizes predicted by Models A and B in the long run. [2]
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CJC 2019 H2 Mathematics

Prelim P2

Section A: Pure Mathematics (40 Marks)

1

X
The function h is given by h(x)=ax’ +bx’ to xe R, where a, b and ¢ are real

constants.
. 13 ) .
The graph of y = h(X) passes through the point (I’Tj . The point (-8,642) lies on the

graph of y = h(|X|) and the point (4,%) lies on the graph of y = ﬁ Find the values
X

ofa, b and c. [4]

Given that kp = (p.q)q where K is a positive constant, p and q are non — zero vectors.
(1) What is the geometrical relationship between p and q? [1]
(i1) Find |q| in terms of k. [3]

The diagram below shows the graph of y = f(X). The curve has a minimum point (5,10)
and a maximum point (—1,-2). The lines X =2 and y =X + 2 are asymptotes of the graph.




(1) Sketch the curve y = f'(X), indicating clearly the coordinates of the points where

the graph crosses the X axis and the equations of any asymptotes.

(1) State the range of values of X for which the graph of y = f (X) is
(a) strictly decreasing,

(b) concave upwards.

The function fis defined by f: x —> x|x-3|, xeR,2<x<3.

(1) Explain, with the aid of a sketch, why the inverse function f™' exists.

(ii) Find f'(x) and state the domain of f™'.

2X=2, 0<x<L2
It is given that g(X)=110-2x

, 2<X<4.
X+1

(111)  Sketch the graph of y =g(X) .
(iv) Find gf (X).

(v) Find the range of gf.

: . ) T
A curve C has parametric equations X =1-sinf, y=6+cosé, where -7 <0< —.

(1) Sketch the graph of C, stating the exact coordinates of the end points.

[3]

[1]
[1]

[4]

[2]
[2]
[1]

[2]

d
(i1) Find Y in terms of #. What can be said about the tangent to C as 8 — —% ?

dx

[3]

(111) A point P on C has parameter p, where 0 < p < % . Show that the normal to C

at P crosses the y axis at point Q with coordinates (0, p).

[3]

(1v) Show that the area of region bounded by C, the normal to C at point P and the y

axis is given by az +bp+ccos p, where a, b and ¢ are to be determined.

[6]

(v) The normal to C at P also crosses the X axis at point R. Find a Cartesian equation

of the locus of the midpoint of QR as p varies.

[3]



Section B: Probability and Statistics (60 marks)

6

To raise its profile, ABC Supermart devised a publicity where, if a customer has
purchases of $R or more in a single receipt, he is qualified to participate in a sure-win
“Lucky Spin” game. In the game, the customer spins the first wheel (which is divided
into 3 equal parts) to see how much money he wins, then he spins a second wheel to see
how much his winning is multiplied by.

First whecel Second wheel
For example, based on the illustration above, if the result from the first spin is “$10”, and

the result of the second spin is ““ x 4, then the person playing the game would have
received $40.

Let X denote the amount won from playing the game.
(1) Tabulate the probability distribution of X. [2]

(11) ABC Supermart makes a profit of 40% on all purchases made by customers. It
wishes to use the profits generated from every qualifying receipt to offset the
amounts given away in the game. Determine the value of $R that the Supermart
needs to set for a customer to qualify to play the game. Give your answer correct
to the nearest dollar. [3]

(ii1) Find the value of o, the standard deviation of X. Hence find P(X <o).  [3]

An experiment is being carried out to study the correlation between the solubility of sugar
in water and the temperature of the water. The amount of sucrose X (in grams) dissolved
in 100 ml of water for different water temperatures T (in degree Celsius) is recorded.
The results shown in the table. Unfortunately, one of the values of X was accidentally
deleted from the records later on and it is indicated by k as shown below.

T 0 20 40 60 80 100

X 179 204 241 K 363 487




It is given that the equation of the regression line of X on T is X =2.94857T +146.238. Show
that k = 288.

(@)

Draw a scatter diagram to illustrate the data, labelling the axes clearly. [1]

The value of the product moment correlation coefficient between X and T is 0.959. It is thought
that a model given by the formulae Inx=a+bT may also be a suitable fit to the data where a
and b are constants.

(ii)

(111)

(iv)

Calculate the least square estimates of @ and b and find the value of the product moment
correlation coefficient between T and In X. [2]

Use your answers to parts (i) and (ii) to explain which of X = 2.94857T + 146.238 or
In X =a + bT is the better model. [2]

Hence, predict the value of T for which x = 300. Comment on the reliability of your
prediction. (2]

Cynthia is a skilled pistol shooter who hits the bullseye of the target 70% of the time.
During her training sessions, she shoots a series of 15 shots on a target before changing
to a new target.

A series is considered “good” if she is able to hit the bullseye at least 11 times on the
target.

(1) Find the probability that Cynthia is able to obtain a good series. [2]

Cynthia is able to end the training session early if she is able to obtain at least 6 good
series in N attempts.

(11) Find the least value of n such that she can be at least 99% certain of being able
to end the training session early. [4]

Suppose Cynthia has completed 40 of the fifteen-shot series,

(111) estimate the probability that she has, on average, hit the bullseye more than 10
times per series. [3]



10

The security guard of a particular school claims that the average speed of the cars in the
school compound is greater than the speed limit of 25 km/h. To investigate the security
guard’s claim, the traffic police randomly selected 50 cars and the speed was recorded.
The total speed and the standard deviation of the 50 cars are found to be 1325 km/h and
7.75 km/h respectively.

(1) Find the unbiased estimates of the population mean and variance. [2]
(i1) Test at 5% level of significance whether there is sufficient evidence to support
the security guard’s claim. [4]

It is now known that the speed of the cars is normally distributed with mean 25 km/h and
standard deviation of 6 km/h.

(111) A new sample of n cars is obtained and the sample mean is found to be
unchanged. Using this sample, the traffic police conducts another test at 10%
level of significance and concludes that the security guard’s claim is valid. Find
the set of values n can take. [3]

(1v) What is the speed exceeded by 75% of the cars? [1]

The Mathematics examination score of a randomly chosen student in Group A is X, where
X follows a normal distribution with mean 55 and standard deviation o . The
Mathematics examination score of a randomly chosen student in Group B is Y, where Y
follows a normal distribution with mean 45 and standard deviation 10.

(1) It is known that 2P(X >45)=5P(X > 65) . Show that o =17.7, correct to 3
significance figures. [3]

(11) Find the probability that total score of 3 randomly selected students from Group
A differ from 4 times the score of a randomly selected student from Group B by

at most 10. [4]
(111) Find the probability that the mean score of 3 randomly selected students from
Group A and 4 randomly selected students from Group B is at least 50. [3]

The Mathematics examination scores of students in Group C are found to have a mean
of 40 and standard deviation of 25. Explain why the examination scores of students in
Group C are unlikely to be normally distributed. [1]



11

A palindrome is a string of letters or digits that is the same when you read it forwards or
backwards. For example: HHCCHH, RACECAR, STATS are palindromes.

A computer is instructed to use any of the letters R, O, F, L to randomly generate a string
of 5 letters. Repetition of any letter is allowed, but the string cannot contain only one
letter. For example, RRRRR is not allowed.

Events A and B are defined as follows:

A:
B:
(1)
(i)
(iii)

(iv)

the string generated contains 2 distinct letters
the string generated is a palindrome

Find P(A) and P(B). 5]
Find P(ANB) and hence determine if A and B are independent. [3]

Find the probability that the string generated either contains 2 distinct letters, or
that it is a palindrome, or both. [2]

Find the probability that the string generated contains 2 distinct letters, given
that it is a palindrome. [2]
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A confectionary bakes 20 banana cakes, 50 chocolate cakes and 30 durian cakes every day. The
total price of 1 banana cake, 1 chocolate cake and 1 durian cake is $29.50. On a particular day, at
7 pm, the confectionary has collected $730 from the sales of the cakes, and there were half the
banana cakes, one-tenth of the chocolate cakes and one third of the durian cakes left. In order to
sell as many cakes as possible, all cakes were discounted by 40% from their respective selling
price from 7 pm onwards. By closing time, all the cakes were sold and the total revenue for the
entire day was $880. Determine the selling price of each type of cake before discount. [4]
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. ) 30—-11x
2 (a) Without using a calculator, solve 9 <-2. [3]
X -
(b) Solve (a—3bx*)e*™ <0, where a and b are positive constants. [2]
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3 The points A and B have position vectors a and b with respect to origin O, where a and b are
non-zero and non-parallel.
(i) Given that B lies on the line segment AC such that BC = 5b — ua, find the value of 4. Hence

find @ in terms of aand b. [2]

(ii) The point N is the midpoint of OC. The line segment AN meets OB at point E. Find the
position vector of E. [4]
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The function f is defined as follows:

f(x):x+L, a<x<b

where a is a positive constant.

(i) Given that f~' exist, show that b<a+1.
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(ii) Given that a=1and b=2, find f '(x) and the domain of f'. [5]
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2
5 (a) Describe a sequence of two transformations that maps the graph of y = ln( J onto the
X+
graph of y=1In (%j [2]
X

(b) The diagram below shows the graph of y = f(x). It has a maximum point at A(—1,—1) and

a minimum point at B(l, %). The graph has asymptotes y = %, X=0 and x=-2.

Yy 4

________________________________________

B(1, %)
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Sketch, on separate diagrams, the graphs of

) y=£f(2-x), (2]
() y=_—, [3]

stating clearly the equations of any asymptotes, coordinates of any points of intersection with
both axes and the points corresponding to A and B.
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6 The sequence of complex numbers {W

n

} are defined as follows

W - [1+(n—1)i][1+2(n+1)i] forneZt
(1+ni)
(i) Show that arg(w,) = p[arg(l+(n—1)i)]+q[arg(1+ni)|+r[arg(1+(n+1)i], where p, q and r

are constants to be determined. [1]

Consider a related sequence {z,} where z, =WW,...W,,the product of the first n terms of the

above sequence.

(i) Use the method of differences to show that argz, = —ln —arg(l+ni)+arg[l+(n+1)i]. [4]
4
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(iii) Deduce the limit ofarg(z,) as n—co. Hence write down a linear relationship between
Re(z,)and Im(z,) as n — oo. [2]
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7 A curve C has parametric equations X =4sin260—2, y=3—4cos260 for 0<0<m.

(i) Find a cartesian equation of C. Give the geometrical interpretation of C.
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3
8
normal at P meets the y-axis at the point N. Find the exact area of triangle NPT. [5]

(ii) P is a point on C where 8 =3 m. The tangent at P meets the y-axis at the point T and the
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8 The equations of two planes P; and P» are Xx—2y +3z2=4 and 3x+2y—2z =4 respectively.

(i) The planes P and P intersect in a line L. Find a vector equation of L. [2]

The equation of a third plane P3 is 5x — Ky + 6z = 1, where K is a constant.

(i) Given that the three planes have no point in common, find the value of k. [2]
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Use the value of k found in part (ii) for the rest of the question.

(iii) Given Q is a point on L meeting the X-y plane, find the shortest distance from Q to P3. [3]

(iv) By considering the plane containing Q and parallel to P, or otherwise, determine whether

the origin O and Q are on the same or opposite side of P,. [2]
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dy

9 Itis given that 2 e’ —1 and that y =0 when x=0.
X

d’y dy\d’y

(i) (a) Show that —3=—(a+b—j -, where a and b are constants to be determined.
dx dx /) dx

(2]

(b) Hence, find the first three non-zero terms in the Maclaurin series expansion fory. [2]
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(ii) Find the particular solution of the differential equation, giving your answer in the form

y =f£(X). [4]

(iii) Denoting the answer in (i)(b) as g(X), for x>0, find the set of values of X for which the
value of g(X) is within £0.05 of the value of f(x). [2]
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X

10 (a) Find dx.
J‘»\/2x—1
(b) Using the substitution t = tan X, find f 5 ! —— dx.
4cos” X+9sin” X
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|
ol 1 2 n-1

n n n

[—

The diagram above shows part of the graph of y = x* +3X, with rectangles approximating
the area under the curve from X =0 to X =1. The area under the curve may be approximated

by the total area, A, of (n-1) rectangles each of width l Given that
n

(n=1)(11In-1)
6n* '

M=

r’=Ln(n+1)2n+1), show that A=

Explain briefly how the value of J: x> +3x dx can be deduced from this expression, and

hence find this value exactly without integration. [6]
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11 The department of statistics of a country has developed two mathematical functions to analyse the
foreign worker policy. The first function f models the amount of strain to the country’s
infrastructure (housing, transportation, utilities and access to medical care etc.) based on the
number of foreign workers allowed into the country and is defined as follows:

f(x)=(x-5)"+200, 0<x<15

where X denotes the number of foreign workers, in ten thousands, allowed into the country and f(X)
denotes the amount strain to the country’s infrastructure.

The second function g models the happiness index, from 0 (least happy) to 1 (most happy), of the
country’s local population based on the amount of strain to the country’s infrastructure and is
defined as follows:

w
W)y=In|e———1|, 0<w<1000(e-1
g(w) ( 1000) (e—1)

where W denotes the amount of strain to the country’s infrastructure and g(w) denotes the happiness
index of the country’s local population.

(i) The composite function gf models the happiness index based on the number of foreign
workers, show that this function exists. [2]
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(ii) Find range of values for the happiness index of the country’s local population if its

government plans to allow 70,000 to 110,000 foreign workers into the country. [3]
(iii) Determine whether the happiness index increases or decreases as X increases. [3]
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A third function h models the gross domestic product (GDP) of the country based on the number
of foreign workers (in ten thousands), X, allowed into the country and is defined as follows:

h(x)=400—-(x-10)*>, 0<x<15
where h(x) denotes the GDP in billions of dollars.

(iv) Find the range of values for the GDP if the government plans to have a happiness index from
0.7 to 0.9 in order to secure an electoral win for the coming elections. [4]
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12 In a particular chemical reaction, every 2 grams of U and 1 gram of V are combined and converted
to form 3 grams of W. Let U, v and w denote the mass (in grams) of U, V and W respectively
present at time t (in minutes). According to the law of mass action, the rate of change of w with
respect to t is proportional to the product of u and v. Initially, u =40, v=>50 and w=0.

(i) Show that ((11—\2/ =k(w-60)(w—150), where Kk is a positive constant. [3]
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It is observed that when t =5, w=10.

(ii) Find w when t =20, giving your answer to two decimal places. [7]
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(iii) What happens to w for large values of t?
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Section A: Pure Mathematics [40 marks]|

1[ Ryan has playing cards which he stacks into pyramids. He will begin by stacking up cards to form __—{ Commented [jo11: APY

a pyramid with 1 level, followed by another pyramid with 2 levels and so forth. The pyramids with
n levels for different values of n are shown below:

n=1 n="2 n=3

Let S, denotes the number of cards in a pyramid with n levels. It is given that S, =an” +bn+c
for some constants a,b and c.

(i) Give an expression of the number of additional cards needed to form a pyramid of nth level
from (n—1)th level. Leave your expression in terms of @, b and n. [2]
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(ii) Find the values of a, b and c. [2]

(iii) Hence prove that S, is the sum of an arithmetic progression and state the common
difference. (2]

(iv) One pyramid of each level from 1 to 23 is formed. Find the total number of cards required
to form these 23 pyramids. [1]
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4 ‘A curve C has equation 3x* —2xy +5y* =14, - —{ commented [jo2]: CHC - hewan
() Show that &Y =3X=Y 2]
dx x-Sy

(ii) Find the exact x-coordinates of the points on the curve C at which the tangent is parallel to
the y-axis. [3]

DHS 2019 Year 6 H2 Mathematics Preliminary Examination Paper 2

www.KiasuExamPaper.com
196



5

(iii) A point P(x, y) moves along the curve C in such a way that y decreases at a constant rate of
7 units per second. Given that X increases at the instant when y =1, find the corresponding

rate of change in X. [3]
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3’ h"he complex number Z is such thataz® +bz+a =0 where a and b are real constants. It is given /{Commented [OMFJ3]: HG - ok

that z =z, is a solution to this equation where Im(z,) # 0.

(i) Verify that z = L is the other solution. Hence show that |z, |=1. [4]
0
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Take Im(z,) =1 for the rest of the question.
0 2 q

(i) Find the possible complex numbers for ;. 2]
(iii) If Re(z,) >0, find b in terms a. [2]
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4‘ h‘he complex number W has modulus V2 and argument +7 and the complex number z has /{c°"'"“e“ted (3B AR

modulus v2 and argument 2.

(i) By first expressing W and z in the form x+iy, find the exact real and imaginary parts of
W+ 2. (3]

(ii) On the same Argand diagram, sketch the points P, Q, R representing the complex numbers
z,w and z+W respectively. State the geometrical shape of the quadrilateral OPRQ. [3]
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(iii) Referring to the Argand diagram in part (i), find arg(w+2z) and show that

_at+i2

tan (;—j‘ n) \/g+ b where a and b are constants to be determined. 2]
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. x—b x—b . Commented [OMFJ5]: JO
he curves C; and C; have equations y = and y= b respectively, where a and b are
X—a

constants with 1 <a <b.

(i) Show that the x-coordinates of the points of intersection of C; and C» are b and a+b. Hence
sketch C; and C; on a single diagram, labelling any points of intersection with the axes and

the equations of any asymptotes. [4]
. . X-b _x-b
(i) Using the diagram, solve ——2 . [2]
X—a
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(iii){ TLet a=2 and b=3. The region bounded by C, and C, is rotated through 4 right angles ///{ Commented [jo6]: new gn to add in volume

about the y -axis to form a solid of revolution of volume V. Find the numerical value of V,
giving your answer correct to 3 decimal places. [3]
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Section B: Probability and Statistics [60 marks]

6 h\Iine gifts, three of which are identical and the rest are distinct, are distributed among five people _—{ commented [jo71: check answer

without restrictions on the number of gifts a person can have. By first considering the number of

ways to distribute the distinct gifts or otherwise, find the number of way that the nine gifts can be
distributed. [4]
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‘ﬂ In a school survey, a group of 80 students are asked about how much time per week (to nearest | commented [jo8]: EC - ok

hour) they spend on their co-curricular activities (CCA). The readings are shown below:

CCA (hours)
3 or less 4t06 7 or more
Boy 17 20 10
Girl 18 15—k k

A student is selected random from the group. Defining the events as follows:

G : The student is a girl.
L : The student spends 6 hours or less weekly.
M : The student spends 4 hours or more weekly.

Find the following probabilities in terms of k.

@ P(L'UM) [2]

@iy P(G|L") (1]

(iii) Giventhat P(LNM)= %, find the value of k. Hence determine if L and M are independent,

justifying your answer. [3]
(iv) Ifthe events G and (L m M) are mutually exclusive, find the value of k. [1]
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8“ Sharron who is an amateur swimmer has been attending swimming lessons. She records her time

14

[ Commented [jo9]: Nat — ok

taken to swim 50 metres each month. Her best timing, t seconds, recorded each month X, for the

first 7 months is as follows.

Month x

1

2

3

Time taken, t

115

87

75

67

62

(i) Draw a scatter diagram showing these timings.

(ii) It is desired to predict Sharron’s timings on future swims. Explain why, in this context,

neither a linear nor a quadratic model is likely to be appropriate.
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It is decided to fit a model of the form t=a+ E where a and b are constants.
X

(iii) State with a reason whether each of a and b is positive or negative. 2]

(iv) Find the product moment correlation coefficient and the constants a and b. 2]

At the 8th month, Sharron recorded her best timing and calculated the regression line using all the

data from the first 8 months to be t =48.28 + %
X

(v) Find her best timing, to the nearest second, at the 8th month. [2]
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ﬁ TThe time taken, T (in minutes), for a 17-year-old student to complete a 5-km run is a random __—{ Commented [OMFJ10]: YCH - shared HI (use as contextual) |
variable with mean 30. After a new training programme is introduced for these students, a random
sample of n students is taken. The mean time and standard deviation for the sample are found to
be 28.9 minutes and 4.0 minutes respectively.

(a) Find the unbiased estimate of the population variance in terms of n. [1]

(b) Using n =40,

(i) carry out a test at the 10% significance level to determine if the mean time taken has
changed. State appropriate hypotheses for the test and define any symbols you use. [4]

(ii) State what it means by the p-value in this context. [1]
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(iii) Give a reason why no assumptions about the population are needed in order for the test
to be valid. (1]

[(c) The }‘rrainer claims instead that the new training programme is able to improve the mean of _—{ Commented [jo11]: FM marker in casc of t-test

T, 30 minutes, by at least 5%. The school wants to test his claim.

(i) Write down the null and alternative hypothesis. [1]

(i) Using the existing sample, the school carried out a test at 1% significance level and
found that there was sufficient evidence to reject the trainer’s claim. Find the set of

values that n can take, [stating any necessary assumption(s) needed to carry out the tesd._///{ Commented [j012]: check if want to mark down

[4]
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1"0 The speeds of an e-scooter (X km/h) and a pedestrian (Y km/h) measured on a particular stretch

of footpath are normally distributed with mean and variance as follows:

mean | variance
X | 123 9.9
Y| wu o2

It is known that P(Y <5.2) =P(Y >7.0) =0.379.

(i) State the value of y and find the value of o. 2]

(i) Given that the speeds of half of the e-scooters measured are found to be within a km/h of the
mean, find a. 2]
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(iii) A LTA officer stationed himself at the footpath and measured the speeds of 50 e-scooters at
random. Find the probability that the 50th e-scooter is the 35th to exceed LTA’s legal speed
limit of 10 km/h. [3]

(iv) On another day, the LTA officer randomly measured the speeds of 6 e-scooters and 15
pedestrians. Find the probability that the mean speed of the e-scooters is more than twice the
mean speed of the pedestrians captured. [3]

(v) Find the probability that the mean speed of n randomly chosen e-scooters is more than
10 km/h, if n is large. [2]
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11| (a) At a funfair, Alice pays $3 to play a game by tossing a fair dice until she gets a ‘6’. Let X /,,/[Commented [j014]: CHC - ok (to update alternative solution) ]
be the number of times that the player tosses a fair dice until he gets a ‘6’. The prize, S (in
dollars), that the player may win is given by the following function:

8, ifX =1,
S=44, if2<X<Kk,
0, otherwise.

where K is a positive integer.

(i) Show that P(2< X <k)=(3)—(2)*. Hence draw up a table showing the probability
distributions of S. [4]
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(i) Find the least value of k such that Alice is expected to earn a profit. [3]
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(b) Alice uses a computer program to simulate 80 tosses of a biased coin. Let Y be the random
variable denoting the number of heads obtained and p be the probability of obtaining a
head. It is given that 80+ E(Y) =6Var(Y).

(i) Find the exact value of p . [3]

(ii) Find the probability of obtaining at least 30 heads, given that the first 5 tosses are heads.
(3]
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(iii) Alice executes the program 50 times. Find the probability that the mean number of
heads, Y, is less than 25. [3]
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2019 Year 6 H2 Math Prelim P1 Mark Scheme

Qn | Suggested Solution

1 Number sold Number left
before 7 pm after 7 pm
Banana 10 10
Chocolate 45 5
Durian 20 10

Let the selling price of banana cake, chocolate cake,
durian cake before discount be $b, $c, $d respectively.

a+b+c=29.50 --(1)

10b+45¢ +20d = 730
2b+9c+4d =146 ---(2)

O.6(10b+5C+10d)=880—730
10b+5c+10d =250
2b+c+2d =50 --(3)

Solving (1), (2), (3) using GC,a=8.50,b=9,c=12
The selling price of banana cake, chocolate cake and durian
cake is $8.50, $9 and $12 respectively.

Qn | Suggested Solution
2(a) | 30—11x <
x> -9
2
30-11x+2(x"-9) <0
x> -9
2
2x -1x+12
x> -9
(2x=3)(x44) 1A Of [
(x=3)(x+3NT zcgg
® ¢ $ —> X
- 3 4
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(®) | (@a-3bx?)e*™ <0
a-3bx> <0 since ™™ > 0 for all X

a
X2 >—

3b
a a
X>,|— or X<—,|—
\ 3b V3b

Qn | Suggested Solution

3(i) | Since A, B and C are collinear and AB=b—a

SoU=S5
OC =OB +BC
=b +(5b—5a)
=6b-5a
ii
(i) A
B
E
1-A
(0] N ¢
OE =kb

OE = AON +(1-1)0A
=§(6b—53)+(l—/1)a
:3/1b+[1—zﬂ]a

2

-l ai=0=2=25k=2
2 7 7

| Qn \Suggested Solution
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4 | Since the shape of the curve is
i
) YR
1 Pr
1 PR
1 e
1 e
ot
e -~ :
g | x=a X
For f'to be 1-1, the largest b can take is the X-coordinate of
the turning point.
1
f'(x)=1-
*) (x—a)’
1- ! =
(x-a)
Xx=azxl
X-coordinate of turning point is a+1, since b >a
For graph to be 1-1, b<a+1,
(i) | Let y=£f(x)
y =X+ L
x—1

(xX-1Dy=x(x-1)+1
Xy—y=x—x+1
X —(1+y)X+1+y=0

(X_(H y)] C(+yy fl4y=0
2 4
(X_(uy)]z _y-Y
2 4

Ay y=D°

2

4

Since (%,%) is a point on the curve of y=f(X),

The domain of f' is the range of f= [3,0).
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Qn | Suggested Solution
5(a) | Series of transformations:
2
y=In
x+1 1. Reflect in the X-axis
v (replace y with —y)
x? X+1
y=—In =In—;
X+1 X 2. Scale by factor %
v parallel to the X-axis
_ 2%+l 2x+] (replace X with 2X)
(2x)? 4ax?
(b)
(i)
"""""""""" y=1
; > X
A'(3,-1) |
x=2 x=4
(i)
y A
Qn | Suggested Solution
6 | arg(w,)=arg[l+(n—1)i]-2arg(1+ni)+arg[1+(n+1)i]
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(i)

(i)

argz,
=arg(WW,...W,)
=arg(w,) +arg(w,) +...arg(w, )

= Zn: arg W,
k=1

:Z":arg[[l+(k—l)i][l+(k+1)i]}

(1+ ki)2

= Zn:[arg[l +(k—1)i]—2arg (1+ki)+arg[1+ (k +1)i] |

[arg(1) -~
+ [arg(l +1)
+ [ar 1

2arg(1+1) g(1+ 2i)]

+ arg(l+41)

+ [arg[l+n=2)i] — 2ar =Di] + arg(l1+ni)]

+ [arg[l —-Di] - 2arg(l+ni) + arg[l+(n+ l)i]:
=arg(l) —arg(l+1)—arg(l+ni)+arg[l+(n+1)i]
=—+m—arg(l+ni)+arg[l+(n+1)i]

(iii)

AS n — oo, arg(l+ni) > 1mand arg[l+(n+1)i] >1n

I
Hence argz, — — .
(argand diagram with y = -X line to show argument)

Thus Re(z,)=-Im(z,)

Qn

Suggested Solution

(@)

4sin20 =x+

16sin’ 26 IAS ! 1_%

xamPaper J
Islandwide Delivery | Whatsapp Only 88660031

4cos260=3—-y
2 2 T 2)
16cos™ 260 =(3-Y)

(1) +(2) gives
(X+2) +(y=3)’ =16
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Hence C is a circle with centre (-2,3) and radius 4 units.

(ii) % =8c0s26 and ﬂ =8sin 26 gives ﬂ = tan 260
d6 do dx

For 49:375,
8

X=22-2
y:3+2\/§
dy
o

-1

Equation of tangent:
y=3-242=-1(x-242+2)
Equation of normal:
y-3-242=x-242+2

So T(0,1+4+/2) and N(0,5)

Hence the area of triangle NPT

= %(4@ —4)(242-2)
=(2\2-2)2v2-2)

—12-82 units?

Alternatively,
Let E be the point closest to P along the y-axis. Since
% =—1 at P, the triangle TPE is such that ET =EP and
X
XTEP =90°.
Ya
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The normal at P i.e. % =1. the triangle NPE is such that

X
EN =EP and xNEP =90°.

Therefore the two triangles are congruent, and the area of
triangle NPT

= 2{%(2&—2)(2@—2)}
=(22-2)
=12-8V2

Qn | Suggested Solution

8 [ x-2y+3z=4 ---(1)
(i) |3x+2y-z=4 --—--(2)

Solving (1) and (2) using GC gives

X=2-0.5z
y=—-1+1.25z
L1=1
2 -2
HenceL: r=|-1|+4| 5 |, 2€eR
0 4
(ii) 5
Ps:re
If the th IASUV oint in common,
-2 5ml ndwide Delivery | Whats appfnly 88660031
5.
4
= -10-5k+24=0
k=28
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(iii)

Distance required

Alternative

s (2
OQ_H
0

2)( 5
1-| -11{-| 2.8
0)( 6
5
2.8
6
i-128
68.8

=1.42 units (3 s.f.)

g

., (2 SN 0
0Q _[—1] and let OY —[ 9 J where Y is a point on P3
0 1/6

Shortest distance from Q to P3

N 5 2 5
YZ «|-2.8 -1 |«]|-2.8
6 -1/6 6 )
= = =1.42 units

J5 +(-2.8)> +6° J68.84

(iv)

Plane containing Q and parallel to P, :
5x—-2.8y+6z=d

2 5

where d :(—IJ-[—z.SJ =5(2)-2.8(-1)+6(0)=12.8
0 6

S5X—=2.8y+62=12.8

Since 12.8 >1>0, P, is in between the above plane and

the origin.

Thus O anK IKIS pos ides of P,.

I:Kd.lllr'dp'df 0’ [

Islandwide Delivery | Wha p-Only 88660034
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Qn | Suggested Solution
o) [dy 1,
@ | 2"
dly 1, _,\dy
dx’ _2( © )dx
dx ) dx
ﬂz_(l dYJﬂ LUy dy _(1 dyjdzy
dx? dx Jdx*  dx dx® dx ) dx’
(b) 4 3 2
ay__ (1 2ddey+2(ﬂj
dx dx ) dx’ dx
When x=0, y=0 (given)
dy_ 1 &y 1 &y dy
dx 27 d&x* 45 & T dx* 8
12 T
1y, & _3
y= 2x+2!x +0 4!x +...
=-1 e Ly
8 192
(i) %:%e’y 1
1 dy
le ~1dx

%
y=In(z—Ae™)

When X_Ob ﬁoaper

1
Iie‘y—l dyzjldx

2

Ile s dy=x+C
5—6

—In|i-¢’|=x+C

_e +e—x+c Ae—x

ln(— - A&n)ﬁlde Delivery | Whatsapp O nlyI BBEE0031
A—_E

=In(t+1le™)
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10

Alternative (for integration)

1
Ildv_ldy:x+c

_la Yy lay
Ilﬁ#dy:x-pc
le? -1
_laY
I—I—Ef—ye)dy:x+c
ze -1

-y-In|{e”’ -1|=x+C

Ine”’ —-In|fe” -1|=x+C

In ‘=X+C
1

=x+C

In
1

—In|i-e¢’|=x+C

(i) | [f(xX)—g(x)]<0.05
y=f(x)-g)|
\ / y=0.05
From GC, {xe R:0<x<2.43}
Qn | Suggested Solution
10(i)

J.\/% dx=[x\/2x—l}—J-\/2x—1 dx

3
=X 2x—1—%(@x—b2}+c
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11

J‘ X J-ZX l+1
V2x-1 V2X -
1 \/7 1 1
=—|V2X—-1 dX+— | —— dXx
Zj ZI\/ZX—I
3 1
_1)2 _1\2
:%(2; ) +%(2i< D* .
=(2 2
0 % 0
1 2 =
=—(2x-1)2 +=-(2x-1)2+C
6( ) 2( )
(if) X =tan 't, %z%, sin X =
dt 1+t 12 41
1 >
‘f 5 —— dx " +1
4cos” X+9sin” X {
1 X
=f—.2dx
4 +5sin” X |
=J 1t2 '11t2 «
445 *
t* +1
=I4+9t2
:_Icf+ﬁ
=lt ‘13t+C_l _13tanX+C
6 2 6 2

apcore
n_ n n
[ORERRES)
— |+ =]+t
n n n
+3(lj+3(gj+ +3(n—_1ﬂ
n n n
:l[iz(lz+22+...+(n—1)2)+i(1+2+...+(n—1))}
nin n

1 (n))

_(n- 1)(2n-41+9},)' )
6N’ 6n’

1
n

1
A—>_[Ox2+3x dx as n — o

in particular,
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12

o121
(n—-1)(1In=1) 11n*=12n+1 PUPCES B
2 = 2 = -
6n 6n 6 6

OQn

Suggested Solution

11(i)

R, =[75,1200], D, =[0,1000(¢~1)]

Since R; < D,, the composite function gf exist.

(i)

O CE >
[208, 416] [0.834, 0.920]

The range of values for the happiness index is [0.834, 0.920]

(iii)

Since f'is an increasing function and g is a decreasing function,
the composite function gf will be a decreasing function.

e.g.
forb>a

fis an increasing function = f(b)>f(a)
g is a decreasing function = gf(b)<gf(a)

Alternative
Differentiate and deduce negative gradient

@iv)

[258.68,
704.53]

[8.8859,
12.961]

The number of foreign workers allowed in the country can be
from 88859 to 129610.

[391, 400]

4" -
% 2

Take note tﬁé-’tﬁffi(?(‘) isa] ﬁadrau{’c pression, thus the range of
GDP will be“391 biltion t6°400 billion dollars.
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13

Qn | Suggested Solution

12(i) | Amount of U in time t

=4O—LW=40—2W
2+1 3

Amount of V in time t

:50—lw
3

d_W:k1 (40—%W](50—%W), k, eR" as amt. of w T

dt
2 1
=k, (—Ej(w—m)(—gj(w—ISO)

= k(w—60)(w—150), k =§k1

W AW w60y w—150)
dt

1 aw_
(W—60)(W—150) dt

1 aw_,
w? —210w+9000 dt

1 dw
(W—105) —45% dt

Integrating w.r.t. t:
L |w-105)-45]
2(45)  |(W—105)+45|

w—-150
‘ — e‘)O(Ie()okt

t+C, k an arbitrary constant

w—60
w-150

= Ae”™, where A= +¢”°¢
w—60

When t=0, w=0:
—150_A

60

43 KIASU=:

ExamPaper J

Islandwide Delivery | Whatsapp Only 88660031

When t =5, w=10:
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14

10_150 _zeg()k(s)

10-60 2
1 28
= —INnN—
450 25

t

_W=150 _ 5 [{ngh s (28)5

Tw-60 2 2( 25
When t =20,

20
W=130_ 502815 _ 3 93379
w-60 2125

W(3.93379—1) = 60(3.93379) - 150
W=29.3229=2932 (2dp.)

w—60 2\25
As t >0, RHS > o
i.e.w—60—->0

SW— 60

t
@1 w150 s (28)5

Method 2: (remove from solution)
Use graph of dw/dt vs w and deduce equilibrium (or

equivalent deductions)

KIASU=;

ExamPaper J
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2019 Year 6 H2 Math Prelim P2 Mark Scheme

Qn | Suggested Solution

l(i) Sn - Sn—l

=an’+bn+c—(a(n-1)> +b(n-1)+c)
=2an-a+b

Total number of additional cards need is 2an—a+b

(i) | Additional cards to form 2™ level from 1% level =5

4da-a+b=5=3a+b=5 --(1)
Additional cards to form 3™ level from 2" level =8
6a—a+b=8=5a+b=8 ---(2)
. 3 1
Solving both (1) and (2), a==,b=—.
2 2
Using S, :2:%(1)2 +%(1)+c =2=c=0.

Alternative

Substituting different values of n,
n=1: a+b+c=2
n=2:4a+2b+c=7
n=3:9a+3b+c=15

From GC, a=1.5,b=05andc=0

Alternative

n =1, number of cards = 2

n =2, number of cards =2 + 5
n=3, numberofcards=2+5+8

S, [2(2)+(n D3)]= (3n+1)_15n +0.5n
:l.5, b—0.5andC—0

i) | u =3n-1
u, —u,, =(3n-1)—(3(n-1)—1) =3 (constant)

Thus Sn is a sum of AP with common difference 3.
I A (" f I-__<=sO

REDRNS) Sirb 5664

N=! |siandwide Delivery | Whatsapp Only 88660031
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Qn | Suggested Solution

2 |3 -2xy+5y’ =14 (1)
(@
Differentiate (1) implicitly wrt X:

6x—2xﬂ—2y+10yﬂ= 0
dx dx

(2x—10y)ﬂ =6X-2y
dx

dy 3x-y

h
X x_5y (shown)

(i) | Xx=-5y=0 = y=0.2x

Sub y =0.2x into (1):
3x* —2x%(0.2X) +5(0.2x)* =14
2.8x* =14

x =15

(iii) | When y=1, 3x*-2x-9=0
Therefore, x=-1.4305 or x=2.0972

dy _ dy dx
dt_(dx)(dt)
3x—1. dx
_7_(x—5)(E)
dx _7(5-%)

dt 3x—1

When x=2.0972, % =3.84 units per second (3 s.f.)

Qn | Suggested Solution

3() | LHS
A
B (ZLJ (a éa@lﬁ:}é{ ?

Islandwide Delivery | Whatsapp Only 88660031

=0 a+bz, +az,’ =0

1 . )
Thus z =— 1is a solution.
ZO

Since a and b are real constants,
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z,z, =1
|Zo |2=1
Since |z, [>0, |z, |=1

Alternative for first part:
Let second root be z,

a
product of roots 7,z =—=1
a

oL =—
1
2,

(i) | Let z, =x, +1y,

. 1 1
Since Im(z,)=—, y, =—.
(0) 2 yO 2
From part (i), ZO|:1
VX Y, =1
1 2
x02+(5j =1
2
zo=—3+il or —£+il
2 2 2 2
(iii) NS

SinceRe(z,) >0, z, = 7+15.

Subst into az,” +bz, +a=0,
2
a £+il +b £+il +a=0
2 2 2 2
a l+i£ +b £+il +a=0
2 2 2 2
£§a+§b +i(lb+£a]:0

2

.'.b:—\/gal_ I nS '-‘-%/

EXamraper >

r
e Detivery T
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Qn | Suggested Solution

40 | w= \/E(cosﬁnjtisin%n)
=1+1
7= ﬁ(cos%nﬂsin%n)
V6 2.
i

2 2

{73
WH+z=|1-——|[+|1+— |1
2 2

(i)
Alm
R(1-%,1+2)

P(-£,%) QL. 1)

OPRQ is a rhombus

(iii) | Note that OR bisects the angle POQ since OPRQ is a
rhombus.

Thus arg(w+2) =%(%n+%n) —Lg
1+§
51

5

2442
J6-2

-2

sa=2,b=

tan(;—in) =

Qn | Suggested Solution

5(i) | Graphs intersect at:
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-b x-b

x-a b
b(x—b)=(x-b)(x—a)
(x=b)(x—a-b)=0
x=b or x=a+b

yl

(i) | . x<a or b<x<a+b

(iii) | From GC, point of intersection at (5,

V=nj3 X,> — x dy
0

=
2 ) 3 2
:nf3(3y+3)2—(y—_) dy
0 y—1
~5.742 3 d.p.)

Qn | Suggested Solution

6 | For distinct gifts, 5° ways

Now considering the distinct gifts,
Case 1: 3 person get 1 gift

No of ways = °C, x5° =156250
Case 2: 1 person get 1 glft another person gets 2 gifts

E&é@_ 312500

...\:C] X 5pe 8125

Total number of ways
=156250+312500+ 78125 =546875

Alternative
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Stage 1: Distribute 6 distinct gifts among 5 people
No of ways = 5°

Stage 2: Distribute 3 identical gifts among 5 people
Case 1: 3 person get 1 gift
No of ways = °C, = 10
Case 2: 1 person get 1 gift, another person gets 2 gifts
No of ways = °C, (2) =20
Case 3: 1 person get 3 gifts
No of ways = °C,=5

Total number of ways = (10+20+5)5° = 546875

KIASU=;

ExamPaper J

Islandwide Delivery | Whatsapp Only 88660031
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Qn | Suggested Solution (updated 26 Sep)

7(i) , . 80-n(LNM

_80—(35-k) 45+k
80 80

ALT
P(L'UM')=P(L)+P(M")=P(L'"M ")
10+k 35
+__
80 80
_45+K
80

(i)
PGALY) K

PCIL = "o

W 1 Given P(LA M):%
20+(15-k) 35—k

From table: P(LNM) = =
80 80

Solving: k =3

P(LyP(M) =L B> 603 2
80 80 1280 5
Since P(LAM) % P(L)P(M),

L and M are NOT independent
ALT

p(L):M:ﬁ

80 80
p(|_||\/|):ﬂ:£¢ﬂ
45 45 80

Since P(L)#P(L|M),
L and M are NOT independent

(iv) | Since P(GN(LNAM))=0

oo KIASU=¢F

~.k=15 FExamPaper .,//

Islandwide Delivery | Wh:\t app Only 88660031
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Qn | Suggested Solution

® | (seconds)

A
115 =

55 a
} X (week number)
1 7

(ii) | A linear model would predict her timing to decrease at a
constant rate and eventually negative, which is not possible
as there is a limit to how fast a person can swim.

A quadratic model would predict that her timings would
have a minimum and then increase at an increasing rate,
which is also not appropriate.

(iii) | Based on the scatter diagram and the model, as X increases
t decreases at a decreasing rate, therefore b is positive.

a has to be positive as it represents the best possible timing
that Sharron can swim in the long run.

(iv) | From GC,

r=0.991
b=67.69
a=49.50

) Let m be the best timing Sharron has at the 8 month.

(l] =0.33973
X

1 -
We know that [—,t] is on the regression line
X

X
t = 48.28+69.45 (0.33973) =71.874
5224+ m

t =48.28+69.45 (1] .

=71.874

m=>52. 99%4:‘-”'

Sharron best .t"mmg 13'53 secoé at the 8th month
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Qn | Suggested Solution

9 | An unbiased estimate for the population variance :
(@) §’ = L(42) = 16n minutes?
n-1 n-1

(b) | Let u be the population mean time taken for a 17-year-old
(i) | student to complete a 5 km run.

To test at 10 % significance level,

H,:x=30.0 min

H,:x#30.0 min

For n = 40, _16(40) _ 640
39 39

Test Statistic:

B 64 /
Under H, , T~N 30.O,T39 approximately by
Central Limit Theorem since n is large

p-value =2P(f < 28.9) =0.0859<0.10, we reject H, and

conclude that there is sufficient evidence at the 10 %
significance level that the population mean time taken has
changed.

(ii) | The p-value is the probability of obtaining a sample mean
at least as extreme as the given sample, assuming that the
population mean time taken has not changed from 30.0
min.

OR

The p-value is the smallest significance level to conclude
that the population mean time has changed from 30.0 min.

(iii) | Since the sample size of 40 is large, by Central Limit

Theorem, T follows a normal distribution approximately.
Thus no assumptions are needed.

(¢) | New population mean timing = 0.95x30 =28.5 min
()

To test at 5 % significance level,

o SASU =70

(ii) | Assumptionn:nis-large forGentraldsimit Theorem to apply.

Test Statistic:
2

J approximately by Central

Under H,, T ~ N[ZS.S, 4.0
n

Limit Theorem

DHS 2019w KipsukxamBapergem Scheme
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10

For H, to be rejected, we need

T>289 <0.01

( 28.9— 285J<001
[z ]<001

>2.3263
n 2 542.2

o
I\/

)
IV

Jn-1

Thus required set = {n e Z:n> 543}

KIASU=;

ExamPaper /
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11

Qn | Suggested Solution

10 52470
() By symmetry, u= 2

P(Y <5.2)=P(Y >7.0)=0.379

=6.1

P(Z < 5'2_6'1j =0.379 :ﬁ =-0.308108
O O

o =2.92105=2.92 (3sf)

(i) | X ~N(123,9.9)

P(| X -12.3|<a)=0.5
P(123-a< X <123+a)=0.5

From GC,
12.3-a=10.1777

a=2.1223=2.12 (3sf)

Alternative
P(| X -123|<a)=0.5

a
P(Z|< =0.5
(2] @)

a a
P(Z<———)=025= ———— =-0.674489
( V9.9 J9.9
a=2.12 (3sf)

@iii) | P(X >10=0.76761

Let W =number of e-scooters that exceed speed limit, out
of 49

W ~B(49,P(X >10)) i.e. W ~B(49,0.76761)
Probability required

=P(W =34)x0.76761

=0.61022x0.76761
=0.046840 = 0.0468 (3sf)

(iv) | Want:
P X1+...+X6>2(Y1+...+Y15j
6 15
=P(X -2Y >0)

X —2Y ~ %Ug /@.9210520
amPaper

1 e. X 2Y I.slar djei .ferBI blzsajg nly BB660031

S P(X =2Y >0)=0.520 (3sf)
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12

\))

Let T = Total speed of n e-scooters
T~ N(12.3,%)
n
10— 12.3)
X
n

=P(Z > —0.73098x/ﬁ) =1 (since n is large)

P(T >10)=P(Z >

Alternative

As n gets larger, X —> £ =12.3>10
Thus mean speed of these N e-scooters >10 with
probability 1

KIASU=;

ExamPaper Y
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Qn | Suggested Solution

11 | Method 1: direct computation
(a)(i) | P(2< X <k)

=P(X =2)+P(X =3)+P(X =4)+...+P(X =k)
=AO+ OO+ O+ D+t DTG
=D+ @+ .+ (D]
_ o A=
(J{ =) }
=)~
Method 2: complement method
P(2< X <k)
=1-P(X =1)- P(X >k)

first k are not 6's

1=

=56

S 8 4

PE=9 |+ |®-6 @'

(ii) | From GC,
k k
wi =S (2] |-L4(2)
6 6 \6 3 6
k
E(Proﬁt)zﬁ—4(§j -3>0
3 6
k
E—4(5) -3>0
3 6
5y 5
J— <_
6 12
k >4.802

Least Valuel‘il] A S U

()@ | Y ~B@®0, AxamPaper &
80+ 80 p =140 ?5& live rlj)unatsapp Only 88660031

1+p=6p-6p°
6p*—5p+1=0

P :% or p =% (rejected as coin is not fair)
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14

(ii) | Let W be the number of heads obtained in the last 75
tosses

W ~B(75, 1)
Required probability
=P(W > 25)
=1-P(W <24)
=0.543

Alternative
Use conditional probability

(ii1) Y ~ N(%,%) approximately by central limit theorem

since the sample size of 50 is large

P(Y <25)=0.00259 (3s.f)

KIASU=;
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1 Electricity cost per household is calculated by multiplying the electricity consumption (in kWh), by the tariff
(in cents/kWh). The tariff is set by the government and reviewed every 4 months.

The amount of electricity used by each household for each 4-month period, together with the total electricity
cost for each household in the year, are given in the following table.

Jan — April May — Aug Sept — Dec Total electricity cost in the year
(in kWh) (in kWh) (in kWh) %)
Household 1 677 586 699 529.53
Household 2 1011 871 1048 790.63
Household 3 1349 1174 1417 1063.28

Write down and solve equations to find the tariff, in cents/kWh, to 2 decimal places, for each 4-month

period. [4]
2 A string of fixed length | is cut into two pieces. The first piece is used to form a square of side s and the second
piece is used to form a circle of radius r. Find the ratio of the length of the first piece to the second piece that
gives the smallest possible combined area of the square and circle. [6]
3 A geometric progression has first term @ and common ratio r, and an arithmetic progression has first term a

and common difference d, where a and d are non-zero. The sums of the first 2 and 4 terms of the arithmetic

progression are equal to the respective sums of the first 2 and 4 terms of the geometric progression.

(i) Byshowing r’ +r*>—5r+3=0, or otherwise, find the value of the common ratio. [5]

(ii) Given that a <0 and the nth term of the geometric progression is positive, find the smallest possible
value of n such that the nth term of the geometric progression is more than 1000 times the nth term of
the arithmetic progression. [3]

Find the series expansion for (1+ aX)n in ascending powers of X, up to and including the term in x°,

where a is non-zero and |a|<1. [1]

(i) Itis given that the coefficients of the terms in X, X*, and X’ are three consecutive terms in a geometric

progression. Show that n=—-1. [2]

(iii) Show that the coefficients of the terms in the series expansion of (1 + ax)’l form a geometric progression.
[3]

(iv) Evaluate the sum to infinity of the coefficients of the terms in X of odd powers. 2]
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(@) It is given that the equation f(x)=a has three roots X;,X,,X; where X, <0<X, <X, and a is a

constant.

(i) How many roots does the equation f (|X|) =a have? With the aid of a diagram, or otherwise,

explain your answer briefly. [2]

(i) How many roots does the equation f(x—a)=a have? With the aid of a diagram, or otherwise,

explain your answer briefly. [2]
. .. 2In2 :
(b)  Solve the inequality S X< |1n(1 —sinX)|, where 0< X <27 . [4]
V4
2
The curve C has equation y = L)HS
X+1

(i)  Show algebraically that the curve C has no stationary points. [2]

(ii)  Sketch the curve C, indicating the equations of any asymptotes, and the coordinates of points where C
intersects the axes. [4]

(iii) Region S is bounded by C, the y-axis, and the line y = % Find the volume of the solid formed when

region S is rotated about the X-axis completely. [3]

In the Argand diagram, the points P, and P, represent the complex numbers z and z° respectively, where
7= \/§ + i\/§ .
(i) Find the exact modulus and argument of z. 2]

(ii) Mark the points P, and P, on an Argand diagram and find the area of the triangle OP,P,, where O
represents the complex number 0. [3]

Let w= 26(%) .

(iii) Find the set of integer values n such that arg(wn 7 ) = —% . [4]



8 (a) Given that 2¥ =2+sin2X, use repeated differentiation to find the Maclaurin series for Yy, up to and

including the term in Xx>. [5]
(b)
A
The points A, B, C, and D lie on a semi-circle with AC as its diameter. Furthermore, angle DAB =6,
and angle ACB = %
(i)  Show that B__ [3]
cosf— \/g sin@
(ii) Given that @ is a sufficiently small angle, show that
BC 1+af+bo*,
DC
for constants a and b to be determined. [3]
9 (@ () Find [2sinxcos3xdx [3]

(ii) Hence, show that I2Xsin Xcos3xdx = %[—4X cos4X +8XCcos2X +sin4Xx — 4sin2x] +C, where C
is an arbitrary constant. [3]

(b)  The curve C has parametric equations
X=6",y=sinfcos30, where 0<6O< %

(i)  Sketch the curve C, giving the exact coordinates of the points where it intersects the X-axis. [2]

(ii) By using the result in (a)(ii), find the exact total area of the regions bounded by the curve C and
the Xx-axis. [4]
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10

An object is heated up by placing it on a hotplate kept at a high temperature. A simple model for the temperature
of the object over time is given by the differential equation

dT
—=k(T, -T),
where T is the temperature of the object in degrees Celsius, T,, is the temperature of the hotplate in degrees
Celsius, t is time measured in seconds and K is a real constant.

(i)  State the sign of k and explain your answer. [1]

(i) It is given that the temperature of the object is 25 degrees Celsius at t =0, and the temperature of the
hotplate is kept constant at 275 degrees Celsius. If the temperature of the object is 75 degrees Celsius at
t=100, find T in terms of t, giving the value of k to 5 significant figures. [6]

The model is now modified to account for heat lost by the object to its surroundings. The new model is given
by the equation

k(T -T)-m(T-T,),

where Tg is the temperature of the surrounding environment in degrees Celsius and m is a positive real

constant.

(iii) It is given that the object eventually approaches an equilibrium temperature of 125 degrees Celsius, and
that the surrounding environment has a constant temperature which is lower than 125 degrees Celsius.
One of the two curves (A and B) shown below is a possible graph of the object’s temperature over time.
State which curve this is, and explain clearly why the other curve cannot be a graph of the object’s

temperature over time. [2]
T
125
25
>t

(iv) Using the same value of k as found in part (ii) and assuming Ty =25, find the value of m. (You need

not solve the revised differential equation.) [3]



11

Methane (CH,) is an example of a chemical compound with a tetrahedral structure. The 4 hydrogen (H)

atoms form a regular tetrahedron, and the carbon (C) atom is in the centre.

Let the 4 H-atoms be at points P, Q, R, and S with coordinates (9,2,9),(9,8,3),(3,2,3),and (3,8,9)

respectively.

(i) Find a Cartesian equation of the plane II, which contains the points P, Q and R. [4]

(i) Find a Cartesian equation of the plane II, which passes through the midpoint of PQ and is

perpendicular to PQ. (2]
(iii) Find the coordinates of point F, the foot of the perpendicular from S to 11, . [4]
(iv) LetT be the point representing the carbon (C) atom. Given that point T is equidistant from the points P,
Q, R and S, find the coordinates of T. [3]

End of Paper
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Section A: Pure Mathematics [40 marks]

1 (a) Find the complex numbers z and w that satisfy the equations
242
w
(1-2i)z=39—(11i)w. [3]

(b) Itis given that (1 + iC)3 is real, where C is also real. By first expressing (1 + iC)3 in Cartesian form, find
all possible values of C. [3]

The diagram shows a mechanism for converting rotational motion into linear motion. The point P is on the
circumference of a disc of fixed radius r which can rotate about a fixed point O. The point Q can only move
on the line OX, and P and Q are connected by a rod of length 2r. As the disc rotates, the point Q is made to
slide along OX. At time t, angle POQ is & and the distance OQ is X.

(i)  State the maximum and minimum values of X. [1]
(i) Show that x=r (cose + 4 —sin? 9) . 2]

do . .
(iii) Ataparticularinstant, 8 = % and & =0.3. Find the numerical rate at which point Q is moving towards

point O at that instant, leaving your answer in terms of I. [3]

3 The position vectors of points P and Q, with respect to the origin O, are p and q respectively. Point R, with

position vector r, is on PQ produced, such that 3PR=5PQ.
(i)  Given that |p| =29 and p.r =11, find the length of projection of OQ onto OP . [4]

(i) S is another point such that PS =r . Given that p=3i+2j—4k and r =i—2j-3k, find the area of the
quadrilateral OPSR. [3]

§5 2019 JC2 H2 Mathematics Preliminary Examination



4 The ceiling function maps a real number X to the least integer greater than or equal to X.
Denote the ceiling function as [ x |. For example, [ 2.1]=3 and [ -3.8|=-3.

The function f'is defined by

[x] forxeR, -2<x<I,
f(x)=
0 forxe R, 1<x<2.

(i)  Find the value of f(—1.4).
(i)  Sketch the graph of y=f(x) for 2<x<2.

(iii) Does f' exist? Justify your answer.

(iv) Find the range of f.

ax—3

The function g is defined as g: X+ , XeR,x#a,where a>0,a=3.

X—d

2019

(v) Find g’ (X) Hence, or otherwise, evaluate g~ " (5), leaving your answer in a if necessary.

(vi) Given that a=3, find the range of gf.

5 (a)  The r' term of a sequence is given by U, = where M >1.

M 3r-1 2

(i)  Write down the first three terms of U, in terms of M.

Il 4M 1
ii Show that » u = 1- .
(if) 2 Mg_l[ Mm]

(iii) Give a reason why the series in (ii) is convergent and state the sum to infinity.

+1j—cos(2r _lj =—2sin(l)sin(r).
2 2

n
(ii) Hence show that Zsin I =cosec (%) sinnTHsing .

r=1

() () Show that cos(zr

§5 2019 JC2 H2 Mathematics Preliminary Examination
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Section B: Probability and Statistics [60 marks]

6 A biased tetrahedral die has four faces, marked with the numbers 1, 2, 3 and 4. On any throw, the probability
of the die landing on each face is shown in the table below, where ¢ and d are real numbers.

Number on face 1 2 3 4
Probability of landing on face | 0.3 | ¢ d 0.2

(i)  Write down an expression for d in terms of C. [1]

(ii) By writing the variance of the result of one throw of the die in the form —a(C - h)2 +k, where o, h

and k are positive constants to be determined, find the value of ¢ which maximises this variance.

[5]

(iii) If c=0.2, find the probability that in 10 throws of the die, at least 7 throws land on an even number.

(2]

7 X, X,, X;, ... are independent normally-distributed random variables with common mean z and different
variances. For each positive integer n, Var(X, )=2n.

(i) Find P(u—-1<X, <u+1). [3]

(i) Find P(X;2>X,). [1]

X+ X, +...+ X
(iii) Foreach n,let Y, =— 2 * . By finding the distribution of Y, in terms of n, determine the
. 2
smallest integer value of n such that P(u—1<Y, <u+1)> 3 [4]

8 For events A and B, it is given that P(A)z%, P(Au B)=g, and P(Ar\ B')=%. Find:

(i P(B); (2]

(ii) P(A’| B). [2]
A third event, C, is such that B and C are independent, and P(C) = % .

(iii) Find P(B'NC). 2]

(iv) Hence, find the greatest and least possible values of P(Am B'm C) . [4]
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9 (a) Find the number of ways of arranging the letters of the word JEWELLERY, if:
(i) there are no restrictions. [1]

(ii) the arrangement starts with ‘L’, and between any two ‘E’s there must be at least 2 other letters.

[3]
A 4-letter ‘codeword’ is formed by taking an arrangement of 4 letters from the word JEWELLERY.
(iii) Find the number of 4-letter codewords that can be formed. [3]

(b) Mr and Mrs Lee, their three children, and 5 others are seated at a round table during a wedding dinner.
Find the number of ways that everyone can be seated, such that Mr and Mrs Lee are seated together, but
their children are not all seated together. [3]

10 A company manufactures packets of potato chips with X mg of sodium in each packet. It is known that the
mean amount of sodium per packet is 1053 mg. After some alterations to the production workflow, 50
randomly chosen packets of potato chips were selected for analysis. The amount of sodium in each packet was
measured, and the results are summarised as follows:

x—1050)=58.0, > (x—1050)" =2326
2. ) 2 )

(i)  Test at 5% level of significance whether the mean amount of sodium in a packet of potato chips has
changed, after the alterations to the workflow. [6]

(ii) Explain what ‘5% level of significance’ means in this context. [1]

(iii) A second tester conducted the same test at % level of significance, for some integer « . However, he
came to a different conclusion from the first tester. What is the range of « for which the second tester
could have taken? [1]

(iv) Without performing another hypothesis test, explain whether the conclusion in part (i) would be different
if the alternative hypothesis was that the mean amount of sodium had decreased after the alterations to
the workflow. [1]

It is given instead that the standard deviation of amount of sodium in a packet of potato chips is 6.0 mg. The
mean amount of sodium of a second randomly chosen sample of 40 packets of potato chipsis Y .

(v) A hypothesis test on this sample, at 5% level of significance, led to a conclusion that the amount of
sodium has decreased.

Find the range of values of Y, to 1 decimal place.

Explain if it is necessary to make any assumptions about the distribution of the amount of sodium in
each packet of potato chips. [3]
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11 (a) Comment on the following statement: “The product moment correlation coefficient between the amount
of red wine intake and the risk of heart disease is approximately —1. Thus we can conclude that red
wine intake decreases the risk of heart disease.” [1]

(b)  During an experiment, the radiation intensity, |, from a source at time t, in appropriate units, is measured
and the results are tabulated below.

t 0.2 0.4 0.6 0.8 1.0
[ 2.81 1.64 0.93 0.55 0.30
(i) Identify the independent variable and explain why it is independent. [1]

(ii) Draw a scatter diagram of these data. With the help of your diagram, explain whether the
relationship between | and t is likely to be well modelled by an equation of the form | =at+b,
where a and b are constants. [3]

(iii) Calculate, to 4 decimal places, the product moment correlation coefficient between

(a) landt,
(b) Inlandt. [2]
(iv) Using the model | = ae™ , find the equation of a suitable regression line, and calculate the values
of aandb. [3]
(v)  Use the regression line found in (iv) to estimate the radiation intensity when t =0.7 . Comment
on the reliability of your estimate. [2]
End of Paper

§5 2019 JC2 H2 Mathematics Preliminary Examination



EJC _H2 2019 _JC2 Prelim_P1_Solutions

1 Let X, y, z be the tariff in ¢/kWh in Jan-Apr, May-Aug and Sept-Dec respectively.
677X+ 586y + 699z =52953 - (1)
1011x+ 871y +1048z = 79063 --(2)
1349x+1174y +14172 =106328 --(3)
Solving with GC,
X =25.81
y =29.68
z=25.88
2 | Total length is |, thus we have 4S+2zr =1 ...(*)

Let the combined area be A.
A=s*+7r’...(#)

Method 1: implicit differentiation of (#)

Use (#) to find %: A=¢s*+ zr? :%=25+2ﬁr£
ds ds ds

Use (*) to find d— 4s+2zr =1 = 4+27zd—:0
ds ds

Thus dr = _2
ds V4

Sub into %: %=25+27zr(—3j=23—4r
ds ds T

For stationary value of A, i—A =0=s=2r

2
Check minimum: d—A =2 41 =2- 4(—zj >0
ds’ ds T

Thus A is a minimum when S=2r.

Required ratio is
length of first piece 45 4(2r) 4
V4

length of second piece S 2xr 2xr

Method 2: differentiation in 1 variable
2a: expressmgAm terms o

From (*), S=b “/n\“—“l7 J
4 a\am}

Sub into (#): A=7zr’ ("j’"j -




dA

A _, = 2rr
dr

27

&

4

7zr+2[|
Z[gr_
4

For stationary value of A, % =0:
r

)

%[r(8+2n)—l]:0:>r:

8+ 2

Check minimum:
EITHER 2" Derivative Test

jf‘ Z(8+2 7)>0

Sor=

8+2x

OR 1% Derivative Test

~27r)]=2 [ r(8+2z)-1]

gives a minimum value of A.

When A is minimum,

length of first piece |

length of second piece - 2”( |
8+2rx

B (8 + 272')

2

4

z

2b: expressing A in terms of' S

From (*), r_jKIASU
Sub into (#): A= EE()(, e ager &

{523

%[5(44-71)—']

-1

)

A
ds

| —4s

2r

—4
VA

A _Tr(8+2x) —|]_ (8+27)
dr 4 8+2r7
] Y ( I ) I
8+2x 8+2x 8+2x
I
r— -ve 0 +ve
8+2x
dA
— -ve 0 +ve
dr
length of first piece ~ 4s  |1-2zr | 1
length of second piece S 2xr 2xr 2ar
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For stationary value of A, ij =0:
S

%[s(4+n)—l]=0:>s=

+ 7T

Check minimum:
EITHER 2™ Derivative Test

d’A 2
=—(4+7)>0
dsZ 72'( )
So s= gives a minimum value of A
4+

OR 1% Derivative Test

dA_2 s(4+ﬂ)-|]=2(4+”)(s— ! j

dS =« 44
77
4+

* ) #=)

S— -ve 0 +ve
4+
dA
— -ve 0 +ve
ds
length of first piece ~ 4s 4s _4s
length of second piece 27T 27;(' - 45) | —4s
2

When A is minimum,

I
4
length of first piece (4 + 7[)

length of second piece |_ 4
4+
41 4+
= X
4+ 7l
_4
/4
Other possible methods:

Method 3: Differentiate w.r.t. ratio
Method 4: Complete the square

® KA
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a(rz—l

~—

%[2a+(2—1)d]=

r—1
=2a+d=a(r+l)-—————- 1))
4 a(r-1)
“l2a+(4-1)d]=
L2 d=nd )=
=4a+6d=a(r’+1)(r+l)-—-—-—- )
From (1): Subd =a(r+1)—2a into (2)
ie.d=ar—a

4a+6[ar—a]=a(r2 +1)(r+1)
6ar—2a=a(r’+r’+r+1)

r’ +r> —5r +3=0 (shown)
(r=1)"(r+3)=0

r=-3orr=I(rej)

[Ifr=1,d =a(r+1)—2a=0, butd 0]

Alternative solution

2a+d= () —(1)
r—1

4a+6d=a(r—zl)--(2)

6 x (1)-2:

6a(r’ -1 ‘-1
(1) a(r' )

r-1 r-1

ga(r—1)=a(6r’-6-r*+1)
8r—-8=6r"-r*-5
r‘—6r’+8r-3=0
Solving:
r=-3 or 1 (rej)

(i)

KIASU'=:
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a(-3)"" >1000[a+(n-1)d ]
Note:d =a(-3+1)-2a=—4a
a(-3)"" >1000[a+(n-1)(-4a)]
a(-3)"" >1000a(5-4n)

Since a <0,

(-3)"" <1000(5-4n)

n-1

Since " term of GP is positive, i.e. a(-3)" >0

-1 . . .
(-3)" is negative= n is even

From GC (table)

n (-3)"" 1000(5—4n)
10 —19683 > | —35000
12 —177147 < | —43000

Smallest N =12

KIASU=
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4 (1)
(1+ax)" =1+n(ax)+ % 2

(i)

Since the three coefficients form a GP, we have
n(n-1) 22 n(n-1)(n-2) o

2 _ 6
na n(n2—1)a2
(n-1)a (n-2)a
23
3(n-1)=2(n-2)
n=-1
(iii)
U = constant

To prove GP, we need to show that

ur—l

(1)(-2). (=11 41)

0 = n(n-1)..(n-r+1) o =
r! r!
L n(n-1)..(n- Hz)af-l _(=D(=2)-(-1- r+2)a"1
! (r-1)! (r-1)!
u, _ (—1 -r+ 1) a
U, r
Since n=-1, U :Ma:—a (constant)
ur—l
Alternatively,
(1+ax)" =1-ax+a’x* —a’x* +..+(-a)" +..
r—1 r-1 r-1
M (-a) — = () 72(a) — =—a (constant)
U (a) " (1) (a)

(iv)
The cofficients of the terms in X of odd powers form a GP with first term —a, and common ratio a*.

Sum to infinity = —
Y 1-a* a’-1

KIASU=
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(a)(i)
y4 y=f(x)

y=a

>
h
x
N
x
w
< V

V4 y = f(xI)

y=a

X

Since the graph of y=f (|X|) retains the part with positive x-values, f (|—X2 |) =f(x,)=a. Similarly for —X,.

Thus there will be 4 roots, i.e. X,,X;,—X,,—X,

(b)

¥ —|]n (1-sin r)l

ExamPaperso
Islandwide Delivery | Whatsapp Only 88660031

2In2
RY/4

X < |ln(1 —sin x)|

From the graph,




2In2
RY/4

X< |1n(1 —sin x)|
RY/4

0<x<Z or Z<x<2.80 or 413<x<2
2 2 2

OR
0<x<1.57 or 1.57<x<2.80 or 4.13<x<4.71 (3 5.f)

6 (1)
X* +5x+3 1
= =X+4-—
X+1 X+1
ﬂ:1+(x+l)_2:1+ ! ~ or
dx (x+1)
dy (x+1)(2x+5)—(x2+5x+3)(1)
dx (x+—1)2
_ X2 _Le(x+l)
(x+1)2 (x+1)2 (x+1)2
Since(x+1)220,;2>0,thend—y:1+ 12>1.
(x+1) dx (x+1)

Since Y # 0 for any real value of X, C has no stationary points.

(i)
x> +5x+3 1
y=————=X+4———
X+1 X+1
Asymptotes: y=x+4, X=-1

y-intercept: when X=0, y=3

<V
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(iii)

Required volume = 7 (4.5)2 - ﬂ.[ol(

—_—

X +5%+3Y)
— | dx

X+1
=17.516

=17.5 units’ (3 s.f) (by G.C.)

HORHAL FLOAT AUTO REAL RADIAN HP n

2 l[xz*sx-a 2]
n|4.5"- , i dx

.. 1a01610613

KIASU=

ExamPaper J

Islandwide Delivery | Whatsapp Only 88660031




7 (1) Alm
|z|=\/3+3=\/€ \

V4
arg\z)=—

g(2)=7
(refer to Argand diagram) .

v

fe

Area of triangle OPP, = %(6)\/3 =33

(iil)
arg(W”Z3) = arg(Wn ) + arg(z3)
=nargwW+3argz

—n|-Z +3—7[=—£+2k7r where K e Z
3)7 4 4

——=—7+2kz

—KIASU=

e nef 9330

nz
3
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(a)

2Y =2 4+sin2X Alternative method

Differentiate w.r.t X: yIn2 =1In(2 +sin2x)

2 102Y Z2c0s2x ...(1) (1n2)ﬂ=2L_52X
dx dx 2+4sin2x

Differentiate w.r.t X:

, (n 2)dz —4sin 2X(2 +sin 2X) — (2cos2x)2
2
2y1n2%+2y(1n2)2(%j =—4sin2x...(2) (2+sin2x)’
X X
dy 1 d% 1
: When x=0,y=1,—2+=— —2 =———
When x=0,y=1.% - L &¥___L VT h e iz
dx In2 dx In2 1 |
1 1, y=1l+—x- :
y=14+—x— X" +... In2  2In2
In2  2In2
(b))
BC = ACcos( j DC = ACsm(——Bj
3 6
V4
BC ACcos(?J ) |

bC ACsin ﬁ—@ 2 sinﬁcose—cosﬁsiné’
6 6 6

1

2(1cos9—\/§sin9]
2 2

1
B cos@—\/gsine

(shown)

(b)(it)

Since @ is sufficiently small,

-1
2
e ()
1—7—f0

0 0>\
:1+\/§0+—+(\/§9+—J +

2 2

02
=1+\/§0+7+392 +

2
~1+\/_<9+70

> KIASU=;
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9 | @)

Using factor formula (MF26),
2sinXcos3X =sin4X—sin2X.

Hence

J.Zsin Xcos3xdx = I(sin4x —sin 2X)dX

cos4x N Ccos2X

= +C
4
(a)(i1)
Let
du
Uu=x=>—=1
dx
\; . cos4X cos2X
— =28INXCOSX=>V=— +
dx 4 2
IZXsianos3XdX
cos4X cos2X cos4X cos2X
=X| - + —j— + dx
4 2 4 2
XcosdX Xcos2X sin4dX sin2X
== + + - +C
4 2 16 4

=%[—4Xcos4x+8xeosZX+sin4X—4sin2X]+C

(b))

»A

©9,~ ((%)2'0)‘
0 X

To find Xx-intercepts, y =sinfcos36=0

sind=0 or co
0-0 f@ﬁr “JL 3z
= or N : 0<360<—
Exa H} 7= =)
. z,z
6 2
Thus intercepts are when 6 = O,%,% .
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(b)(i1)
Area of S

=I0(Zj y dX—j@ y dx
(&)
:jfsinﬁcos39(29) de—ésinﬁcos30(20) deo
6
=jfzesin9cos39 dﬁ—é%’sin@cos.’a& do
6

= %[—49 cos46 + 80 cos 26 + sin 46 — 4sin 2«9]03

- %[—40 cos46 + 86 cos 20 +sin 40 — 4sin 202

6

Ao
s A E4D)

=2xi(1+2—”+£—2 3]—i[—67r]

16

10

(1)
Since ar >0 as the object is being heated up, and T, =T >0 as hotplate temperature is higher than that of

the object, it follows that K is positive.

(i)
Tk (275-T)

j275 —dT = jkdt

~In(275-T)=kt+C
275-T =Ae™ where A=e©

Substituting t = l A S U
250 = Ae’ thus depa {g
T =275-250e™ D ‘

Substituting t-lOO T 75

75=275-250e "%
k ~0.0022314

So T =275-250e %1




(iii)

Curve B is a possible graph. Curve A does not fit because:

e Temperature does not exceed equilibrium as object is being heated continuously;
OR

. . T. . .
e The curve cannot have different gradients for same value of T (note that the (ii_t is linear in T);

OR
e (Gradient cannot be negative at any point because the object is being heated continuously.
OR
e Observe that
dT

d—_k( T)-m(T-T;)
=(k+m)(kT” +mT _Tj

K+m

So ar is always > 0.
dt

(iv)

As T —>125, ((11—-[—> k(275-125)-m(125-25).
From graph,
dT

as T —125, E—)O.
So, 0=k(275-125)—m(125-25)

—m= % ~0.00335 (3s.f)

11 | ()
9) (9 0 3) (9 -6
PQ=[8|-|2|=| 6 |, PR=|2|-|2]|=| O
3) \9 —6 3) \9 —6
0 -1 -1
A vectornormal to IT, is | 1 x| 0 |=| 1
-1 -1 1
-1 3) (-1
rf 1 (=[2[]1]|=2
1 3)01

So a Cartesian eantlon of ths Tx +y+s= f‘

(11) i \ | N AT " 2
Position vector oﬂmrdpmm'(ﬂ[ P@ Is %
9_.'-.:'.'.'-'\:' velive ,_,;,
E(0P+0Q): 5
6

I1, is perpendicular to PQ, so PQ is normal to IT,
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So a Cartesian equation of II, is 6y—6z=-6=>Yy—-z=—1.

(i)
Eqn of line passing through S and F is

3 -1
r=8|+A| 1|, 1R
9 1
3-1
So OF =| 8+ 4 | for some A
9+ 1
F lies on IT,
-1 3-2) (-1
So OF.| 1 |=|8+A||1|=2
1 9+4 )11
=>A=-

So coordinates of F are (7,4,5).

(iv)

Note that T lies on the line SF,
3-1

So OT =| 8+ | for some A from (iii)
9+ 1

3-1 9 -6-1
PT={8+A|-|2|=| 6+A4 | and
9+ 1 9 A
3-1 3 A
ST=|8+4|—|8|=| 4

9+ 1 9 A

Since ‘FI" =|ST

(6+A) +(6+A4) + 4> =(=4)" + A2 + A2
=(6+4) =2’
=(6+4) -22=0

=(6+1+4)( 6KFASU %gg

amPa er
Hence coordmates.@f Jal 6 ,3,6

End of Paper




EJC _H2 2019 _JC2 Prelim_P2_Solutions

Section A: Pure Mathematics [40 marks]

1 (a) OR
Sub z =(2+2i)winto the other equation Sub we 2  into the other equation
= (1-2i)(2+2i)w=39—11wi 2+2
z
39 . . 3(1—2i)2=39—lli[ )
> W= =2-31 (using GC ;
(1-2i)(2+2i)+11i (using GC) 2+2i
39 . .
Thus, z=(2+2i)(2-3i)=10-2i :>Z=1h—=10—21 (using GC)
~+(1-2i)
2+2i
Thus, w=10=2 53
2421

(b)

(1+ic)’ =1+3ic +3(ic)’ +(ic)’
=14+3ic-3c* —ic’
=1-3¢” +i(3c-¢’)

Since (1+ic)3 is real,
3c-¢’=0
c(3-¢’)=0

c=0,+3

KIASU=;
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2 (1)
Max X=3r when =0
Min X=r when 8=

(i1)
Method 1

Consider triangle OPA .

cos@z%:OAz rcosd
Consider triangle PAQ. By pythagoras theorem,
AQ =,/(2r)’ —(PAY’
= \/ 2r (rsin o9
- rm
x=0A+AQ=rcosf+ rm = r[cosH+M} (shown)

Method 2: Cosine Rule
(2r)’ =r? + x> —2rxcos @
4r* =r’ + x> —2rxcos
=(x- rcosH)2 +r’sin* @
X—rcosf = rm (reject —rm-.' X1 2rcosd)
X= r(cosH ++/4—sin’ 6’) (shown)

(ii1)

Method 1:
dx _ dx d¢9
dt d9 dt

( 251n¢90059 d¢9

%‘IAS

When 0—— and ge&mpap{l‘r &

= {—sin0+

il —sin%—# (0.3)
4 —sin® (”j
6
=-0.217r
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Method 2:
Differentiate implicitly w.r.t t,

dx ( do (-2sinfcosd) daJ
—=r s1nt9—
dt 24/4—sin*@ dt
When =2 and %:03,
6 dt
sin - cos
| [ sinZ 0.3 ——6—6_(0.3)
dt 6 V4
4 —sin® (j
6
=-0.217r
3 (i)

Length of projection of g onto p = |q p| = | |
Method 1

3PR =5PQ =3(r-p)=5(q-p) :q:é(2p+3r)

Sub into |q.p|:

l(2p+3r).p
a:bl [
Ip
2 oi3or
_ SP-P SP-
p|
2 3
_§(29)+g(11)_ 91 o339
J29 529
Method 2

3PR=5PQ=3(r-p)=5(q-p) =>r =§(5q—2p)

Sub into p.r=11:

1(Sq 2p).p=11

=5q.p— 2pp KIASU

ExagjPaper
= q.p A :|q4p|unHJr:_— (cina 389u y 88660031

Method 3
Dot p to both sides,

3(r-p).p=5(q—p).p
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=3(r-p).p=5(q-p)-p
= 3r.p—-3p.p =5q.p — 5p.p

1 1 2\ 91
:>p-q=§(3p-r+2p-p) =§(3(11)+2(@) )z?
. 91
So |q.p =375 (or 3.38)
(1)

PS=r so OPSRis a parallelogram spanned by OP and OR.
So area of OPSR = |p xr|

3 1 —6-8 -14
= 2 |x|2[=|-(-9+4) =] 5 |[=+285
—4) (-3 —6-2 -8
4 1@
f(-1.4)=[-1.4]=-1
(ii)
y
1 Qe
O 4 O X
-2 -1 0 1 2 3
(O —— -1
(iii)
Method 1

No, because the horizontal line Y =1 (for example) cuts the graph more than once from (0,1] . So fis not 1-1

so f™' does not exist.
Method 2

No, because for example, f(1.1)=f(1.2)=0. So fis not 1-1 so f~' does not exist.

(iv)
R ={-10,1}

™)
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X—a
_a’x—3a-3x+3a
ax—-3-ax+a’

Then _
g’ (x)=¢"(g(x))
_ ax-3

Observe that even compositions give X, odd compositions give g(X).

-3 5a-3
So 201 _ 2019 (5 _ .
0" (x) x—a ¢ ) 5-a
(vi)
3x-3
g(x)_ X-=3

5 (a)(®)
4 4 4
U=—,U =—7,U;=—
M M M
(a) (i1)

(a) (i)

Method 1 (consider expression)

Since as n—>oo,[ ~

The sum to inﬁnit}l;:isl ““.43 .
M- -1

Method 2 (consider GP)

This is a GP with common ratio =

1
M
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M >1:>0<$<1:>0<$<1,s0the series is convergent.

4
ME __4M
R T Ve
1—
M3
(b)(®)

. 1[2r+1 2r—1} : 1(2r+1 2r—1j
=-2sin| — +—— | [sin| — -
(2 2 2 20 2 2

=-2sin ( r ) sin (%j (shown)

(b)(i)

1Y. n+l . n
=cosec | — [sin——sin— shown
2 2 2

KIASU=
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Section B: Probability and Statistics [60 marks]

6 (1
d=05-c

il
ie)t X' Dbe the result of one throw of the die.
E(X)=(1)(0.3)+(2)(c)+(3)(0.5—c)+(4)(0.2)=2.6—cC
E(X?)=(1)(0.3) +(4)(c) +(9)(0.5—c) +(16)(0.2) =8 — 5¢
Var(X) =E(X*) ~[E(X)]’

=(8-5¢c)-(2.6-¢)’

=8-5c-c*+5.2c-6.76

=—C+0.2c+1.24

=—(c—-0.1)> +1.25 (completing the square)

Thus, the variance is maximum when ¢ =0.1

(iii)
Let Y be the number of throws, out of 10, that land on an even number.
Y ~B(10,0.4)

Required probability
=P >7)

=1-P(Y £6)
=0.054762...
=0.0548 (to3s.f)

7@
Xy ~N(, 4)
P(u-1<X, <u+1

_plplmpn K—p _prlop
2 2 2

=P(—l<2 <1j where Z ~N(0, 1)
2 2

=0.38292...

~0383 (3s.f)

(i)

Xy =X, ~N(0,14)

P(X;=X,)= P()|(/3,«_lx A 6,.1!:] Kb_ "
I\ B v | "=;

(iii) Ex D

1 Islandwide Delivery | Whatsapp
Var(Y,) =— Var(X, + X, +...+
n

%(Var(xl)+Var(X2)+...+Var(Xn))

>

=L(2+4+6+...+2n)

2

>
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:#xn(n+1) (Sum of A.P.)
=1+l
n

Since the X, ’s are independent Normal distributions with common mean,

Y, ~N(,u,1+lj
n

(NB: The variance of Y, decreases as N increases.)
Either

P(u-1<Y, <,u+1)>§

pl #-lop Yo—p _ptl-p) 2
Ji+too 1+t 1+t )3
pl =Lz L |2
Jl+t Ji+t) 3
1
JI++
Solving this inequality, n>14.6017...
Hence, the smallest possible value of n is 15.

>0.96742

Alternatively
Y, —,u~N(O,1+lj
n

From GC,

n P(-1<Y,—u<l
14 | 0.6660

15 0.6671

". smallest value of n is 15.

g )
P(B)=P(AUB)-P(ANB) =2-2 =
(i)
(N0 _PAUB)P(A) 575 s
o _P(NMB) P(AUB)-P(A) 775 135 48
P(ATB)=—5 By p(8) 11755
. 21 21
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Let P(ANB'NC)=x

Since i—XZO, X< —
21 21

Alternative:

So greatest possible value is % .

Furthermore, since P(Au B)=g, — —X<—,80 X>—

ANB'NnCcB' NnC =P(ANB'NC)<P(B'nC)

Furthermore, P(ANB'nC)=P(B'nC)-P(A'nB'nC)

And P(A'nB' nC)<P(ANB)=1-P(AUB)==

So P(ARB'AC)>P(B'AC)-L=L
7 21
So least possible value is % .
9 | @@
9 letters with 3 ‘E” and 2 ‘L’
!
No. of ways = s =30240
312!
(a)(i1)
L is fixed
JWLRY :5'=120
Case 1: separated by 2 and 2 —2 ways

Case 2: separated by 2 and 3 /3 and 2 — 2 ways
Total number of ways: 120x(2+2) =480 ways

(a)(iii)
All distinct: 6C ><4'—360

EE or LL (but nof both) 2C X L. C % —%Z’é

!
EE and LL: 4— =6
2121

|
EEE: °C, x % =20

Total: 360+ 240+ 6+ 20 =626
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(b)
Mr and Mrs Lee together: (9—1)! x2!=80640

Mr and Mrs Lee together and 3 children together: (7 - 1)! x2! x3!=8640
Number of ways: 80640 —8640 =72000

OR
Let A be the event that Mr and Mrs Lee are seated together and
B be the event that the 3 children are all seated together.

A 23

7

Then no. of ways =n(A)—n(ANB)
=(9-1)! x2! —(7-1)! x2! x3!
=80640 —8640 = 72000

10 [

Y:1050+@:1051.16
50

¢ =1 | 3 (x-1050) - (X (x-1050)]

n-1 n
2
= Ll2326-289
49 50

=46.096 (5 s.f)
To test Ho: 1 =1053 against
Hi: u#1053 at 5% level of significance
Since n=50 is large, by Central Limit Theorem,

under Hoy, X ~ N(1053, 46096) approximately
either

p-value: 0.055322

or

z-value: —1.9163 and critical region: |z,,s| =1.96
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Since p-value > 0.05 (or |z-value| < 1.96), we do not reject Ho and conclude at 5% level of significance that
there is insufficient evidence that the population mean amount of sodium per packet has changed after
alterations to the workflow.

(i)
The probability of wrongly concluding that the mean amount of sodium is not 1053mg, when it is in fact
1053mg, is 0.05.

(iii)
Since p-value is 0.055322, a >6

(iv)
If we tested Hy: 1 <1053,
Either

p-value =0.027661 < 0.05
or

Z-value =—-1.9163 < -1.645
So we may reject Ho and conclude at 5% level of significance that the population mean amount of sodium had
decreased.

)
To test Ho: 1 =1053 against
Hi: 1 <1053 at 5% level of significance

Since n=50 is large, by Central Limit Theorem,
2

under Hy, X ~ NLlOS 3, 64(()) J approximately

To reject Ho, p-value < 0.05

0 .0S

l

)

|

|
— L
j [ OSB
—y<1051.4 (to 1 d.p.)

It is not necessary to assume anything about the population distribution, as sample size (= 40) is large enough,
so the Central Limit Theorem says the sample mean amount of sodium approximately follows a normal
distribution.
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11 | (a)

There may be a strong negative linear correlation between the amount of red wine intake and the risk of heart
disease, but we cannot conclude that amount of red wine intake causes risk of heart disease to decrease, as
causality cannot be inferred from correlation.

(®)(1)
The variable t is the independent variable, as we are able to control, or determine, the intervals at which we
measure the corresponding radiation.

(b)(i1)
1 A (0‘1,2,3\)
X

Y (|,03)
¥

»
»

t

From the scatter diagram, we can see that the points lie along a curve, rather than a straight line. Hence
| =at+b is not a likely model.

(b)(iii)
r between I and t = —0.9565
r between In I and t = —0.9998

(b)(iv)
| =ae” =Inl =bt+Ina
Equation of regression line:
Inl =-2.7834239t +1.6007544 = In | =-2.78t +1.60
Ina=1.600754=a=4.96 (3 s.f.)

b=-2.78 (3s.£)

(®)(v)

t=0.7, 1 =0.706 (to 3 sig fig)

The answer is reliable as r is close to -1, and t =0.7 is within the data range (0.2 to 1.0) and thus the estimate
is obtained via interpolation.

End of Paper
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2019 H2 Math Prelim - HCI

1 The number of units, D(x) of a particular product that people are willing to purchase per

week in city 4 at a price $x is given by the function D(x) :%, where g(x) is a
g(x

quadratic polynomial in x. The following table shows the number of units people are
willing to purchase at different prices.

X 5 8 10
D(x) 384 224 168
Find the number of units of the product that people are willing to purchase at a price of
$18. [4]
1+ x"

2 Ttisgiventhat p = lnlﬁ, where —1<x <1 and »n is a positive integer.
+x

N

(i) Find Z p, » giving your answer in terms of N and x. [3]
n=1

(ii) Hence find the sum to infinity of the series in part (i) in terms of x. [2]

3  In the triangle ABC, AB=1, AC =2 and angle 4BC = (%—xj radians. Given that x

is sufficiently small for x’ and higher powers of x to be ignored, show that

BC=p+gx+ rx’, where P, g, r are constants to be determined in exact form. [5]
. . (x+5)°
4 A partofahyperbola has equation given by f(x) = EEvE. 1, xeD,where D R.
(i) State the largest possible set D . [1]
(ii) State the equations of the asymptotes of y =f (x) . [1]
(iii) Sketch the graph of y =1 (x) for D in part (i), showing clearly all the features of
the curve. [2]
. 1 .
(iv)  On separate diagrams, sketch the graphs of y = . ( ) and y=f"' (x) , showing
X

clearly all the features of the curves. (4]
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5  Referred to the origin O, points 4 and B have position vectors a and b respectively. Point

C lies on OB produced such that OC = A0B where A >1. Point D is such that OCDA is
a parallelogram. Point M lies on AD, between A and D, such that AM : MD =1:2 . Point
N lies on OC, between O and C, such that ON : NC =4:3.

(i) Find the position vectors of M and N, in terms of a, band 4. [2]

(ii) Show that the area of triangle OMD is kﬂ,|a><b , where k is a constant to be

determined. [4]

(iii) The vector p is a unit vector in the direction of OD . Give a geometrical meaning
of |p.al. [1]

6 A curve Cis defined by the parametric equations
x=25sin’t, y =2cost
where 0<t< 7.

Lo dy
(i) Find o [2]

(ii) The tangent to C at the point where ¢ = 2 cuts the x-axis at P and the y-axis at Q,

find the exact area of the triangle OPQ, where O is the origin. [4]

(iii) State the equation of the normal to C where the normal is parallel to the x-axis. [1]

7 (@ () Find %(25“2} [1]

(ii) Hence find I%sinx eCOSE dx. [4]
(b) Using the substitution u =1-¢", find I | ! —dx. [4]
—e
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2
The function f is defined by f:xH,}a2 —% for xe R, —a < x<3a, where a

is a positive constant.

(i) Sketch the graph of y =f (x) , giving the coordinates of any stationary points and
the points where the graph meets the axes. [2]

(i) If the domain of f is further restricted to —a < x <k, state the greatest value of k&
for which the function £~ exists. [1]
(iii) Using the restricted domain found in part (ii), find £ in similar form. [3]

2
The function g is defined by g(x) = f(%x} for xe R, —ga <x<2a.

(iv) Explain why the composite function gf exists and find the range of gf . [3]

A company produces festive decorative Light Emitting Diode (LED) string lights, where
micro LEDs are placed at intervals along a thin wire. In a particular design, the first LED
(LED 1) is placed on one end of a wire with the second LED (LED 2) placed at a distance

of d cm from LED 1, and each subsequent LED is placed at a distance % times the

preceding distance as shown.

LED 1 LED 2 LED 3
8 8 8 ———— wire

«— J cm—><—%d cm —»

(i) If the distance between LED 8 and LED 9 is 56.2 cm, find the value of d correct to
1 decimal place. [2]

(ii) Find the theoretical maximum length of the wire, giving your answer in centimetres
correct to 1 decimal place. [2]

The LEDs consisting of three colours red, orange and yellow, are arranged in that order
in a repeated manner, that is, LED 1 is red, LED 2 is orange, LED 3 is yellow, LED 4 is
red, LED 5 is orange, LED 6 is yellow, and so on.

(iii) Find the colour of the LED nearest to a point on the wire 12.9 m from LED 1. [3]

(iv) If the minimum distance between any two consecutive LEDs is 1 cm so that they
can be mounted on the wire, find the colour of the last LED. [3]

www.KiasuExamPaper.com
291



10 (a) Solve the simultaneous equations v+iu =2 and av—2u = 3i, where a is a real
constant. Simplify your answers to cartesian form x +1y, where x and y are in terms

of a. (4]
(b) Itis given that (x+k) is a factor of the equation,

bx’ +(12b+1)x* +(b+12i)x +12b =0,

where k and b are non-zero real constants.
(i) Find the value of £. [2]

(ii) Show that the roots of the equation bx’ +ix + b = 0 are purely imaginary. [2]

(iii) Hence express f(x)=bx"+(12b+i)x*+(b+12i)x+12b as a product of

three linear factors, leaving your answers in terms of b. [2]
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11 A container is made up of a cylinder and an inverted right circular cone as shown in the
diagram below. The height and the diameter of the cylinder are 20 cm and 5 cm
respectively. The height of the cone is 4 cm. An external device ensures liquid flows out
through a small hole at the vertex of the cone into a bowl below at a constant rate of
18 cm?® per minute. The depth of the liquid and the radius of the liquid surface area in the
container at the time # minutes are x cm and » cm respectively. The container is full of
liquid initially.

.5 cm,
—

20 cm

(a) When x >4, find the rate of change of the depth of the liquid in the container. [4]

(b) Find the rate of change of » when x =2. [5]

(¢) The bowl as shown in the diagram in part (a) is generated by rotating part of the

2 2

curve —— +-2— =1 which is below the x-axis through 7 radians about the y-axis.

225 100
Assuming the bowl has negligible thickness, find the volume of the empty space in
the bowl when the liquid has completely flowed from the container into the bowl,
giving your answer correct to 3 decimal places. [3]
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12 Atanairport, an air traffic control room 7" is located in a vertical air traffic control tower,
70 m above ground level. Let O(0,0,0) be the foot of the air traffic control tower and

all points (x,y,z) are defined relative to O where the units are in kilometres. Two
observation posts at the points M (0.8,0.6,0) and N(0.4,-0.9,0) are located within

the perimeters of the airport as shown.

oy

D

An air traffic controller on duty at 7 spots an errant drone in the vicinity of the airport.
The two observation posts at M and N are alerted immediately. A laser rangefinder at M

2
directs a laser beam in the direction | 7 | at the errant drone to determine D, the position
-1
of the errant drone. The position D is confirmed using another laser beam from &, which
passes through the point (0.8,0.75, 0.3), directed at the errant drone.

(i) Show that D has coordinates (0.56,—0.24,0.12). [4]
A Drone Catcher, an anti-drone drone which uses a net to trap and capture errant
drones, is deployed instantly from O and flies in a straight line directly to I
intercept the errant drone.

(ii) Find the acute angle between the flight path of the Drone Catcher and the horizontal
ground. [2]
At the same time, a Jammer Gun, which emits a signal to jam the control signals of the

errant drone, is fired at the errant drone. The Jammer Gun is located at a point G on the
plane p containing the points 7, M and N.

-10.5
(iii) Show that the equation of pis r-| 2.8 |=-6.72. [3]
—96
It is also known that the Jammer Gun is at the foot of the perpendicular from the errant
drone to plane p.
(iv) Find the coordinates of G. [3]

(v) Hence, or otherwise, find the distance GD in metres. [2]
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On the same axes, sketch the graphs of y =2(x—a)’ and y = 3a|x—a

Section A: Pure Mathematics [40 marks]

, where a is a

positive constant, showing clearly all axial intercepts. [2]
(i)  Solve the inequality 2(x—a)’ >3a|x—a| . [4]
aY a
(ii) Hence solve Z(X —Ej >3al|x _E‘ . [2]
It is given that y = .
s 4 V1+2x
(i) Show thatld—y+ ! =COSX. [2]
ydx 1+2x
(ii) By further differentiation of the result in part (i), find the Maclaurin series for y in

(iii)

@iv)

ascending powers of x, up to and including the term inx’. [5]

sinx

e
Use your result from part (ii) to approximate the value of I ———dx . Explain
OJI+2x

why this approximation obtained is not good. [2]

Deduce the Maclaurin series for L in ascending powers of x, up to and
esin)c /1 _ 2X ’

including the term inx’. [1]

The complex numbers p and g are given by % and —%i respectively, where a is
+ /31

a positive real constant.

(@
(i)

Find the modulus and argument of p . [2]

Illustrate on an Argand diagram, the points P,Q and R representing the complex
numbers p, g and p+¢q respectively. State the shape of OPRQ.

Hence, find the argument of p+¢ interms of 77 and the modulus of p + ¢ in exact
trigonometrical form. [6]

(iii) Find the smallest positive integer n such that ( p+ q)n is purely imaginary. (2]
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4

(a) When studying a colony of bugs, a scientist found that the birth rate of the bugs is

inversely proportional to its population and the death rate is proportional to its
population. The population of the bugs (in thousands) at time ¢ days after they were
first observed is denoted by P. It was found that when the population is 2000, it
remains constant.

dpP 4
(i)  Assuming that P and ¢ are continuous variables, show that E = k(;— Pj ,

where £ is a constant. [3]

(ii)  Given that the initial population of the bugs was 4000, and that the population
was decreasing at the rate of 3000 per day at that instant, find P in terms of
. [4]

(iii) Sketch the graph of P against ¢, giving the equation of any asymptote(s). State
what happens to the population of the bugs in the long run. [2]

(b) Another population of bugs, N (in thousands) in time ¢ days can be modelled by the

differential equation % =4+ % for #> 1. Using the substitution u = % , solve this

equation, given that the population was 1000 when ¢ = 1. [3]

Section B: Statistics [60 marks]

The daily rainfall in a town follows a normal distribution with mean 4 mm and standard

deviation o mm. Assume that the rainfall each day is independent of the rainfall on other

days. It is given that there is a 10% chance that the rainfall on a randomly chosen day

exceeds 9.8 mm, and there is a 10% chance that the mean daily rainfall in a randomly

chosen 7-day week exceeds 8.2 mm.

(@)
(i)

Show that o =2.01, correct to 2 decimal places. [4]

Find the maximum value of & such that there is a chance of at least 10% that the
mean daily rainfall in a randomly chosen 30-day month exceeds £ mm. Give your
answer correct to 1 decimal place. [2]
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Miss Tan carried out an investigation on whether there is a correlation between the
amount of time spent on social media and exam scores. The average amount of time

spent per month on social media, x hours, and the final exam score, y marks, of

6 randomly selected students from HCI were recorded. The data is shown below.

(i) Draw a scatter diagram to illustrate the data. [2]
(i) It is found that the inclusion of a 7™ point (x,,y,) will not affect the product

moment correlation coefficient for the data. Find a possible point (x,,y,). [1]

Omit the 7" point (x,,y,) for the rest of this question.

(iii)  State, with reason, which of the following equations, where a and b are constants,
provides the most appropriate model for the relationship between x and y .

(A) y=a+bx’,
(B) ¢ =ax’,
(C) y=a+bJx. [3]

(iv) Using the model chosen in part (iii), estimate the score of a student who spent an
average of 60 hours per month on social media, giving your answer correct to the
nearest whole number. [2]

(v)  Sam spends an average of 4 hours a day on social media. Assuming a 30-day month,
suggest whether it is still reasonable to use the model in part (iii) to estimate his
score. [1]
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A cafe sells sandwiches in 2 sizes, “footlong” and “6-inch”. The lengths in inches of
“footlong” loaves have the distributionN(12.2,0.04) and the lengths in inches of “6-

inch” loaves have the distribution N(6. 1,0.02) .

(i) Isarandomly chosen “footlong” loaf more likely to be less than 12 inches in length
or a randomly chosen “6-inch” loaf more likely to be less than 6 inches in length?

[2]

(i) Find the probability that two randomly chosen “6-inch” loaves have total length
more than one randomly chosen “footlong” loaf. [2]

Sue buys a “6-inch” sandwich 3 times a week.
(iii) Find the probability that Sue gets at most one sandwich that is less than 6 inches in
length in a randomly chosen week. [2]

(iv) Given that Sue gets more than four sandwiches that are less than 6 inches in length
in a randomly chosen 4-week period, find the probability that she gets exactly one
such sandwich in the first week. [3]

The individual letters of the word PARALLEL are printed on identical cards and
arranged in a straight line.

(a) Find the number of arrangements such that

(i)  there are no restrictions, [1]

(ii) no L is next to any other L, [2]

(iii) the arrangements start and end with a consonant and all the vowels are
together. [3]

(b) The cards are now placed in a bag and Tom draws the cards randomly from the bag
one at a time.
(i) 4 cards are drawn without replacement. Find the probability that there is at
least one vowel drawn. [2]
(ii) Tom decides to record the letter of the card drawn, on a piece of paper. If the
letter on the card drawn is a vowel, Tom will put the drawn card back into the
bag and continue with the next draw.

If the letter on the card drawn is a consonant, Tom will remove the card from
subsequent draws. Find the probability that Tom records more consonants
than vowels at the end of 3 draws. [3]
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A company purchased a machine to pack shower gel into its bottles. The expected mean

volume of shower gel in a bottle is 950 ml.

(@)

The floor supervisor believes that the machine is packing less amount of shower gel
than expected. A random sample of 80 bottles is taken and the data is as follows:

shower gel in a bottle 948 949 950 951 952 953 955
(correct to nearest ml)

Volume of

Number of bottles 9 22 36 6 4 1 2

(b)

(©)

(i) Find unbiased estimates of the population mean and variance, giving your
answers correct to 2 decimal places. [2]

(ii) Write down the appropriate hypotheses to test the floor supervisor’s belief.
You should define any symbols used. [2]

(iii) Using the given data, find the p-value of the test. State what is meant by this
p-value in the context of this question. [2]

(iv) It was concluded at a% level of significance that the machine is indeed
packing less amount of shower gel than expected. State the set of values of « .

[1]

Due to a change in marketing policy, the machine is being recalibrated to pack
smaller bottles of shower gel with mean volume of 250 ml. The volume of a

recalibrated bottle of shower gel is denoted by ¥ ml. A random sample of 50 bottles
of y ml each is taken and the data obtained is summarised by:

Y (r-250)=-25, Y (y-250)*=k.

Another test was conducted at the 1% significance level. The test concluded that
the machine had been calibrated incorrectly. Find the range of values of k&, correct

to 1 decimal place. [4]

Explain why there is no need for the floor supervisor to know anything about the
population distribution of the volume of shower gel in a bottle for both parts (a) and

(b). [1]
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10

In a game with a 4-sided fair die numbered 1 to 4 on each face, the score for a throw is

the number on the bottom face of the die. A player gets to choose either option A or

option B.

Option A: The player rolls the die once. The score x is the amount of money $x that the

player wins.

Option B: The player rolls the die twice. The first score is x and the second score is y.

(@)

(i)
(iii)

If y > x, the player wins $2xy, but if y < x, the player loses $(x —y). Otherwise,
he neither wins nor loses any money.
Find the expected amounts won by a player in one game when playing option A
and when playing option B. Show that option B is a better option. [5]
Suggest why a risk averse player would still choose option A. [1]
Show that the variance of the amount won by a player in one game when playing
option A is 1.25. [2]

In a competition, Abel and Benson each play the game 50 times. Abel chooses option A

and Benson chooses option B.

It is given that the variance of the amount won by a player in one game when playing

887
option B is —.
16

(iv)

)

Find the distributions of the total amounts won by Abel and Benson respectively

in the competition. [2]
Show that the probability of the total amount won by Abel exceeding the total
amount won by Benson in the competition is approximately 0.120. [3]
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ANNEX

H2 MA 2019 JC2 Prelim (Paper 1 and Paper 2)

Filename: Change SCHOOL fo your school name, e.g. NYJC

Paper 1

Select topic from the dropdown list. If the question consists of multiple topics, choose 1 topic.

QN | TOPIC (H2) Paper 1 | ANSWERS (Exclude graphs and text answers)
1 | Equations & Inequalities | 72 units
2 | Sigma Notation & MOD . 1+x
(i) In-——
1+x
(ii) In(1+ x)
3 | Maclaurin & Binomial 1
Series p:\/g’q:Lr: 23
4 | Graphs & (i) D=(-o0,—11]UJ[l,0)
Transformations
(i) y=+2"2
6
5 | Vect " —
cerors (i) OM = %(321 +b),ON = ;lb
1
i) k=—
(i1) 3
6 | Differentiation & Q) [
Applications dx 25cost
.. 225
i) ——
W5
(iii) y=0
7 | Integration & . of cost
Applications (a)(®) —Sina e ?
.. X cos> cos™
(i1) —20055£e 2]+2e 24+C
(b) —ln|l—ex +x+C
8 | Functio - —-E@@reatest value of k is a.
5!&?&%{ :Zﬁ‘ x> a-2\a’-x*, xeR, 0<x<a
Islandwide Delivery | Whatsapp Only BE|‘66L:O'$1 \/5
(iv) R = Ta,a
9 | APGP (1) d=268.0
(i1) 1339.9 cm
(iii) red
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(iv) yellow
10 | Complex Numbers a 6+2a° . 2 a .
(a) u= > = —i,v= ~— ~i
4+a° 4d+a 4+a” 4+a
(b)) k=12
2 2
(i) bx +12)(x 4+ SNIEAET oL D
2b 2b
11 | Differentiation & (a) —0.916 cm/min
Applications (b) —2.29 cm/min
(c) 4293.510 cm’
12 | Vectors (i) 11.1°
(iv) (0.547,-0.237,0.00325)
(v) 117 m
13 | H2 Prelim P1 Q13 Topic
14 | H2 Prelim P1 Q14 Topic
Paper 2

Select topic from the dropdown list. If the question consists of multiple topics, choose 1 topic.

QN | TOPIC (H2) Paper 2 | ANSWERS (Exclude graphs and text answers)
| | Bauati -
quations & Inequalities i) x<- @ i or x> Sa
2 2
(i) x<—-a or x:% or x>2a
2 | Maclaurin & Binomial . 4y 3 ;5
Series (i) y=1+x —Ex +...
(iii) 0.985
1
1 4 l+xt+=x
W) s
3 | Complex Numbers Q) a, =
27 3
. V4
i) ———; acos—
() =5 acosyy
(i) 6
4 | Differential Equations (a) (i) P=21+3¢
(i11) The population of the bugs will decrease and
1 approach 2000 in the long run.
K IASU == LN =4tInt+1¢
5 | NormallDistibitioner 4Gy 7.6
6 | Correlatioi' & REgression”"

-B(aisf)w&)'s ](69,53)
(ii1) Since |r| =0.96785 for Model B is nearest to 1,

Model B is the most accurate model
(iv) 62 marks
(v) unreasonable as 120 is not within data range
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where48 < x <84

Normal Distribution

(1) a “6-inch” loaf more likely to be less than 6 inches
(ii) 1
2
(ii1) 0.855
(iv) 0.446

PnC & Probability

(a) (i) 3360
(i) 1200
(iii) 240
.13

() () m

(i) 0.644

Hypothesis Testing

(a) (1)) 949.84 ;1,73
(i) Ho: x«=950
Hi: <950
(i) 0.135
(iv) {aeR:13.5<a <100}
(b) 12.55k<104.8
(c) There is no need for the floor supervisor to assume the
volume of shower gel follow a normal distribution as
the sample sizes in both part (a) and (b) are large, the
sample mean volume of shower gel can be

approximated to follow a normal distribution by
Central Limit Theorem.

10

DRV

(i) $2.50; $3.75

(i1)) Option A is a “sure win” option where the player would
definitely gain a positive amount in all cases, whereas
option B has a risk of losing money in some cases.

(iv) A~N(l25,%); B~N(ﬁ —22175j

b

2 8

11

H2 Prelim P2 Q11 Topic

12

H2 Prelim P2 Q12 Topic

13

H2 Prelim P2 Q13 Topic

14

H2 Prelim P2 Q14 Topic
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2019 C2 H2 Prelim P1 Markers Commen

Qn | Solutions C
1 40320 G
D(x) = -
g(x) A
40320
=5 g(X)=—— &(
D(x) 51
5 40320 of
ax: +bx+c=
Given 5°a+5b+c= 4033‘;0 =105 -- (1)
8%+®b+c=ﬂﬁgl=m0n@) A
224 de
, 40320 in
10°a+10b+e=———-=240-- (3
¢ N6 & pc
Using GC, a=1, =12, ¢=20
When x = 18,
D(18) = —; wlio =72 units
18 +12(18)+ 20
2i | Method 1: (method of differences) Tl
N 1_|_ "C dc
Z p.-: zln d[
n=l| n=1 su
=Z]m0+fj—mﬂ+f”ﬂ di
n=1 ClI

= In(1+ x) — In(1 + .22 th
+In —In(1 + x- S
+In(l £ = In(1 +.

en

KIAS -

co

ExamP& M ) se
= In(1+ X = In(I+ x¥)

fii I+x ‘;‘

& .

In

of
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Method 2: (using property of logarithm)

N

S-guir

n=]| n=| l+x
| 1+x° 1+x° 1+x"
=In—=+1In ”3+1n ”4 Fotln——
lEx 1+ l+x'

e XoFX /-e»«//vx/
l%l%lm‘/ 14X

In 1+ x
132"
2ii [ Since.—l<x<l,as N 5o, x* 50. Sc
z l+ X as
s &= l+0
= In(l + x)

3 St
R
1ns
Wi

c Tv

pri

By Cosine Rule, .

(;;- J 2* =1’ +(BC)? —2(3C)cos[£—x}

cos| ——x 2 So

=1+ (BC)* —=2(BC)sinx ::I

(BC)* —=2(BC)sinx—3=0 otl

. + . 2 'ul'l

BC=231nx_\/£;sm x+12 )

i

—sin x +/sin’ x +3 R1

s xt v‘xz +3 -
=X +Vx + , since BC >0 .

i

Islandwide Delivery | Whats EDO yaagmj

—x+\/_|:l+5?+ }

x:
23
= ﬁ! qg= l,r u;a%‘_;suE;;gPaper.com




By sine rule,

BC 3 2 1
sin(£+x—yj sin(i—xJ s 4
2 2
- $C 2 1 2
cos(y—x) cosx siny COs X 5
:BC=ECOS(y—x) 4 -cos’ x
COSX
2(cos vy cos x + sin y sin x
::>BC=( 4 . )
COS X
2(cos y cos x + 8in y sin x
::>BC=( 4 4 )
COS X
4 —cos® x COSX
2 COS X + sin x
2 2
=
COS X
2 P
:>BC=\M COS~ X COS X + COS X sin x
COS X

= BC =+/4—-cos® x +sinx
— BC =+/3 +sin’ x +sin x

4i

Sketch the graph using GC, remember to set window
appropriately.

[ORAS U /@3

fa @m@ aftapntmqaetche upper half of a hyperbola.

(x+5)"
36
x+5)°
( 62 ) _yZ =1

We have D 2853 ERCAL "




36

X+ 5)°
%‘f:'

To find asymptotes:

, (x+5)°
b -

2
Letyz\jm_l
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iv

Using GC to help if students 1s not sure

/(NORHMAL FLOAT AUTO REAL DEGREE HP ]’I

Flotli Flot2 Plot3
Y18 (x+5)%36-1
NV IMATNL
INY 3= (V1) ey

INY4=
BNYs=
INYe=
BNY 7=

Be=
I
WU SO | A
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Si

OC = /b
OD=04+0C=a+ b
ON =2 b
7
oaf - OD +204
3
B a+Ab+2a
3
1
:§(3a+ﬂ.h)

ii

Area of triangle OMD = %l@' x(T[j|

%(Ah+3a) x (Ab+a)

Il

iszb+ibxa+3/la><b+3a><a|

—Aaxb+3laxb| (""bxb =0=axa)

W= N |—= |~ M|~

N

=
X

=

KIASU=7¢

ExamPaper Z
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|p.a| 1s the length of projection of 04 on OD
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6i

dx d .
—I= 50sinfcost , —y=~—251nr

ii

2 3
Equation of tangent: y =——x+—

25 2

When x =0, y=

When y=0, x =

A PRI ERRAERE

Mla‘ oy K
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Tai o
Yt p—2¢ 2

L7 —lsin Xloe 2
Q& 2

X
x| cosT
=—sin—|e [ ?

aii 1 . cos>
I—smx e 2 |dx
2
1 . - X COSE\
=J‘— 2sin=cos—||e 2 |dx
2 2 2
J
3\

=—I(cos £J[—sin£emgE dx
2 2
J
:[—c05£] 23{:055 —J-[lsm i] Zecns-i dr
2 2 2

X cos= cosT
=—2c035 e 2|42 24+C

b
| e

1—-¢"
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=-In[l-¢* ¥4
=—In fl -
8i Ya
(0, \/_CI} (a.a)
2
(-a,0) Q (3a,0)
il | For f' toexist, f must be one-one. i.e. every horizontal line
y=h, he R can only cut the graph of y =f(x) at most
once. Hence, the greatest value of k 1s a.
iii 2
(x—a)
Let y=.la’ -
e
2 2 (x_a)z
>y =a -
d 4
= (x—a)’ =4(a" - y*)
= x=ud +21,fa -3
WFA@ e
ﬁﬁi aw-n—ﬁ QX , XeR, 0<x<a
wiv

g(x)zf[%x] for x e R, —%a sxsdu

Since R, =[0,a] c [—%a,Za} =D, , the composite
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(_ 2. 0)0 (2a,0)
3

9% LEDI LED2  LED3 LED4 LEDS LEDY
8 8888
w=d > : 5 5
u, =d(3), ¢ ; g
u, =ﬂ'(§)2 4 ;
3 ,=d(3)
d(%)" =562 :
. d =267.9824829 =268.0 (1 d.p.)
T

Since |r|= |%I <1, sum to infinity exists.

Hg{ﬁg% etical length of wire

Paper ¢

l:Tndwi% Delivery | Whatsapp Only 88660031

_267.9824829
- l—%

=1339.912415
=13399cm (1d.p.)
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iii

LED 1 LED2 LED3 LED4 LED#»n LED n+l

—9 4§ § -——@g g

5, —* : : '

) % i
% S
- S

n

L J

A

Let S, be distance from LED 1 to LED n+1.

Method 1: (using GC table)

267.9824829[1-(%)"]
Using sum of GP, S =

1-4
Using GC,
n 8, S, —1290|
14 1281.0 9.0
15 1292.8 2.8

. closest LED to 1290 is when n=15.
. required LED 1s LED (15+1) = LED l6.
Hence colour of LED 16 18 red.
Method 2: (using algebraic manipulation)
267.9824829[1 —(%)"
Let S = -3 ]=1290
n l— %
l—(%}" =0.9627494943
nIn(2) =n0.0372505057

n=14.74427443

Using GC,
n S, . —1290|
14 | 1281.0 9.0
15 | 1292.8 2.8

. closest LED to 1290 1s when n=15.
. required LED 1s LED (15+1) = LED 16.

‘ RcleAgttJof L‘%lﬁ 1s red.

ExamPaper

iv

Bttt

LED 1 LED 2 LED3 LED4 LEDn LED n+l

G——§—8 88§

u=d *+—*

=A@, L]
=d(2) L.
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Let u, =d (%)""' =267.9824829(3)" ' >1

(D" 2 ersdsamg
= 267.9824829

4yn-1 1
In(3)"" 2 In 5z55857859
4 1
(n—1)In(3) 2 In 375257559
n—1<25.05526859
n<26.05526859
Since largest integer n =26, last LED is LED (26+1)=

LED 27
Henee colour of last LED 27 is yellow.

10a

v+iu=2 ----(1)
av—2u =31 ---(2)
(Dxa—(2):
lau+2u=2a-3
:2a~—3i ><2—ia
2+ia 2-ia
_4a—6i—2a2i—3a
- 4+a’
_a—(6+2a3)i
- 4+4a’
_a  6+24,
C4+d’ A+’ :

Sub u into (1)
v=2—1u

=i a 6+2a i)

4+a 4+a’

D +_
‘ ﬁl
Exa aper

Is Iandwud Ive ry | Wha!sap;ﬂ)nly 88660031

d+a° 4+a’
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bi Sub x = —k into

bx* + (12b+1)x* + (12i+b)x +12b =0
We have:

—-bi* +(12b+1)k* —=(12i+b)k +12b=0
—bk® +12bk* —bk +12b=0 ———(1)
and k> -12k=0————(2)

(2) implies

k(k-12)=0

k=0,12

Reject k=0 as b#0 .

bii | px’ +ix+b=0
—i+-1-4p1
2b
x_—li\/1+4bzi

2b

Hence roots are purely imaginary

KIASU=;

ExamPaper ¢

Islandwide Delivery | Whatsapp Only 88660031

biii | Hence
bx’ +(12b+1)x” +(12i+h)x +12b = (x +12)(bx* + cx +b)

www.KiasuExamPaper.com
By compare coeff of x, ¢ =317, using (i):




bx’ +(12b+1)x° + (12i+b)x +12b = (x +12)(bx’ +ix + b)

1+1+4b% | 1—+/1+4b

=b(x+12)(x+ Z—bl)(x +

»

Height of liquid m the eylinder = x —

v =x(25) (x-4)+ %” (25)(4)

= 6.25?2‘(.1’—4)4-?:&‘

o

F =6.257 and d—V=—18

dx dr
dv  dv _dV

—_ X

dr

~18

" 6257
=—0.916 cm/min

4

i——s x=1.6r
4

W‘R’IA@U %@

ExamPaper

:mm efTepoe ry.x‘Nh atsapp Only 88660031

L .3
== 1.6
37" (1.6r)

1.6
_— — ;.'rr';
dV =1.6
d # - JT!" www.KiasuExamPaper.com
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dr _dr _dv

—— —
de dV dt
I S
1.6:r(§)
4
=—2.29 cm/min
C 0 }’2 .
Vol of bowl =7 225/1-—|d
ol of bow » ( 100} y
Vol. of empty space
. v > 1 2
=7 _mzzs{l- 100}1’ —;r(z.s)A(zoj-S:r(z.s) (4)
B
=4293.510 em’ (3 d.p.)
L ]
L]
12i 0.8 2 St
Equation of line through MD : r=|06 |+A| 7 |, A€R 1];11:
0 -1 -
Istandwid| ‘;ﬁ
03
0.4 0.4 W
Equation of line through ND: r=| -0.9 |+ u| 1.65|, AcR | In
0 0.3 (
(

Since lines throu WW%?W'Wersect at D,




08+24=04+0.4u

M:

0.6+74A=-09+1.65u i‘:
-A=03u she
Solving using GC, cul
3,2
B
Substitute 4 =-1.2 into equation of line through MD |
0.8 2 0.56
0.6 .3 7 [=]-0.24
0 > -1 0.12
.. coordinates of D 1s (0.56,-0.24,0.12). (shown)
ii 0 M:
Equation of horizontal ground: r-| 0 [=0 1{2:
I M:
Required angle no!
056\ (0
-0.24 -1 0 ho:
=90° —cos " LD, Oy A
J0.56> +(0.24)* +0.12° VI So
=11.14233567° eq
=11.1° (1d.p.) G
is 1
iii | Given 7(0,0,0.07). M:
08) (04) (04 0.0
NM =|06|-|-09|=|15 .
0 0 0 (
o 0.8 0 0.8 sl
M =(06|—-| 0 |=| 0.6 eq
K ; -0.07 Wr
omarraRel 4105 (1o e
1.5|x| 0.6 |=| 0.028 [=0.01| 2.8
0 -0.07 -0.96 -96

.. equation of p:
-10.5 0.8) (-10.5

r-{ 28 |=|06|| 2.8 [=-6.72 (Shown)
96 0 .Kia_sgg(a Paper.com




iv | Equation of line perpendicular to p passing through D is St
0.56 -10.5 b
r=|-024|+¢| 28 |, teR. no
] res
0.12 -96 Dt
Substitute equation of line into p, -
0.56-10.5¢ -10.5 e
-0.24 +2.8t|-| 2.8 [=-6.72 wh
0.12 -96¢ -96 prc

S 1=000121618712
Qu
Hence ha
0.56 -10.5 0.5472300352 Af
—0.24 |+ 0.00121618712| 2.8 =|-0.2365946761 s.f.
0.12 -96 0.00324603648 it’s
0.547 o
=| —0.237 the
0.00325 An
-, coordinates of G is (0.547,—01237,0.00325). o

v Method 1: [Hence using (0.547,—0.237,0.00325) ]

Required distance DG St
= \J(0.56—0.54723)" +(~0.24— (~0.23659))" +(0.12-0.003246 )’ :ﬁ‘
=0.1174998 So
=0.117 (3s.f) ho
. required distance =117 m ::01
0]

Method 2: [Otherwise using dot product]
0.56 0.8 -0.24

MD=|-024|-|06|=|-084
0.12 0 0.12

RIS e

R e
(-0.24
=[ —0.84 |- 1_%, 1
o1 J(=10.5)* + 2.8 +(-96)’
= 0.1174996006
=0.117 (3s.f)

) ) www.KiasuExamPaper.com
. required distance =1132n




Method 3
-10.5
IDG|=p| 2.8
-96
= 0.001216187124/9334.09
=0.1174996006
=0.117 (3s.f)
. required distance =117 m

KIASU=;

ExamPaper ¢

Islandwide Delivery | Whatsapp Only 88660031

www.KiasuExamPaper.com
322




2019 C2 H2 Prelim P2 Solutions

Solutions

Commen

=g -2}

In genera
part.

Common
1. Fc
m

2. Tt
st

of

2. B¢
nt

gr

1i

To find points of intersection, we solve

= ]3.{1.*( . 3a2|

y=2(x—a)

ie. 2(x—a)’ :|3ax—3a2|
2Ax—a)’ =3ax—-3a’
= 2x’ ~Tax+5a" =0
= (2x—-5a)(x—a)=0

5
> X=—aorx=a

Or 2(x—a) =—(3ax—3a’)————

=2 —ax—a’ =0
= 2x+a)(x—a)=0
1

:}Y———ﬂ or x=a

BIASHRE 2|

Islandwide Deli eylwr atsapp Only BB660031

x<—-2— or x=a or

x>—

www.KiasuExamPaper.com

o Yo Yo

A lot of s
previous §

Majority
thatx=a

The easie
mtercepts
based on
final conc

A lot of s
method tc
directly w
manipulat

Common
la
m
M
lo

2. Sc
Wi
n
fa
T

(

VLY



. a
Replace x with x + 2 A lot

[.r-l-' E)——Saz
2

3ax —F—

] I
2x + %- a) > Pa fepia

2[.7( E)h B
2

a a a a _Sa
e X+ S —— O X+ —= el Xdrug —
2 2 2 .

a
=>x<-a or ng or x=2a

esmj Th]S (
= oy

sin X Stude
‘Jl +2x=¢" detail
dy 1 quest,
\/l+2x—+— cosx ™" :
m Y= credit
dy y eS]l‘l.‘l’
= - = COS X
dx 1+2x +1+2x
= ycosx

=COsX

Islandwidh

x/l+2x(%}+(l+2x)_%
=COos
yl+2x !

lg“t l =cosx (Shown)
Yy dv 1 "l"\zmﬁv KiasuExamPaper.com

324



ii Differentiating again w.r.t. x, Then
] == | s S SN X differ
de* y*ldx) (1+2x)
¥ y ) 1dy
" " dx
vy ity ity oo, ¢ L e
yd' ydede® pdede’ plde)  (1+2x) = a
3 7 2 7 J 2
ydo oy dede oy \dy (1+2x) differ
P 1[_1
Whenx:.(},y:l,d_:o,d{’: ,d_f:_-g dx\ )
dx” dx
The Maclaurin's series for y is
y= l-I—%Jr2 =X +..,
=1+x’ —g—f +...
iii i ghes ! . A lot
integi
= E evalu
24
=().985 (3 s.f.)
. [ " v=0058 iy
= V. the M
0
V1+2x powe
\ powe
appro
answi
expla
good.
E amP§léJr ?@ 2 Dis
ﬁde Delivelyl\'E:alsapp Only 88660031 that x
- witho
The graphs of y= . affect
J1+2x
differ significantly near to x = 1. Hence the 3. Soi
approximation is not good. range
KiasuExamP i
Www.Klasu :;(285m aper.com fol_ ap
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not sr

less tl
good
iv | Replace x with —x Many
sin{-x) e—sin_r 1 series
— — == N CO! €
YT e2x Jl-2x ™ l-2x (ii;m
| 3
& o  ~l+x2+=x
e JVl=2x 2
3i I I - a B E e [n:
£ 1+3i] 2 ary
mi
arg(p)= arg( a ] p
[4+/3i e
=arg(a)- arg(l - \/3:1] e A
4lh
= —E a A
~ 3
i Im 4 o Al
0 Re fOI
X > ve
VE: .
pat i o
VN 2e sh
%
I \ \ L SC
2 v 1 £ du
vl
QR\\ S | e A
" o
"R
The shape is a rhombus.
ii e Sc
IASUSE .
tIa@deDe ryIWha!sappOﬂyB?OOM ar
Sm on
arg(p + ~(—+—)=——
ep+q)=—(5 2z 2) = ‘o
e Sc
ar|
an

www.KiasuExamPaper.com
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e M
fo
»Re e Sc
ar
- a. T
+q|=2x08 =2x—=C0S— =acos—
P+ 2 12
M| For (p+¢)" to be purely imaginary, * Sc
su
n /1 Sz, .. Snm
+q) =(acos—)"[cos(=—=)+isin(———)] |* al
(P+q) =( ) PN Hisin(-)]
Snr
cos(———) =0
s( 12)
Hence the smallest positive integer u 1s 6, as
S
cos(——)=0.
( 2)

KIASU=7¢
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4ai Q = bP , where a, b are constants
d P

When P =2,

OF 8 5k ey w=ib
dr 2

A
4aii d_Pi =
dr

d. P
P 4-P°
_ ok 2R

24-P°
z=—1|n|4—P2|+c
2

~2t=In[4- P?|-2C
In =2C-2

hgellmPaper ﬁ

Islgndwide Delivery | Whatsapf=n Mﬁsoom where 4 = +E
Whent=0,P=4.

A=-12

4-P* =—12¢7"

P’ =4+12e™

WAV ‘=g|:| 1IExamPaber-co




b P Sl
iii 4 in
K N
e in
P=2 lo
‘ cC
| I ar
The population of the bugs will decrease and approach Tl
2000 in the long run. as
St
4b Method 1: Tl
N at
"= N ei
di
& . N
e OF N
dt tr
(du_dv N A
de dr o n;
Substitute into & =4+ E: I
dt t !
d_If - -_—
dr Tl
du _4 of
dr ¢ D
u=4Int+C
% =4Int+C
Whent=1, N=1=C=1,
N=4tInt+1¢

i =

ExamPaper ¢

Iglandwid “eﬁirﬂ'ﬂ'ﬂalsapp Only 88660031

!

N =ut
dNV du
—_—=t+
dr dr
. . dN N
Substitute into — =4+ —:
www} ‘iasu-Exam!Japﬂr.Mm
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dr 1
u=4nt+C

iV--=4In£‘+C
t

Whepge=R N=1= C=1.
N =4tInt+1t

S Let X denote the daily rainfall inmm. X ~ N ( ,u,cr:) St
@) 7
2
In 7 days, X ~ N(,u, %) ps
P(X >98)=
P(Z>93_”]=u1
a
2871 _ 12815516
a
9.8 =1 +1.28155160 - (1)
P(X>82)=0.1
82-u
=0.1
( a/\7 ]
K 12815516
cr/ J_
82 =u+0.48438100 - (2)
Solving (1) and (2),
1=17.22780,0 =2.00710
|25 L 3de) Bhown)
(i) ExamPaper /> ( 2.01° N
b 30 dayss- X 7.22780, —— o
30 A
P(X >k)20.1 th
k <7.6981(5sf) S
dr

.max k =7.6(1dp)

www.KiasuExamPaper.com
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Note: change in inequality sign because for area to be
greater than or equal to 0.1, the value of k£ can be at 7.6974
or to 1its left, 1.e. less than 7.6974 (see diagram below).

RN
.-"’,': T

Possible actual boundary 7.6974
to get area larger than 0.1

6 A
(i) cc
Y A
S - *
; .
i -
a . .
F: ) [ Ep— E— --------------------------------------- -
48 Y e
@) | (x,,),) is (X,) M
Using G.C,
(x,y)= (69,53)
OR
(x;,p,)=
80+84+70+74+58+48 44+40+49+45+ 58+ 82}
' 6
IASYTZE
(iii) !slaMaD livery | hals;:f(ﬂy&&ﬁﬁoﬁ 1r7 ;—_va]uez —0'92386 S(
Model B: y=Ina+bIlnx r-value=-0.96785 :i‘
0
Model C: y=a +bJx  r-value=-095855 be
C
Since |r| for Model B is nearest to 1, Model B is the most | ar
cC

accurate model

wwwrkiastexamraper-com
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(iv) y=Ina+blnx N
ut
By GC, ol
m
Ina=350.11
A
b=-70.469
w
vy=350.11-70.4691n x A
_ ec
When x =60, y=62 marks.
The student is estimated to score 62 marks.

(v) 4x30=120 S«
unreasonable as 120 is not within data range where he
48<x<84 . T

th
ar
th
m
7 Let X and Y denote the length (in inches) of a “footlong™ | A
(i) and a “6-inch” loaf respectively. cC
3 o o Vi
X~N(122,02%), Y N(G.l,(O.IJz_) ) o
P(Y <6)=0.239750 = 0.240(3sf ) 6,
gi

P(X <12)=0.158655=0.159(3sf) < P(Y < 6)
a “6-inch™ loaf more likely to be less than 6 inches. It
pI
St
fu
as
q
(i1) ﬂAgUX_)' 6.1)-12.2=0 !t
in

EXar(aper A= 2/ 0. h/_) +0.2°=0.08

Iflandwide Delivery | Whatsdpp Only 88660031 M
Y, +Y, - X ~N(0,0.08) th
th

P(Y, +Y3>X)=P(YI +Y3—X:>0)=%

www.KiasuExamPaper.com
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(111) Let A denote the number of “6-inch™ sandwiches less than | St
6-inches 1n length 1n a week. Vi
A~B(3,0.239750) w

o1

P(A4<1)=0.855122=0.855(3sf) di
of

sa

&tl

S«

Alternative w
required probability = P(Y < 6)| P( Y>6] x3+[ P( Y>6]] m
“x

=0.23975(1-0.23975) x3+(1-0.23975)" | ¢,

= 0.855(3sf) in

(iv) Let B and C denote the number of “6-inch” sandwiches less | Tl
than 6-inches in length in a 4-week and 3-week period | ct
respectively. fr
B ~B(12,0.239750) and C~B(9,0.239750)

S«
P(A=1)RLC#H>
p(4=1j>4)-2U= NG o
P(B>4)
S«
P(A=1)|1-P(C€3
_P(4=1)[1-P(C£3)] 3
1-P(B<4) m
~0.41571x0.14710 4
0.13721 P
=0.445674 _
=0.446(3sf)
Sq
2
uj
P

8 _;qaml;grp%r &’ > 8! Se

@) uftber ofarrangements= T 3360 e

8 5! M

e 6 —
(a)(ii) Number of arrangements o S (b 1200 e
2

8 Arrange 3 vowels (into a group) M

(a)(iii) 3' _3 es
2 ! www.KiasuExamPaper.com Cr
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Arrange 5 consonants (for slotting)
1

=L =20

3!

Since the ends must be consonants, only the middle 4 slots

can be used for the group to slot. (ie. *C))

Number of arrangements=3x 20 x 4 = 240
OR

Case 1: First and Last ‘L’

3!
' —=
41x 5 72

Case 2: First and last ‘L’ and non-L

Y
2x2x i><i=144
21 2!

Case 3: First and last non- L

13
ZXixi=24
3! 2!

Total.= 24‘0 ways

(b)(i) P(1V) +P(2V) + P(3V)
it 5C3 3C‘| % SC: 3C2 +: sq 3C3
o 8

C-t

2L
70 14

Probability
=1 — P( all consonants)

(5 4 3 2] 13
=]=| =X=X—=X—|=—
8 7 6 5) 14

KIAS g

9 Ianij:v.idi Deliver atsapp Only 88660031
"
C4
5
=1-—
70
13
14
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OR
P(1 vowel) + P(2 vowels) + P(3 vowels)

8x7x6x5 3' 8x7x6x5 2121 8x7x6x5 3!
13

3x5x4x3 4" 3x2x5x4 4! 3x2xIx5 4!
X + X —

14
8 M
(b)) 3 vy di
: V<
v . €
< Ly
5
: C <
-l o
2 V
s 3 V<
5 B : BC
4 L
A¢
: ‘55
Probability
=P(VCC)+P(CVC)+P(CCV)+P(CCC)
354534543543
=E=X=X—F =X —=X—F+ =X —X i —X 2K —
8 8 7 8 7 7 8 7 6 8.7 6
_505
784
=0.644
9(i) Using GC, G
St
Unbiased  estimate  of  population mean  is | a
x =949.84 (2 d.p.) »
Unbiased estimate of population variance 1is %:
57 =131634"=1.73 (2d.p.) A
st
Note: If student write ;1 =949.84 or 1.
KJ[ ASUL§3 , annotate but do not deduct. g¢
ExamPaper ¢
Iflandwide Delivery | Whatsapp Only 88660031
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Vi
(1
(1
fo
N
)7
, ... |Let X be the volume of shower gel dispensed by the Ei
(a) (ii) : ar
machine. M
Let i denote the population mean volume of shower gel | (4
dispensed by the machine. de
s (o2 ‘s
X~N ,u,s—J approx. by Central Limit Theorem. 3
n

: , of
X ~N| 950, ""—J =
\ n th
ABlere .
amPap9s0/ o

dlandwide Delivery | Whatsapp Only 88660031
9 R
(a)(iii) | Under Ho, using GC, m
fa
p—value=0.13474 = 0.135 st
cC

www.KiasuExamPaper.com
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mean 1s actually 950.

The p - value 1s the probability of the sample mean volume
of shower gel in a bottle is as extreme as 949.84 when the

o & =

m
M
th
cc
S«
th
w
of
hy
st
p-
cC

9 Since we reject Ho, B

(a)@v) di

p—value<a /100 e
uj
a =213.476 St
{aeR:13.5<a <100} fn
rQ
th

I(b) Let Y be the volume of shower gel dispensed by the g}

machine after recalibration.
1.
Let x denote the population mean volume of refill )
dispensed by the machine. t{;
Y ~ N(,u,iJ approx. by Central Limit Theorem R
n as

Ho: =250

KIASU= )
RIASU=7E;_, ;
IF Tesh Statistic: / -

Iflandwide Delivery | Whatsapp Only 88660031 5
N‘H

Level of significance: 1%

Reject Hoif p —value <0.01

www.KiasuExamPaper.com

o0/



9.5- -
249.5-250 _ 5 5758293 or 2229-250 5 5 5758293 (NA)

VA VAT

0<—e<0.19411

J50

0<s<1.3726

2
0< L k—(_z—s) <1.3726°
49 50

125 < k<1048

9(c)

There 1s no need for the floor supervisor to assume the
volume of shower gel follow a normal distribution as the
sample sizes in both part (a) and (b) are large. The sample
mean volume of shower gel can be approximated to
follow a normal distribution by Central Limit Theorem.

10
()

§IASl &L

£X

landwide Delivery | Wha.say Only 8BGEA031

Let S denote the amount won by a player in one game.
Under option A,

(A
=(1+2+3+4)G]

5
=—=32.50
2

Under option B, the winning amount for each combination
is listed below:

amPape¢w 1 2 3 4

0 4 6 8
-1 0 12 16
-1 0 24
-3 -2 -1 0

o | | B =
1
2

www.KiasuExamPaper.com
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| ca
E(Wg)z(g][4+6+12+8+16+24 o
-1-2-3-1-2-1] It
=(l [70-10] =
16 ax
0
15
=—=83.75
4
Since E(W,)>E(W,), option B is better. (shown)

(11) Option 4 is a “sure win” option where the player would | G
definitely gain a positive amount in all cases, whereas
option B has a risk of losing money in some cases.

(iii) , : ,(1 15 G
E(W, )= +2°+3 +4° )| — |=—

, Tl
Var(W,)=E(W 2)-[E(W)] = E-(i] =2 _1.25(shown) | St
) ) ) 2 \2 - cC
(1v) Let 4 and B denote the total amount won by Abel and | A
Benson respectively. w
Vi
A=Wy + W, +-+W,q dr
Since n =50 1s large, by Central Limit Theorem, E
5 5
A~N 50(—} ,50[—} approximately
2 -+ Tl
. 125 ar
ie. A~ N[IES,T] of
ar
B =Wy +Wp, +---+ Wy 0

15 887
B~ N[SO(?J ,SOEED approximately by Central

Limit Theorem since n=150 is large

Sy

Iflandwide Delivery | Whatsapp Only 88660031
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v)

A-B~ N[IZS-
2’

375 125 22175

2 8

)5 N[_g 22675)

2’ 8

>B)=P(A-B>0)

=0.120207

60.120(351*)

)

at

p1

=8 2 »

O

KIASU=; §E

ExamPaper

ide Delivery | What:

p Only 88660031

www.KiasuExamPaper.com
340

-5



JURONG PIONEER JUNIOR COLLEGE
JC2 Preliminary Examination 2019

MATHEMATICS 9758/01
Higher 2 18 September 2019
Paper 1 3 hours
(i) The first four terms of a sequence are given by u, =—-13, u, =-12.8, u, =1.8 and

u, =38. Given that u, is a cubic polynomial in m, find u,, in terms of m. [3]

(ii)  Find the range of values of m for which u, is greater than 2000. [2]

(a) Express y= 3x-1 in the form y = A+iz, where A and B are constants to be

1

found. Hence, state a sequence of transformations that transforms the graph of y =—

X

to the graph of y = x-1 [4]

X=2
(b) It is given that g(Xx) = X" —2x+2. Sketch the graph of y = g(|x ), stating clearly the

coordinates of any turning points and axial intercepts. Find numerically, the volume
of revolution when the region bounded by the curve y = g(|x|) and the liney =51s

rotated completely about the x-axis. [5]

Referred to an origin O, the points A and B are such that OA=a and OB =b. The point C is
such that OACB is a parallelogram. The point D is on BC such that BD =ABC and
the point E is on AC such that AE = ,uﬁ , where 4 and u are positive constants. The
area of triangle ODE is k times the area of triangle OCE.

(@)
(i)

By finding the area of triangle ODE and OCE in terms of a and b, find K in terms of

M and A. [6]

The point F is on OC and ED such that OF : FC =6:1 and DF : FE=3:4. By

finding the values of A and u, calculate the value of k. [3]
X*+5

The curve C has equation y = .

(@)

(i)

(iii)

X—2

Prove, using an algebraic method, that C cannot lie between two values to be
determined. [4]

Sketch C, showing clearly the equations of any asymptotes and coordinates of any
turning points and axial intercepts. [4]

By adding a suitable graph to your sketch in (ii), deduce the range of values of h
for which the equation

(0 +5) + (r1) (x-2) =1 (x-2)°

has at least one positive real root. [3]

[Turn over
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2

Do not use a graphing calculator in answering this question.

(@)

(b)

(i) It is given that w, = —3++/51. Find the value of W', showing clearly how
you obtain your answer. [2]
(ii)  Given that -3+ V51 is aroot of the equation
AW’ + pw’ +qw—14=0,
using your result in (i) , find the values of the real numbers p and q. [3]

(iii)  For these values of p and g, find the other two roots of the equation in part (ii).

[3]

It is given that z = ~1-+/3i.

. Lz o
Find the set of values of n for which — is purely imaginary. [4]
Z

The function f'is defined for all real x by

(@)
(i)

(iii)

@iv)

f(x)=e™-9¢™.
Show that f'(x)> 0 for all x. [2]
Show that the set of values of X for which the graph y =f(X) is concave upward is

the same as the set of values of X for which f(x)>0, and find this set of values of X,

in the form of KIn3, where K is a constant to be found. [3]

Sketch the graph of y =1 (X), showing clearly any points of intersections with the

It is given that

axes. [2]
Hence, find the exact value of I02|ezx —9¢ ¥ |dx. [4]
£(x)= 4a> —x°, for 0 < X <2a,
- 2a(x—2a), for2a<x<4a,

and that f(x)=f(x+4a) for all real values of X, where a is a positive real constant.

(@)
(ii)

Evaluate f(2019a) in terms of a. [1]
Sketch the graph of y = f(X) for -3a<x<5a. [3]

The function g is defined by

(iii)
(iv)

)

g:xn—>\/4a2—(x—2a)z, 2a<x<4a.

Determine whether the composite function gf exists, justifying your answer. [1]
Give, in terms of a, a definition of fg. [2]
Given that (fg)f1 27) = %a , find the exact value of a. 2]
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(@

(i)
(iii)

Find
(a)
(b)
(c

N’

()

Fig.1

Fig.2
Fig. 1 shows a metal sheet, ABC, in the form of an equilateral triangle of side 4a cm. A kite
shape is cut from each corner, to give the shape as shown in Fig. 2. The remaining metal sheet
shown in Fig. 2 is bent along the dotted lines, to form an open triangular prism of height p cm
shown in Fig. 3.

Fig.3

2
Show that the volume of the prism is given by V = V3 p (2a NE) p) cm’ .

[3]

Without using a calculator, find in terms of a, the exact value of p that gives a
stationary value of V, and explain why there is only one answer.
The prism is used by a housewife as a mould for making a dessert. To make the dessert,

[6]

The housewife has to fill up % of the mould with coconut milk. The cost of coconut

milk is 0.4 cents per cm’. What is the exact maximum cost in terms of a she needs to
pay for the coconut milk?

1
eX
J. dx,
X

I cos kx cos (k + 2) xdx, where K is a positive constant,

J- Xtan™ (3x)dx.

[3]

2]
2]
[6]

The Deep Space spacecraft launched in October 1998 used an ion engine to travel from
Earth to the Comet Borrelly. The average speed of the spacecraft in October 1998 was
44 000 km/hr. The monthly average speed, v, of the spacecraft in month n based on

its first 5 months of operation was given by:

Month, n

1

2

3

4

Average speed, v,

44 000

44335

44 670

45 005

45 340

Assume that v, follows the same increment for the rest of its flight.

(i)  State a general formula for v, in terms of n.

[1]

(ii)  In which month and year did the average speed of the spacecraft first exceed

53 500 km/hr ?
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(b)

(iii)  Assume that there are 30 days per month. It is known that the total distance

travelled by the spacecraft from Earth is given by D" (v,T) where T is the time

r=1

taken, in hours, by the spacecraft to travel in one month. Given that the
spacecraft travelled from Earth continuously for 3 years to reach
Comet Borrelly, find the total distance that it travelled. [3]

Dermontt’s Law is an empirical formula for the orbital period of major satellites
orbiting planets in the solar system. It is represented by the equation T, =T,C" , where
T_is the orbital period, in days, of the (n + 1) satellite and C is a constant associated

with the satellite system in question. It is known that the planet Jupiter has 67 satellites.
The orbital period of its first satellite is 0.44 days and C = 2.03.

(i) Find the longest orbital period of a satellite of Jupiter. [2]
(ii) Find the largest value of n for which the total orbital periods of the first

n satellites of Jupiter is within 5x 10° days of the orbital period of the
20™ satellite of Jupiter. [3]

www.KiasuExamPaper.com
345



JURONG PIONEER JUNIOR COLLEGE
JC2 Preliminary Examination 2019

MATHEMATICS 9758/02

Section A : Pure Mathematics [40 Marks]

. 3 S
1 A sequence a,, a,, a,,...1s givenby a, = 3 and a,,, =a,+3"—n for n>0.By considering
n-1
(a,.,—a,), find a formula for a, in terms of n. [5]
r=0
2 In this question, you may use expansions from the List of Formula (MF26).
(a) (i) Find the Maclaurin expansion of In(cos 3X) in ascending powers of X, up to and

including the term in X°. [5]

(ii)  Hence, state the Maclaurin expansion of tan 3X, up to and including the term in

X [2]
tan X
(b)  Given that X is sufficiently small, find the series expansion of ( )2 in ascending
2+X
powers of X, up to and including the term in X’ . [3]
3 A curve C has parametric equations X =4sin2t, y =4cos2t, where 0 <t < %
(i) Sketch C. (2]
(ii)  State the exact value(s) of t at the point(s) where the tangent(s) to C are parallel to the
(a) y-axis,
(b)  x-axis. [2]
(iii) P is a point on C where the normal at P is parallel to the line y = 3X—2. Find the
equation of the tangent at P, in the form ofy = %(b - X) , where a and b are the
constants to be determined. [3]
(iv)  Find the exact area bounded by C, the tangent at P and the axes. [2]
2
4 A differential equation is given by 2u® j )2(+4uj—x= 15u+12 where x=0 and j—le
u u u

. L dx . .
when u=1. By differentiating uzd_ with respect to U, show that the solution of the
u

) . L b
differential equation is given by x =au+—+cf(u)+d, where a, b, ¢ and d are constants to be
u

determined and f(u) is a function in U to be found. [6]
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1 1 2
The plane p has equation r=| O [+A|2 |+u| 3 |, and the line | has equation
-3 0 -4
-10 8
r=| 0 |+t| -4 |, where A, u and t are parameters.
4 1

(i) Show that | is perpendicular to p and find the values of A, u# and t which give the
coordinates of the point at which | and p intersect. [5]

(ii)  Find the cartesian equations of the planes such that the perpendicular distance from
each plane to p is 2. [5]

Section B : Statistics [60 Marks]

On average, 35% of the boxes of Brand A cereal contain a voucher. Brandon buys one box of
cereal each week. The number of vouchers he obtains is denoted by X.

(i) State, in context, two conditions needed for X to be well modelled by a binomial
distribution. [2]

Assume now that X has a binomial distribution. In order to claim a free gift, 8 vouchers are
required. Find the probability that Brandon

(ii)  obtains at most 3 vouchers in 9 weeks, [1]
(iii)  will be able to claim a free gift only in the 10™ week. [2]

100p % of the boxes of Brand B cereal contain a voucher. Brandon also buys a box of Brand
B cereal each week for 10 weeks. Given that the probability that Brandon obtains at most 1
voucher in ten weeks is 0.4845, write down an equation in terms of p and hence, find the value
of p. [2]
A company sells peanut butter in jars. Each jar is labelled as containing m grams of peanut
butter on average. A consumer group suspects that the average mass of peanut butter in a jar
is overstated. To test this suspicion, the consumer group checks a random sample of 50 jars
and the mass of peanut butter per jar, X grams, are summarized by
Y (x—390) =120 and > (x—=390)* =3100.
The consumer group uses the above data to carry out a test at the 2% level of significance.
The result leads the consumer group to conclude that the company has overstated the average
mass of peanut butter in a jar.
(i) Explain why the consumer group is able to carry out a hypothesis test without
knowing anything about the distribution of the mass of the peanut butter of the
jars. [1]

(ii)  Find the least possible value of m, to the nearest gram that leads to the result of the
hypothesis test as stated above. [7]
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3

(a) Find the number of different 6-digit numbers that can be formed from the digits
0,2,4,5, 6 and 8, if no digit is repeated and the numbers formed are divisible by 5.

[2]
(b) Find how many 4-letter code words can be formed from the letters of the word
DIFFERENT. [4]

In this question you should state the parameters of any distributions that you use.

The masses of Grade A and Grade B strawberries are normally distributed with mean 18 grams
and 12 grams respectively and standard deviation 3 grams and 2 grams respectively.

(i) Find the probability that a randomly chosen Grade A strawberry has mass between 17
and 20 grams. [1]

(ii) Any Grade B strawberry that weighs less than m grams will be downgraded to
Grade C. Given that there is a probability of at least 0.955 that a Grade B strawberry
will not be downgraded to Grade C, find the greatest value of m. [2]

Grade A strawberries are packed into bags of 12 while Grade B strawberries are packed into
bags of 15.

(iii) Find the probability that a bag of Grade A strawberries weighs more than a bag of
Grade B strawberries. [3]

(iv)  State an assumption needed for your calculation in part (iii). [1]

At a particular booth in a funfair, Kathryn is given some boxes which are arranged in the
layout as shown below.

4 rows

A
v

n columns

Each box contains a numbered card. One card is numbered ‘4°, three cards are numbered ‘2°,
and the rest of the cards are numbered ‘1°. All the boxes are closed initially and Kathryn is
required to open 2 different boxes. Her score is the sum of the numbers obtained.

If she scores more than 4, she wins $10. If she scores less than 4, she loses $2. If she scores 4,
she does not win anything. The random variable W is her winnings after one game.

(i) Show that P(W =10)= 2L : [2]
n
(ii) Given that P(W =10) =% , find the value of n. Hence, find the probability
distribution of W. [4]
(iii)  Find E(W) and Var(W). Explain whether Kathryn should play the game. [4]

50 other participants play the game. Find the probability that the mean winnings is at most $1.
2]
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12

[Leave your answers in fraction|

The events A and B are such that P(AB) = %, P(BIA) = % and PAAUB) = %

Find the exact values of
(i PANB), [3]

(i) P(A’'nB). [2]
For a third event C, it is given that P(C) = % and that A and C are independent.

(iii) Find P(A’'n C). [2]
(iv)  Hence state an inequality satisfied by P(A’n B n C). [1]
As part of a medical research on diabetes, a team of researchers conducts a study to
investigate the amount of glucose y, measured to the nearest 0.5 mg/dl, present in human
bodies at different age X, measured in years. The results are given in the table.

X 20 28 36 44 52 60 68 76

y 86.0 90.5 94.5 97.5 | 100.0 | 105.0 | 103.5 | 104.0

(i) Calculate the product moment correlation coefficient between x and y and explain
whether your answer suggests that a linear model is appropriate. (2]
(ii) Draw a scatter diagram for the data, labelling the axes clearly. [1

One of the values of y appears to be incorrect.
(iii)  Circle the corresponding point on your diagram and label it P. [1]
For part (iv) and (v) of this question, you should omit P.

(iv)  Explain from your scatter diagram why the relationship between x and y should not
be modelled by an equation of the formy =ax+b. [1]
(v)  Suppose that the relationship between X and y is modelled by an equation of the
form y=c+dInx , where ¢ and d are constants. Find the product moment

correlation coefficient between y and In X and the constants ¢ and d. [2]
Assume that the value of x at P is correct.
(vi)  Use the model y =c+dInx, with the values of ¢ and d found in (v) to estimate the

correct value of y at P, giving your answer to the nearest 0.5 mg/dl. Explain why you
would expect this estimate to be reliable. [2]

(vii)  If the correct value of y at P is used, the 8 data points may be fitted by the model
y=43.942+14.0791In x . Find the correct value of y at P, giving your answer to

the nearest 0.5 mg/dl. [3]
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Jurong Pioneer Junior College
H2 Mathematics Preliminary Exam P1 Solution

QI
()

Let u_ =am’+bm’*+cm+d
ur=at+tb+c+d=-13
uz=8a+4b+2c+d=-12.8
u3=27a+9% +3c+d=1.8

u, =64a+16b+4c+d =38

Using GC,a=1.2,b=0,c=-8.2,d= -6
u, =1.2m*-8.2m-6

(ii)
u,, > 2000
Lety = 1.2m> —8.2m—6—2000

¥i=1.24*-8.2H-6-2008

”

ro
12.068663 Y=o

2&
H=

From GC graphing , m > 12.06
m > 13 where m is an integer

Or : From GC table,

0 0 1]
OF & Th ]

* ¥4
~1897
=1796
-1652
1457
-1268
=888
439
=30.8
523.8
1172
1921

m > 13 where m is an integer

www.KiasuExamPaper.com
351



Or : GC poly root finder

m> 12.06 1206
m > 13 where m is an integer

Q2

(2)
3x—1 5
y= =3+——
X=2 X—=2
- Translation of 2 units in the positive X direction.
- Scaling parallel to the y-axis by a scale factor of 5.

- Translation of 3 units in the positive y direction.

(b) VA
y = g(x])
\ / y=5
0,2)
(_17 1) (1, 1)
- 5 3 > X
Volume Note -
- 2[77(5)2 (3) —ﬂj:(xz —2X+ 2)2 dx} Cannot use
— 2 3 5 2
=373(3sf) 7(5)°(6)—7[ (X’ —2x+2) dx
or Cannot use
Volume 2 3 2
7(5)"(6) == [ (X —2[+2) dx if
3 2 -
= ”(5)2 (6)- ”L(|X|2 —2[x|+ 2) dx question ask for exact.
=373(3Sf) S
Q3 U= A M _E C
O by g e"ide Dover Wnatsa Ony 3356005
O_E.za-i-,ub
area of triangle OCE a D
:l|ﬁ><§| 2
2
0 b B
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1
:5|(a+b)x(1—,u)b|
:I_Tﬂ|a><b| since 0< <1
area of triangle ODE
-~ |oBx0E]
= %|(b+/1a)x(a+,ub)|
=%|(bxa)+lu(axb)|

:%|(b><a)—/1y(b><a)|
LAy
2

1-Au
2
area of triangle ODE =k (area of triangle OCE )

M|a><b|=k(1_—’uj|a><b|
2 2

1-Au=k(1-p)
k= 1zAu
1—u

laxb| since 0< <1 and 0<A<1

(i)
Given OF :FC =6:1 and DF : FE=3:4.
By Ratio Theorem,

OF — 30E 47—4OD

6

[4(b+4a)]

7(a+b) =%[3(a+,ub)}+

3
4

3|~

a: 6=3+41=> 4=

Note :

- explanation 0 < # <1 and 0 < A <1should be
seen.

- For area, must have modulus if written as
Ap—land pu—1 .1ie |/”L,u—1 ,u—1| .

3

- For k, if written ask = ‘ll_ﬂ , must proceed to
—u

1-u
1—p
or

k

k= —[1_lﬂj(rejected ask>0)
1—p
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Q4
(@)

2
Consider y = X+S

and the line y =K.

x> +5

X—2
kx—2k = x* +5
x> —kx+2k+5=0

2

Fory = X“+5

k =

and the line y =k not to intersect,

k?-4(2k +5)<0

k? -8k —20<0 n _ n
(k-10)(k+2)<0 :
—2<k<10 -2 10
-2<y<10

C cannot lie between —2 and 10.

(ii) di

0,—2.55;]
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(iii) :
(x2+5) +(x+1)2(x—2)2:h2(x—2)2
(x2+5)2
(x-2)

y2+(x+l)

+(x+1)2:h2

2_p2
Consider distance from centre of circle to y-intercept of C

Ihi=y/(~1-0)’ +(0~(-25)) =%\/§ or 2.69
29

h? >~
4
h < —%\/E or h> %\/ﬁ
Q5
(a)()

w’ = (—3 + \/51)3
(37 330 ((V3)1 )+ 3B +((45))

=-27+27J5i+45-55i
=18+22+/5i

(ii)

Since W, = —3++/51 is a root,

4w’ + pw’ +qw, —14=0

4(18+2251)+ p(-3+51) +q(-3++51)-14=0
418 +224/51) + p(9—6\/§i—5)+q(—3+\/§i)—14:0
72+4p—3q—14+(88x/§—6\/§p+x/§q)i:0

Comparing real and imaginary parts,
4p-39+58=0 --—--—--- (1)

88\6—6\BP+KQIASU":%

-.88—6p+0q=b=xa24pyaper J

Islandwide Delivery | Whatsapp Only 88660031

(2)x3:264—18p+3q =0 —(3)

Solving (1) and (3) , 14 p=322
p=23,q9=>50.
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(iii)
Since W, =-3+ Jsiisa root, and polynomial equation has real coeffcients, w,” = —3— J5iis
also a root.

4w +23w + S0W—14 = (w—(-3+5i))(w—(-3-+51)) g (w)
((w+) )((W+3)—\/§i)g(w)
(w3 (¥51) Ja(w)

=

W’ +6wW+14)(4w-1)

When 4w’ +23wW* +50w—-14=0,

) 1
Therefore, other two roots are —3 — J5iand R

% 3 g7r(n-¢-1)i
L 27 _gnet b (cos(%n(n+1)J+isin(%7z(n+l)jj
3

2"e
A . 2
Z—nls 1maginary: cos gﬂ(n+l) =0 Note -
2k +1 ine i
g”(n+1) _ ( )7[’ where k e Z Cosine is zzro whsen
3 o=+2 +27 +27 .
3k 1 272772
2 4 +1,+2,43,...... odd number

Q6
()
f(x) =e” —9¢*

2e2X+1K
Smce e >0 anidye; i—l X =2e*+18¢** >0 for all X.

Islandwide Delivery | Whatsapp Only BB660031
(ii)
£7(x) = 4e™ —36¢ ™
For y =f(X) to be concave upward, f"(x)=4e™ -36e* >0= ¢ -9¢™* >0 ~(1)
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For f(x)>0, ¢®—9¢™ >0 which is the same as (1) (Shown)

e —9¢* >0
e -9>0

e >9

x>lm9=lm3
4 2

(iii)

(iv)
j:|ezx —~9e ™

Ln3 2
= —Iz e’ —9¢ " dx +.[ e?* —9e2* dx
0 %lnS

LIn3 2
- _ 1 2x+ge—2x + 162x+26—2x
2 2 0 2 1ln3

__ l 2(41n3) 9 11n3) 200 )|, lez(z)+2e
1\ 2 2 2 2
__|32 _l__ l a2 4_3_2 !
| 2 2 2 2 2\3

dx

L +ge4‘

27 2
Q7 KIASU=;
(i) anmPaper %

Since (X)="f(¥¥4aY," o Ol 8800051
f(2019a)=f(3 )=2a(3a_2a)=2a2
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(i)

( —3a,3a2)

-3a 2a @) 2a da S5a x

(i)
Since R, = [0,4a2] D, =(2a,4a), gf does not exist.

(iv) Please note that g(2a) = 0, g(4a) = 2a, so f takes 0 to 2a
2
fg(x) = 42 _( 42> —(x-2a) ) ~(x-2a)

fg:XH(X—Za)z, 2a<x<4a,

v)
(fg) ' (27)= %a

7
fg| —a |=27
g(z )
2
(Za—Zaj =27
2

Oar=27
4

a’=12
a:i2\/§

Since a>0 , a:2f

KIASU'=:

ExamPaper %

wvide Delivery | Whatsag a8 1
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Since ABC is an equilateral triangle, Z/ABC = Z/BCA = ZCAB = 60°

=3p

length of BD = length of CE = P 5
tan 30

Thusy = 4a—2/3p

N | —

Volume of the prism, V = [ y’ sin 600j

N | —

4a— 2fp) ><—><p
p(4a—2\/§p)
(2) (2a-3p)

p
(Za x/ip)zcm3 (Shown)

%

|§‘ Il

(i)
B A2 2382038 )

=433’ —12ap+3/3p*> —12ap + 6/3p°
=9/3p? —24ap + 4/3a°

dp [\%\ _

93 p> —24ap +|Zn/§aJFF J

(- 24a)+\/(—24a) —4(9f 3)(4v3a’

w_o

b= 2(93)
_24at+l144a’ 2a 2a
TN N AN
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When p=2—, y=4a—2x@(—]=4a—§a=§a>o

3 33
When p=2—a,y=4a—2ﬁ 28 | _4a—da-= 0 (NAas y=0)
3 NG
Or
2 2
2a 2a a 2a 2a 32
When p=——,V =3 == || 2a-/3| == =—(2a——] =22a’>0
P73 (3\/5][ 3\/§D 3 3) 27
2
When p=%,V=\B(%j(za—\/§(2—§D =2a(2a-2a) =0 (NAasV #0)
Therefore, p —32%= 2\/936‘
(iii)
v —9fp —24ap+4fa
dp
2
dr:/ =18/3p-24a
2a Zfa
When p = =183 24a=12a-24a=-12a<0(ma
RN A dp (J—j fme)

2a  23a

Hence, V is maximum when p = 7 = 5

2
Maximum volume of the prism = ? p (4a - 2\/§p) = %éﬁ cm’
3 of the maximum volume = 332, a’=—-a cm’
4 4 27 9

. . 16
Maximum cost that the housewife has to pay = §a3 x0.4 =4—5 a’ cents.

9
(a)

= RIASU=

=—c' HxamPaper /

Islandwide Delivery | Whatsapp Only 88660031
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(b)
I coskxoos(k+2)xdx=%.[ 2cos(k +2) xcos kxdx

:%J. [cos(2k +2) X+ cos 2X]dx

:l[sm(2k+2)x +sin2x}_c

dv

— =X

dx

v=lx2
2

2 2k +2 2
(c)
jxtan"(3x)dx e (3
— % tan” (3%)-3 [ 1+X92X2 dx N ) an3 S
:%xztan1(3x)—%_[ 1_1+19x2 dx X 149%°
:%x2 tan"1(3x)—%'|. 1dx+%J' _

9(1+x2j
9

=%X2 tan” (3X)—%X+%tan1 (3x)+C

Q10
(@)@
Using AP, v, =44 000+ (n—1)(335)= 43665 + 335n

(i)
Using v, > 53 500
43665 +335n> 53 500
n>29.358
least n =30
Average speed of 53 500 km/hr was reached in March 2001.

(iii)
T = 1 month = 30(24) hours = 720 hours , 3 years = 36 months

Distance = 720 6‘M3§@= 1292 436 000 km
xamPaper

(b)(i) Islandwide Delivery | Whatsapp Only 88660031

GP: 0.44,0.44(2.03), 0.44(2.03), .........

longest orbital period = 0.44(2.03)% = 8.67 x 10'° days
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(i)
S, —0.44(2.03)"| < 5x10°

w—o.mzm)” <5x10°
2.03-1

Using GC (table) , largest n =23

OR:
0.44(2.03" 1)

—5x10° < —0.44(2.03)" <5x10°

s 0.44(2.03") .
5x10°+306110.3422 < —= = <5x10° +306110.3422

0.44(2.03“) 0.44(2.03”)

Since is always positive, <5x10°+306110.3422

Solving, n <23.0707
largest n =23
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Jurong Pioneer Junior College

H2 Mathematics
Preliminary Exam P2 Solution

Q1
a,,=a,+3"—n
n-1 n-1
(ar+1 —a, ) = 2(31’ - r)
r=0 r=0
n-I n-1
=>»3->r
r=0 r=0

2

3\\%@

e

+\i\

13"=1) (n-Dn
4_ELQ:;zii::?\3 = 31 -

3 @"-1) (n=Dn

2 2

B (3"-) (n-Dn
an_a0+ 2 2

23 1.3 (n=Dn

5 2 2 2
:L+3__(n—1)n
10 2 2

a,—q, =

Q2
(@)()

In(cos3X) = ln[l _B0° + (3x)" (3%’

2! 4!

i
=X+
z(—%xz-kﬂx“ 81 6)— 2

8 80

2y 27, 81 6) 1081,

(a)(ii)

JC2-2019

’ér/
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Differentiating wrt X,

3N _ox —27x ~H86 s
cos3X 5

—3tan3x ~ —9x —27X3—¥ x’

tan3X ~3X +9x° +%x5

Q3 y
. A
(i) 0,4)
\ —» X
O (4,0)
(ii)
X =4sin 2t y =4cos2t
%:8cos2t ﬂ:—851n2t
dx Exampaper /

(a) For tangents parallel o y- ax1§”(“ﬂ 1s undeﬁned) 2t = 3 =>t= Z

(b) For tangent parallel to X-axis (d— =0):2t=0=>1t=0
X
(iii)
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Given that gradient of tangent = _ L

NE]

—tan 2t = — !

ﬁa

Vd : /4 Vs
When t=—,X=4sin2| — |=2, y=4cos2| — |=2+3
12 (12} y (12) V3

Equation of tangent at P(2, 23 ):

A
y_2\/_— \/g(x 2)
y:—gx+§f:?(8—x),where a=+3,b=8.
(iv)
83

When x =0, y:T . When y=0, x=8

Required area
= Area of the triangle — Area of the quadrant of the circle

NG

_*N3 e LY
= S (8-%) de—x(4)

y4

(0,4)

055)
o

= (%xgx%]_lﬂH)Z: L%—MzJ units >

3 4 3

Q4

2
i[uzd—x}:u2 d )2(+2u%
du du du du
L X, d d {uzg

~+4u—=15u+12 becomes 2—
du du dul du

2u }: 15u+12

Thus uzd—:lj15u+12 du
d 2

+12U:|+C

2
uzﬁ:l[lsu +12u}—? :

du 2| 2
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dx _ 1[1_5 12} 35

du 202 ul 4?

Il 15 12 35
== —+—|-—= du
212 u 4u?

= Eu+61n|u|+3—5+ D
4u

X=0 whenu=1
S pD=_25
. D= 5

x=1—5u+61 |u|+3—5—§
4 4u 2

Q5

(@
Method 1
8 1

—4|e|2|=8-8+0=0
1) Lo

8) (2
—4|e| 3 |=16-12-4=0
1) |4

Since direction vector of | is perpendicular to two vectors parallel to p, | is perpendicular to p.

Method 2
1 2 -8 8
2 x| 3 |=| 4 |=—| 4| which is parallel to |
0) (-4 -1 1

| is perpendicular to p.

1
-3

ExamPaper /

Islandwide Delivery | Whatsapp Only 88660031

X: 1+ A+2u=-10+8t=> A+2u-8t=-11 (1)
y: 2A+3u=-4H=22A+3u+4t=0 (2)
Z: B-4u=4+t=-A4u-t=7 3)

A=1, u=-2, t=1
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(i)
Method 1
8 1 8
Equationofpis re| —4 |=| 0 [e| -4 |=5
1 -3 1
8
Let the equations of the required planes be re| —4 |=d
1

Given distance between p and planes = 2

jd -]
el )
9
d-5|=18
d-5=18 or d-5=-18
d=23 or d=-13

Cartesian equations of the required planes are
8X—4y+2=23 and 8x-4y+z=-13

Method 2
8 1 8
Equation of pis re| -4 |=| 0 |e| -4 |=5
1 -3 1
| 8
re—| —4|= Bl
9 9
1
Equations of the required planes are
8 8
rol —4 :§+2 and rol —4 :2—2
9 9 9
1 1
8 8
rel —4|=23 and re|l—4|=-13
1 1

Cartesian equations of the required planes are

8x—4y+z=23 a {___.;8/\? —HAyzE= r_13_
,"%\ J A:?@
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Method 3

Let a point on the required planes be (X, Y, Z) .

Consider point (1,0,-3) on p.
. . (x,5.2)
Given distance between p and planes = 2 /
(x) (1 8 8
1 yi=| 0 [|e|-4]|=2 -4
9
z -3 1 1 p i u
P 1,0,-3)
. x—1 8
— —4 =2
9 Y
Z+3 1

8x—8—4y+z+3|=18
8x—4y+z-5|=18
8X—4y+z-5=18 or 8X—4y+z-5=-18

Cartesian equations of the required planes are
8X—4y+2=23 and 8x—-4y+z=-13

Qo6

0)

Whether a box contains voucher is independent of any other boxes.
The probability of a box containing a voucher is constant.

(iii)
Let X be the number of vouchers obtained out of 9 boxes of Brand A cereal
X ~B(9,0.35)

P(X <3)=0.60889 ~ 0.609
(iii)
Required probability = P( X =7)x0.35=0.0034251~ 0.00343

Alternative
Required probability = °C, (0.35)" (0.65)" = 0.0034251 ~ 0.00343

Let W be the number of vouchers obtained out of 10 boxes of Brand B cereal
W ~B(10, p)

P(W < 1) =0.4845
10 o 11 A COF ]
0(1_ T 2 -
(ij (1-p) +ﬂ 1..};3.. (lp L

(1- p)w;i?@{"p

p=0.16667~0.167
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Q7
()

Central Limit Theorem states that sample means will follow a normal distribution approximately
when sample size is big enough.

(i)
Y (x—390)=120 and ¥ (Xx—390)> =3100
x=120 3003924

50

2
s? L 3100—120 =57.3877551~57.388
50—1 50

Hy:pg=mvs H :pp<m
57.388

Since n = 50 is large, by Central Limit Theorem, X ~ N(m, ) approximately

Level of significance: 2%

Critical region: Reject H, when z <-2.0537
Consider w <-2.0537 ‘(J\
57.388 50537
V' 50 o

m>394.6 (5s.f)
The least possible value of m is 395grams.

QS
(a)

Case 1: Last digitis 5

[ {2:4.6.8} | | | | 5y |
Number of different 6-digit numbers = 4x4! =96

Case 2: Last digitis 0

(124568} | | | | [0y
Number of different 6-digit numbers = 5! =120

". Required number of different 6-digit numbers = 96 + 120 =216

(b)
Case 1: All letters are different.
Number of 4-letter code words = "C, x4!=840

Case 2: One pair of repeated letters.

Number of4 161 dodé _wcsxqgsﬂg x °C, >< =360
Case 3: Two pairs e¥ ep ted lefters % %

Number of 4. letter code Words =—=6

212!
*. Total number of 4-letter code words = 840 + 360 + 6 = 1206
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Q9

(i)

Let A be the mass of a Grade A strawberry
A~N(18,3%)

P(17 < A<20)=0.37806 ~ 0.378

(ii)
Let B be the mass of a Grade B strawberry

B~N(12,22)
P(B>m)=>0.955 0.955

m < 8.6092 m g 6092
Greatest value of m = 8.60

Y

(ii)

Let X =(A+...+A,)—(B +...+Bj;)
E(X)=12(18)-15(12)=36
Var(X)=12(3%)+15(2°) =168

X ~N(36,168)

P(X >0)=0.99726 ~ 0.997

(iv)
The masses of strawberries are independent of each other.
Q10
®
4n-4 3 1
Cards | Cards | Card
Score (+) |1 2 4
1 2 3 5
2 3 4 6
4 5 6 Nil
P(W =10)
= P(Score > 4)

=P(1,4)+P(4, 1) P(2,4)+P(4,2)

= lAS e
= X H == =
4n-1 g -1
B 8n_8+6 slandwide Delivery | Whatsapp Only BBEE0031
4n(4n—1)
_ L
2n
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P(W =-2)
=P (Score < 4)
=P(1,1)+P(1,2)+P(2.1)

Ll el

17
20
P(W =0)
=P (Score =4)
=P(2,2)
(32
(el
1
40
Hence, the probability distribution of W is
W =2 0 10
PwW=w) | L 1
20 40 8
(iii)
17 1 1
BW)= () 35 }+0) 55 J+(10)5)
9
S 20
> 2( 17 2f 1 2( 1
BW)=(-2) (12 )+ (07 (55 )+ 007
159
_W
Var ( ) [E ]

S #IASU=
_ 6279 Eﬁﬂl&lﬁ %&%@wfﬁww

400

Since E (W) = —2%) <0, it is expected that she will lose money. Hence, Kathryn should not play the

game.
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10

(iv)
Since n = 50 is large, by Central Limit Theorem, W ~ N (_i 15.6975

200 50

j approximately

P(W < 1) =0.99517 ~ 0.995

Q11

(@
7

Given P(AB)= —
10

P(ANB) 7
P(B) 10

: P(B)ng(Am B) --—(1)
4

Given P(B|A)= —
(BIA) T

P(ANB) 4
PA) 15

g P(A):%P(AmB) ----- )

Given that P(AU B) =%

P(A)+P(B)-P(AnB) =% ----- 3)
Substitute (1) and (2) into (3):
1—SP(A B)+—P(Am B)-P(An B)——

28
. P(ANB)=—
( ) 195

(ii) A B
P(A’ NB) = P(B)-P(An B)

_10(28) 28 4
7\195) 195 65

Alternative Method 4"

AN

P(A’B) = P(AB)ER :%
Alternative Method 2 |
7 3
P(A’B)=1-P(AB)=1——=—
(A’B) (AB) 010
3 (10 28 4
.P(A”nB)=P(A’|B) x P(B) = —x| —x— | = —
( ) =P(AIB) < PB) = 10(7 195) 65
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(iii)

P(A) :E(ﬁj _7
4\195) 13

Since events A and C are independent,

/ = Y x = _l Xizi
P(A” ~C) =P(A")x P(C) (1 13) ==

P(A’A BN C)< P(A’ N C)

-~ 0<PA’ABA C)<—
65

Q12

(@)

I =0.954. Since the r value is close to 1, there is a strong positive linear correlation between X and Y.
A linear model may be appropriate.

(ii) and (iii)
Amount of
glucose y ,‘Eng/dl

105 P® L x

86 X
20 76

» Age x, years

@iv)

From the scatter diagram, excluding P, it can be observed that as X increases, Yy also increases but at a
decreasing rate, hence a linear model y = ax + b may not be appropriate.

)

From GC,

r=0.998

y =44.281+ 13.97% XA ==
c=443  d=p40 c
(vi)

When X=60, y=44.281+13.972In60 =101.5 (nearest 0.5)
r=0.998 isclose to 1. X =60 lies within the given data range, hence interpolation is being done. The
linear model y=a+blnx still holds, hence, the estimate is reliable.
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12
(vii)

From GC, mean of InX = 3.7864
y=43.942+ 14.079(3.7864) =97.251

y=97.251= %(86.0—1—90.5 +94.5+97.5+100+103.5+104 + y)
y =102.0 (nearest 0.5)
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1 The nth term of a sequence u,, U,, U,, ... is given by u, =n’ +i'.
n

1-n

(i) Showthatu —u , =2n—-1+ —- [2]
n!
2n 1_ r
(ii) Hence find Z(2r—l+—'j. [3]
— r!
(iii) State, with a reason, if the series in part (ii) converges. [1]
2 It is given that
3-X for 0<x<2,
f(x)=
() ~(x*+2) for 2< x<4,

and that f(x)=f(x+4) for all real values of x.

(i)  Sketch the graph of y = f(x) for -3<x<10. [3]
(ii) Find the volume of revolution when the region bounded by the graph of y=f (x) ,

the lines X =—1, Xx=2 and the X-axis is rotated completely about the X-axis.  [3]

3 () Find %(cos Xz). [2]
(ii) Hence find jx3 sin X* dx. [4]

4 (a) The curve C has equation y =f(x).

2
(i) Given that (X) = LXIJFA‘, sketch the curve C, showing the equations of
X+
the asymptotes and the coordinates of any turning points and any points of
intersection with the axes. [3]
(i)  Hence, state the range of values of x where f'(x)>0. [2]

(b) The curve with equation y = g(x) is transformed by a stretch with scale factor 2
parallel to the x-axis, followed by a translation of 1 unit in the negative X-direction
and followed by a translation of 1 unit in the positive y-direction. The resulting

X* +3X+4

curve has equation y = 0l Find g(x). [3]
X+

© Millennia Institute 9758/01/PU3/Prelim/19
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5 (i) On the same axes, sketch the graphs of y = o and y=-b(x—a), where a

al
. 1 . D
and b are positive constants and ab > —, stating clearly any axial intercepts and
a

equations of any asymptotes. [3]

(ii) Given that the solution to the inequality —— >—b(x—a) is %< x<1or x>1,

>
X~
find the values of a and b. [4]

(iii) Using the values of a and b found in part (ii), write down the solution to the

inequality x%a >-b(x-a). [1]

T
ax+—

6 (i) Given that f(x)= esm( 2) where a is a constant, find f(0), f'(0) and £"(0) in
terms of a. Hence write down the first two non-zero terms in the Maclaurin series
for f(x). Give the coefficients in terms of e. [5]

(ii) The first two non-zero terms in the Maclaurin series for f (X) are equal to the first

two non-zero terms in the series expansion of , where b is a constant. By

1
Vb +x°

using appropriate expansions from the List of Formulae (MF26), find the possible

values of a and b in terms of e. [4]
1

7 (a) Find the exact value of J‘ e dx. [3]

—X
0
. x? o B C
(b) The expression > can be written in the form A+ + o
(2-x) 2-x (2-x)
(i) Find the values of A, B and C. [3]

! 2

(ii) Show that J. ( X )2 dx=p+QgIn2, where p and q are constants to be
2-X

0

found. [4]
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8 (a) Referred to the origin O, the point Q has position vector q such that
3. 1
=2i—-—j——k.
1 2172

(i) Find the acute angle between q and the y-axis. [2]

It is given that a vector m is perpendicular to the Xy-plane and its magnitude is 1.

(i) With reference to the xy-plane, explain the geometrical meaning of |q . m|

and state its value. [2]

(b) Referred to the origin O, the point R has position vector r given by r =a+ Ab,
where A is a positive constant and a and b are non-zero vectors. It is known that ¢
is a non-zero vector that is not parallel to a or b. Given that ¢xa = Abx ¢, show
that r is parallel to c. [2]

It is also given that a is a unit vector that is perpendicular to b and |b| =2.

By considering r ¢ r, show that |c| =k+/44* +1, where K is a non-zero constant.
[4]

9  The function fis defined by f: x> 1+2e™ , xeR.

(i) Show that f does not have an inverse. [2]

(ii) The domain of f is further restricted to x <k, state the largest value of k for which
the function ' exists. [1]

In the rest of the question, the domain of fis x e R, x <k, with the value of k found in
part (ii).

(iii)) Find £™'(x). [3]
The function g has an inverse such that the range of g'is given by (1, 3].

(iv) Explain clearly why the composite function gf exists. [2]

It is given that the composite function gf is defined by gf (x)=x.

(v) State the domain and range of gf. [2]
(vi) By considering gf (—2), find the exact value of g™ (-2). [2]
© Millennia Institute 9758/01/PU3/Prelim/19
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10

As a raindrop falls due to gravity, its mass decreases with time due to evaporation. The
rate of change of the mass of a raindrop, m grams, with respect to time, t seconds, is a
constant C.

(i) (a) Write down a differential equation relating m, t and c. State, with a reason,
whether C is a positive or negative constant. [2]

(b) Initially the mass of a raindrop is 0.05 grams and, after a further 60 s, the
mass of the raindrop is 0.004 grams. Find m in terms of t. [3]

In recent years, scientists are looking for alternative sources of sustainable energy to meet
our energy needs. One approach aims to extract kinetic energy from rain to harvest energy.
In order to test for the viability of this approach, scientists need to find the maximum
kinetic energy that can be harvested from a falling raindrop.

It is known that the kinetic energy K, in millijoules, of an object falling from rest is given

by

mg°t’
2

where m grams is the mass of the object at time t seconds and g is a positive constant

known as the gravitational acceleration.

K =

3

In the rest of the question, use your answer in part (i)(b) as the mass of a raindrop at time
t.
(ii) (a) Show by differentiation that the maximum value of the kinetic energy of a

raindrop falling from rest is pg’, where p is a constant to be found . Give

your answer correct to 2 decimal places. [5]

(b) Itis given that g =10. The kinetic energy of a raindrop falling from rest is 1
millijoules when it hits the surface of the ground. Given that it takes more
than one minute for a raindrop to fall from rest to the surface of the ground,
find the time taken for a raindrop to hit the surface of the ground. [2]
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11  In this question, the distance is measured in metres and time is in seconds.

A radio-controlled airplane takes off from ground level and is assumed to be travelling at
a steady speed in a straight line. The position vector of the airplane t seconds after it takes
offis given by r = a + tb, where a refers to the position vector of the point where it departs
and b is known as its velocity vector.

(i) Given that the airplane reaches the point P with coordinates (—9, 4, 6) after 6

seconds and its velocity vector is —2i+ j+k, find the coordinates of the point

where it departs. [1]

Paul stands at the point C with coordinates (—7 , S, 2) to observe the airplane.

(ii) Find the shortest distance from Paul’s position to the flight path of the airplane.
[3]
While the airplane is in the air, a drone is seen flying at a steady speed in a straight line
with equation
2x—1_y+7 z-10
-6 4  k

(iii) Show that the equation of the flight path of the drone can be writtenas r =p + Aq,

where A is a non-negative constant and p and q are vectors to be determined,
leaving your answer in terms of k. [1]

(iv) Given that the flight paths of the radio-controlled airplane and the drone intersect,
find k. [3]

At P, the airplane suddenly changes its speed and direction. The position vector of the
airplane s seconds after it leaves P is given by

-9 3
r=| 4 |+s| 2 |, whereseR, s>0.
6 -1

It travels at a steady speed in a straight line towards an inclined slope, which is assumed
to be a plane with equation
X—y+72=2.

(v) Determine if the new flight path is perpendicular to the inclined slope. [2]

(vi) The airplane eventually collides with the slope. Find the coordinates of the point of
collision. [3]
End of Paper
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Section A: Pure Mathematics [40 marks]

1 It is known that the nth term of a sequence is given by

p,=3"+a,

where a is a constant.

Find 3 p, 3]

r=3

2 (i) An architect places 25 rectangular wooden planks in a row as a design for part of
the facade of a building. The lengths of the first 18 planks form an arithmetic
progression and the first plank has length 4 m. Given that the sum of the first three
planks is 11.46 m, find the length of the 18th plank. [2]

(ii) For the last 7 wooden planks, each plank has a length that is % of the length of the
previous plank. Find the length of the 25th plank. [2]

(iii) The even-numbered planks (2nd plank, 4th plank, 6th plank and so on) are painted
blue. Find the total length of the planks that are painted blue. [3]

3 (a) Find the general solution for the following differential equation

Y s
—=¢ +sin X. 3
o [3]
(b) By using the substitution z = X +%, show that the following differential equation
X
2
Y Y 10
dx=  dx
can be reduced to
dz
—=1Z. 2
o (2]
Hence, given that when X=0, y=1 and % =1, find y in terms of X. [4]
X
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4 The curve C has parametric equations

Xx=t'—t>, y=t>+2t-3,

where t > —1.

(i)  Sketch the curve C, stating clearly any axial intercepts and the coordinates of any
end-points. [2]

The point P on the curve C has parameter t =2.
(ii) Without using a calculator, find the equation of tangent to C at P. [3]

(iii) Without using a calculator, find the area of the region bounded by C, the tangent to
C at P and the y-axis. [4]

5 (a) One of the roots of the equation z* —22° + az* —8z +40 =0 is bi, where a and b
are positive real constants.

(i) Find the values of a and b and hence find the other roots of the equation. [4]
(ii) Deduce the roots of the equation w* + 2w’ +aw’ +8w+40=0. [2]

(b) () The complex number —6 + (2\/5 )i is denoted by w. Without using a
calculator, find an exact expression of W" in modulus-argument form. [3]

(ii) Hence find the two smallest positive integers n such that w"w* is purely
imaginary. [3]
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Section B: Probability and Statistics [60 marks]

6 The government of Country X uses a particular method to create a unique Identification
Number (IN) for each of its citizens. The IN consists of 4 digits from 0 to 9 followed by
one of the ten letters A — J. The digits in the IN can be repeated.

(i) Find the number of different Identification Numbers that can be created. [1]

Suppose the letter at the end of the IN is determined by the following steps:
Step 1: Find the sum of all the digits in the IN.
Step 2: Divide the sum by 10 and note the remainder.
Step 3: Use the table below to determine the letter that corresponds to the remainder.
Remainder 0 1 2 3 4 5 6 7 8 9
Letter A B C D E F G H I J

(ii) It is known that all citizens who are born in the year 1990 must have the digit ‘9’
appearing twice in their IN and the sum of all the digits in their IN is at least 20.
Eric, who is born in the year 1990, has ‘I’ as the last letter of his IN. Find the
number of INs that could possibly belong to Eric. [4]

7 In a carnival, a player begins a game by rolling a fair 12-sided die which consists of 3 red
faces, 7 blue faces and 2 white faces. When the die thrown comes to rest, the colour of
the uppermost face of the die is noted. If the colour of the uppermost face is red, a ball is
picked from box A that contains 3 red and 4 blue balls. If the colour of the uppermost
face is blue, a ball is picked from box B that contains 2 red, 3 blue and 3 green balls.
Otherwise, the game ends. A mystery gift is only given when the colour of the uppermost
face of the die is the same as the colour of the ball picked.

It is assumed that Timothy plays the game only once.

(i) Find the probability that the colour of the uppermost face of the die is blue and a
red ball is picked. [1]

(i) Find the probability the mystery gift is given to Timothy. [2]

(iii) Given that Timothy did not win the mystery gift, find the probability that a red ball
is picked. [3]

One of the rules of the game is changed such that if the colour of the uppermost face is
white when the die thrown comes to rest, the player gets to roll the die again. The other
rules of the game still hold.

Alicia plays the game once. Find the probability that she obtains the mystery gift in the
end. (2]
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8

(@

(b)

Sketch a scatter diagram that might be expected when X and y are related
approximately as given in each of the cases (A), (B) and (C) below. In each case
your diagram should include 6 points, approximately equally spaced with respect
to X, with all x- and y-values positive. The letters a, b, ¢, d, e and f represent
constants.

(A) y=a+ bx?, where a and b are positive.
(B) y=c+dInx, where c is positive and d is negative.
f
(C) y=e+ N where e is positive and f is negative. [3]

The following table shows the population of a certain country, P, in millions, at
various times, t years after the year 1990.

t 4 10 12 14 15 18 20 24
365 | 3.89 | 395 | 402 | 415 | 430 | 445 | 495

(i) Draw the scatter diagram for these values, labelling the axes. Give a reason
why a linear model may not be appropriate. [2]

(ii) Explain which of the three cases in part (a) is the most appropriate for
modelling these values, and calculate the product moment correlation
coefficient for this case. [2]

(iii) A statistician wants to predict the population of the country in the year 2020.
Use the case that you identified in part (b)(ii) to find the equation of a suitable

regression line, and use your equation to find the required prediction. [3]

(iv) Comment on the reliability of the statistician’s prediction. [1]

A chemist is conducting experiments to analyse the amount of active ingredient A in a
particular type ofhealth supplement tablets. Each tablet is said to contain an average
amount of 50 mg of active ingredient A. A random sample of 40 tablets is taken and the
amount of active ingredient A per tablet is recorded. The sample mean is 50.6 mg and the
sample variance is 2.15 mg? respectively.

(@
(i)

Explain the meaning of ‘a random sample’ in the context of the question. [1]
Test, at the 1% level of significance, whether the mean amount of active ingredient
Ain a tablet has changed. You should state your hypotheses and define any symbols
you use. [6]
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In a revised formula of the same type of health supplement tablets, the amount of active
ingredient A now follows a normal distribution with population variance 1.5 mg?. The
chemist wishes to test his claim that the mean amount of active ingredient A per tablet is
more than 50 mg. A second random sample of n such tablets is analysed and its mean is
found to be 50.4 mg. Find the set of values that n can take such that the chemist’s claim
is valid at 2.5% level of significance. [4]

10

A

A particle moves one step each time either to the right or downwards through a network
of connected paths as shown above. The particle starts at S, and, at each junction,
randomly moves one step to the right with probability p, or one step downwards with
probability ¢, where g =1— p. The steps taken at each junction are independent. The

particle finishes its journey at one of the 6 points labelled A, where 1 =0, 1, 2, 3, 4, 5
(see diagram). Let { X =i | be the event that the particle arrives at point A .

(i) Show that P(X =2)=10p°q’ . [2]

(i) After experimenting, it is found that the particle will end up at point A, most of

the time. By considering the mode of X or otherwise, show that % <p< % [4]

The above setup is a part of a two-stage computer game.

o If the particle lands on A,, the game ends immediately and the player will not win

any points.
. If the particle lands on A, where i =2 or 4, then the player gains 2 points.

. If the particle lands on A, where i = 1, 3 or 5, then the player proceeds on to the

next stage, where there is a probability of 0.4 of winning the stage. If he wins the
stage, he gains 5 points; otherwise he gains 3 points.

Let Y be the number of points gained by the player when one game is played.
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(iii) If p=0.4, determine the probability distribution of Y. [4]

(iv) Hence find the expectation and variance of Y. [2]

11  The two most popular chocolates sold by the Dolce chocolatier are the dark truffles and
salted caramel ganaches and their masses have independent normal distributions. The
masses, in grams, of dark truffles have the distribution N(17, 1.3%).

(i) Find the probability that the total mass of 4 randomly chosen dark truffles is more
than 70 g. [2]

(ii) The dark truffles are randomly packed into boxes of 4. In a batch of 20 boxes, find
the probability that there are more than 3 boxes of dark truffles that have a mass
more than 70 g. State an assumption you made in your calculations. [4]

The masses of salted caramel ganaches are normally distributed such that the proportion
of them having a mass less than 12 grams is the same as the proportion of them having a
mass greater than 15 grams. It is also given that 97% of the salted caramel ganaches
weigh at most 15 grams.

(iii) Find the mean and variance of the masses of salted caramel ganaches. [3]

Dark truffles are sold at $0.34 per gram and the salted caramel ganaches are sold at
$0.28 per gram.

(iv) Find the probability that the total cost of 6 randomly chosen salted caramel
ganaches is less than the total cost of 4 randomly chosen dark truffles. State the
distribution you use and its parameters. [4]

End of Paper
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Solution to Paper 9758/01

Qn Solution

1(3i) , 1

1 n
n +n! (n—1)xn

_on—14+120
n!

= RHS

1Gi) | & -
W S 12t -
r=2 r:

2n
= Zur —u
r=2
= U -y
U, —u,
u, —u,

1
=4n* -2+
(2n)!
1(iii 1
(iii) Asn—w, 4n° =2 >0, —— 0.
(2n)!
L [ o .
Henc IZAS%@ converge. It diverges.
ExamPaper J
Islandwide Delivery | Whatsapp Only 88660031
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- _%I(—ZXSin X )(x*) dx

= —%[xz cos X —I(ZX)(COS XZ) dx

X2
= _TCOS x* +Ix(cos X2) dx

x? 1
=—="_cosx? +—IZX(cosX2) dx
2 2
x* A
=—2 cosx* +—sinX* +¢C
2 2

u=

X

2

Qn Solution
2(i) RY
(0,3)  (4.3) (8,3)
<
(210 | 21)  (61)  (10.1)
o > x
2(ii) 2 i,
Volume:ﬂj (3—X)2 dx+7rJA (X +2j dx
0 3 6
=455
30) icos x* = —2xsin X*
dx
3(ii) Ix3 sin x* dx

V' = —2xsin X*

u'=2x V=cosx’

Note:

d .
—sin x* =2Xcos X*

dx
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Qn Solution
4a(i) X +3x+4
X+1
= x+2+i
X+1

Vertical asymptote: X =—1, Oblique asymptote: y =X+ 2

X’ +3x+4

Y

x+1

-1

4a(ii) | x<-2.41 or x>0414
4(b) | Method 1a: Applying transformations backward
We are given the transformations in the order of A, B and C, and the resulting

2
X X+4 .
curve Y ZLI-F. In order to find the original curve y = g(x) , We use our
X+

resulting curve, apply the C', B' then A', where A', B' and C' are the

“opposites” of A, B and C respectively.
o e A N B N c N .
Original Curveg A 2 Resulting Curve,

where & and ¥ represent intermediate curves in the entire process.

Hence, we have
C': Translate 1 unit in negative y-direction (Replace y by y+1);
B': Translate 1 unit in positive X-direction (Replace X by X—1);

A': Stretch with scale factor % parallel to x-axis (Replace X by 2x).
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Qn Solution
2 2 2
y=X +3x+4 chlac(,Cy’byw)y”:x +3x+4(L&y:x +2x+%
X+1 X+1 X+1
:x2+2x+3 Replacex by \y:(x_1)2+2(x—1)+3
X+1 g (x=1)+1
X =2X+142X-2+43
X
X 42
X
2
=X+—
X
y:x+_w)y:2x+i
X 2X
1
=2X+—=g(X
c=e(¥)

Method 1b: Applying transformations backward
Note that:

Hence, we have
C': Translate 1 unit in negative y-direction (Replace y by y+1);
B': Translate 1 unit in positive X-direction (Replace x by x—1);

A': Stretch with scale factor % parallel to x-axis (Replace X by 2x).

x> +3x+4 2
——=X+2+
X+1 X+1

y - X‘|‘2+ 2 Replace y by y+1
X+1 ¢

Note thaty =

>y+1:x+2+—z—(1ay:x+1+—zﬁ
X+1 X+1

2 2
— 1 Replace)(/byx—l 5\ = _1 1
y=x X s y=(x-1)+ +(x—1)+1
2
=X+—
X

y:X‘l‘g Replac;?(by2x y:2X+_

KIASU=7E.,

Islandwide Delivery | Whatsapp Only 88660031

e Method 2: Start from the original curve y = g(x)

2
Original Curvey:g()()_‘\)A 5, v—C 5 Resulting Curvey:x +3X1+4
X+
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Qn Solution
. ) 1
A Stretch with scale factor 2 parallel to x-axis (Replace x by 5 X);
B : Translate 1 unit in negative X-direction (Replace X by X+1);
C : Translate 1 unit in positive y-direction (Replace y by y—1).
X X eplace X X+l eplace X+1
y=g(x) Iy =g[—j Ty y =g(—)% y-1 =g(—)
v Ix 2 2 2
= (X—HJH
y=g 5
2
Let g X+1 1= X" +3x+4
2 X+1
(—XH)H = x+2+—2
X+1
( - 1} 2
— |=X+1+—
X+1
Note that we need to progress till we reach g(x).
. X+1 2
To do that, we need to replace X by 2Xx—1ling| — |=X+1+——.
2 X+1
2x—1)+1
g (2x-1)+1 =(2x—1)+1+—2
2 (2x-1)+1
1
Sg(X)=2x+—
g(x)=2x+-
(D)
5(ii)
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Solution

1
:y:—zz
[+-1

andy =2 intoy=-b(x-1)

Method 2:

From graph in (i), one of the solution to

|x—a| >-b(x—a)is x>a.

By observation, since X>1, a=1

To find the X-coordinate of the point of intersection:

=—b(x-1)

| —
Jr—

=——— or L (rej. since \/B>0)

5(iii)

6(i)

Islur.n‘\.\;de Delu;-: i | 'Nl'mzsaﬁp i ﬁg@m@} sin(ax+£] ) T
f"(x)=a’cos ax+5 e > +ae */| —asin ax+5

f"(x) = a2 0082 (ax —+ %j eSin[aH%) . az Sin(ax " %j esin[ax+§j
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Qn Solution

Method 2:
Let y _ eSln(aX‘FE]
=lny= sin(ax+%j

Differentiate w.r.t. X:

1 dy ( ﬂj
———=acos| ax+—
y dx 2

Differentiate w.r.t. X:
2
1dy [ LY. -a’ sin(ax+£j
y dx’ y* ) dx 2

Method 3:
T
sin(ax+f) sinaxcos+cos axsin -
f(x)=e ' *=e¢ 2 2 =e
f'(x) = —(sinax)e“™

£f"(x) = e (—acosax) + (sin2 ax)ecosax

Hence

f(0)= esm(zj =e
f’(O) =0
f"(0)=-a’e

By Maclaurin Series,
2

£(x)=£(0)+x f’(0)+);—!f”(0)+...

f(x)—e—ﬁx2 +..

6(ii) 1
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Qn Solution
1
Comparing the constant term, ——=¢ = b=—
Jb e’
Comparing coefficient of x> 1 _-ak
2bvb 2
aZe =
)
e’ e
a’ =¢?
a==e
(@) 1 X 1 1 —2X
7 dX=—= 2
2—X 2 2—X
0 0
_ 1 2
== [Inf2-x1]
=——(lnl—ln2)
:—llnl or l1n2
2 2
7)) | 52 = A(2-x)' +B(2-x)+C
= AX> —4AX+4A+x*+2B-Bx+C
= AX’ +(-4A-B)x+4A+2B+C
By comparing coefficients,
A=1
4( ) B=0=B=-4,
4(1)+2( 4)+C =0=C=4
7(b)ii) 2 !
j X 2dx:-.‘l— 4 + 4 > dXx
e R
1
[x+41n|2 x|+i}
2-X
4
:1+4ln(1)+——4ln2—2
2-1
- KIASU=
Paper J
Islandwide Delivery | Whatsapp Only 88660031
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Qn Solution
8(a)i)
2
— 3
0Q = >
1
2
2 0
-1.5]«]|1
A e - cos! —0.5 0
cute angle = cos W
=cos” (I_SJ
J6.5
=54.0° (or 0.942 rad)
8(a)ii) 0
Xy-plane: r« | 0|=0
1
0
Since m is perpendicular to Xy-plane, m// | O |.
1
0
Since ) m/=1, m=|0 |.
1
|q . m| refers to the perpendicular distance from Q to Xy-plane.
23 0 1
asmi= =510 10)=2
1 1
2
8(b) | cxa=Abxc
cxa—Abxe=0
cxa+exAib=0
(K AG U=
cxr £xamPaper J
Since ¢//r, uc=r.
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10

Qn Solution
rer=ucCeuC
rer=yu |c|2
Since a is a unit vector, |a] = 1.
rer=(a+1b) - (a+1b)
=asa+a+ib+4ibea+ Ab . b
=|a]" +24(a +b)+ 22 |b[
=1+417
e =1+422
2 1
& =?(1+4/12)
1 2 . 1 2 .
|c|: —2(1+4/1 ) (rej. — —2(1+4/1 ) since |c|>0)
H H
CE iz (1+427)
U
B 1 1
|c| = k«/(1+4/1 ) where k = |— (ork=—
[ 14
9(i) | Method 1: Horizontal Line Test
f:X|—>l+2e_X2, xeR
AY
(0,3
y=2 / \Y =1(x)
__________________________________ y=1
> X
@]
Since there exists a/the horizontal line y =2 that intersects the graph of y = f(x)
more than once, f is not one-one, f does not have an inverse.
Method 2: Counterexample
Since f(-1)=f(1)=1+ g, f is not one-one, f does not have an inverse.
e
9(ii) | Largest value of K is 0.
(i) | et y=1+2¢
y—1=2¢*
e—x2 _ y -1
, KIASU=;
X gamPﬁper J
Islandwide Delivery | Whatsapp Only 88660031
x> =—In (y—_l)
2
X== —ln(—y_lj
2
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Qn Solution

Since X <0 (restricted domain of f), Xx=—_|—In (y—_lJ

2
. (Mr@ o _J@

9(iv) | Range of f = (1, 3]

Domain of g = Range of g™ = (1, 3]
Since Range of f — Domain of g, gf exists.
9(V) | Domain of gf = Domain of f= (—oo, O]

Range of gf = (—oo, 0]

9(vi) | Given that gf (x)=X,
gf (-2)=-2
g'ef(-2)=¢"(-2)
g'(-2)=1(-2)

=1+2e"
10(i) | Method 1:

a) dm . . . .
E:C where C is a negative constant because the mass of the raindrop is
decreasing with time due to evaporation.

Method 2:
m . .. . .
(il_t:_c where C is a positive constant because the mass of the raindrop is
decreasing with time due to evaporation.
10G) | dm _

b) | dt

m=ct+D

When t =0, m=0.05,
0.05=C(0)+D:>D=0.05
When t =60, m=0.004,
0.004 =c 60 +0.05

ﬁﬂ%ro

nly BREE0031

10(ii) mg t
a) 2
From (i)(b), m = —0.00076667t +0.05 ,
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Qn Solution
K- (=0.00076667t +0.05) g°t’
- 2
=-0.00038333g°t’ +0.025g°t°
At stationary points,
% =-0.00115g’t* +0.05g°t =0
t(-0.00115g°t+0.05g7 ) =0
t =0 (rejected since K =0 when t =0) or t =43.478
d’K ) 2
rea —0.0023g°t+0.05g
When t =43.478,
=-0.0500
dt? :
<0 (since g° > 0)
. 1=43.478 gives maximum K.
When t =43.478,
K =15.759%, where p=15.75 (2d.p.)
1‘:)()ﬁ) K =-0.00038333(10)" t* +0.025(10)" t*
=-0.038333t" +2.5t°
At surface of ground,
1=-0.038333t" +2.5t°
Using GC,
t =-0.629, 0.636 or 65.2
Since t > 60,
S t=652 (3s.f)
Required time taken = 65.2 s. (3 s.f.)
11(i) | Let A be the point where it departs from the ground.

-2
r=0A+t| 1
1
-9 -2
< JKIA
s KIASU=
xamPaper
_ Islandwidp Delivgry | Whapsapg Only 84660031
OA=| 4 |-6| 1 |=|=2
6 1 0

Coordinates: A(3, -2, 0)
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Qn

Solution

11(ii)

r - ,..,,.,..,,.,.,
5

7 *
w c

A

Shortest distance from C to the flight path (line) refers to the perpendicular distance
from C to the flight path.

Method 1 (via foot of perpendicular)
Let F be the foot of perpendicular from C to the flight path

3 -2
r=| -2 |+t| 1 forteR,t>0

OF =| -2 |+t] 1 forsometeR,t >0

3-2t ~7
CF=OF-0C=|—2+t|-| 5
t 2

10-2t

=| -7+t

t-2

10-2t -2
Since CF L flight path, | -7+t || 1 [=0

t—2 1
—20+4t-7+t+t-2=0

t=% (or 4.8333)

|CT:| ~3.58236=3.58 m (3 sf)
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Qn Solution
Method 2 (Vector product)
-7
OC=|5
-7 3 -10
AC=| 5 |-|=2|=| 7
2 0
-2
ACx| 1
1
Perpendicular distance = >
1
1
N/
5
6
4
7
7
~J6

=3.58236=3.58 m (3 sf)

Method 3 (Pythagoras Theorem)

-7
OoC=| 5
2 }‘
-7
AC=| 5 C
Uz A
r = =
ExamPaper /§
Islandwide Delivery | Whatsapp Only 88660031
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Qn Solution
-2
AC-| 1
— 1
|AF|=
-2
1
1
-10
7 |
2
N/
]
J6
Perpendicular distance = |E|2 - |ﬁ:)|2
29
— — 2 2 2 _ —
_\/(( 10)"+7°+2?) (@j
=3.58236=3.58 m (3 sf)
11Gii - N
(iii) Let 4= 2x-1_y+7 _z-10
-6 4 k
21, o ox2logy
-6 2
y+7
1 =4 = y=-7+44
Z‘klozz = 7=10+kA
1
X B -3
yi|=|-7[+4| 4
z 10 K
r=| 8 a%% ewheé' R, 120
ndwide Delivery | Whatsapp Only 88660031
K
11(iv) | Given that both flight paths (lines) intersect,
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Qn Solution
1
2 -3 3 -2
“T|+A] 4 |=| 2|+t 1
10 k 0 1
1
5‘3’1 3-2t
—T+44 |=| 2+t
10+ kA t

l—3/1:3—2t = —3i+2t=§ (1)
2 2

“T+4A=-2+t = 4i-t=5 -—(2)

10+kA =t
Using GC to solve simultaneously,
A=25 t=5
10+k(2.5)=5
k=-2
11(v) -9 3
Equation of line: r =| 4 |+5s| 2
6 -1
1
Equation of plane: r « | -1 |=2
7
L
g
fJ /"J
="

If the new flight path is perpendicular to the slope, it will be parallel to the normal
vector of the slope.

Method 1: If a and b are parallel, thena =kb for allk e R.
1

Thus the new flight path and the inclined slope are not perpendicular to each other.
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Qn Solution
Method 2: If a and b are parallel, then a xb = 0.
Note: 0 means a zero vector, not a constant 0.
If the new flight path (line) is perpendicular to the slope (plane), then this means
the direction vector of the line and the normal vector of the plane is parallel. This
is to then show that the vector (cross) product of the direction vector of the line and
the normal vector of the plane is 0.
3 1 13 0
2 x| -1|=|-22|#]|0].
-1 7 -5 0
3 1
This shows that | 2 | is not parallel to | —1 |.
-1 7
Thus the new flight path and the inclined slope are not perpendicular to each other.
Method 3: If a and b are parallel, then the angle between a and b is 0°.
If the new flight path (line) is perpendicular to the slope (plane), then this means
the direction vector of the line and the normal vector of the plane is parallel. This
is to then show that the angle between the line and the plane is 0°.
3 1
2 |+ -1
oL 0=13.0°%0
sinf =—————==60=13.0°#0°
V14451
3 1
This shows that | 2 | is not parallel to | —1 |.
-1 7
Thus the new flight path and the inclined slope are not perpendicular to each other.
11(vi) -9 3
Equation of line: r=| 4 [+5S| 2
6 -1
1
Equation of plane: r « | -1 |=2
7
ExamPaper ¢
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Qn Solution
—9+3s 1
4428 o |—-1]=2
6-5 7
-9+35s-4-25+42-T7s=2
6s =27
s=4.5
2
-9 3 2
r=| 4 |+45 2 |=|13
6 -1 3
2
Coordinates: (2, 13, ij
2 2
SU=
Saioy
Islandwide Delivery | Whatsapp Only 88660031
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Solution to Paper 9758/02

Section A: Pure Mathematics

Qn Solution
1 p,=3""+a
Method 1
Sp =Y (3" +a)=(3")+3a
r=3 r=3 r=3 r=3
= [32 +3+3° +...+3“’1]+ n-3+1)a
37 (3" -1
= g +(n-3+1)a
3-1
- %(3”‘2 —1)+(n -2)a
Method 2
>p, = 2(3“‘ + a)
r=3 r=3
1 n . n
:§r3(3 )+ r:3a
(33 +3* 437+ +3")+(n-3+1)
1{33 3n 2 J
— (n-3+1)a
3
2(3n 2
2
ExamPaper g
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Qn

Solution

2(i)

Let Tn be the length of the nth plank
Given that it is an AP: Leta=4, S, =11.46.

Let d be the common difference.
S, =11.46 :%(2(4)+2d)
d=-0.18

Ty = 4+17(—0.18)

=0.94
Hence the length of the 18th plank is 0.94 m.

(i)

The length of the remaining 7 planks follows a GP:
first term of GP: T,y = O.94(%) and r = % .

Length of last plank = Tas

=4.4822
=4.48 m (3 sf)

(iii)

Method 1
Total length of blue planks

= L+T,+T,+... +To+ T,,+T,,+T,
%/—/

Sum of AP with a=T,, d=—0.36, |=T4

2
Sum of GP with a=T,,, r=[§]

= %[(4—0.18) +0.94 | +o.94(%j2

=21.42+7.34948
=28.8 m i3 sf)

S AASU TR

meEa
Total length-of.blue.pl 8660031

© Millennia Institute 9758/02/PU3/Prelim/19

www.KiasuExamPaper.com
409

Solution



Qn Solution
9

:5[2(4—0.18)+(9—1)(2(—0-18))]

=21.42+7.34948

=28.8 m (3 sf)

3(a 2

@) M:e_SXJr3 +sin X
dx?
dy _

B . 1 _
(e Sx+3 +smx) dx=——e>* —cosXx +¢C
dx 5

y = j(—%e_sx+3 —cosx+cj dx

1 —5x+3
=—2~
y 25

—sinX+cx+d

where ¢, d are arbitrary constants.
3(b) dy  dz_, d’y

dx dx  d

2 2
Hence, %—d—y—x+1:0:> d y+1:[d_y+xj
X

24X ax dx

Thus, replacing accordingly, % =z (Shown)
X

d_

z
dx
:jl dz:j 1 dx
z
In|z|=x+c

Method 1:

i-KIASU=
z =xB8%amPaper Y

Islg{ndw‘lde Delivery | Whatsapp Only 88660031
Z=Ae  where A=te

. d d
Since z :x+—y,when X:O,—yzl =z=1
dx dx
z=Ac" =1=Ac’ = A=1
z=¢"
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Qn Solution
Thus, z=¢* = x+d—y:eX
dx
ﬂ=ex — X
dx
= y=¢" I
2
When X=0,
y=1=>1=1+d=d=0
Hence, y =¢* —%Xz
Method 2:
In|z|=x+c
= Inl=0+c=c=0
Thus, z =+e* = x+ﬂ=ie"
dx
ﬂ:ex or ﬂz—ex—x (rejsinceﬂ #1)
dx dx Xlyzo
= y=c e
2
When X=0, y=1
=>1=1+d=d=0
Hence, y =¢* —%xz
4(i) Y
-
o -
|'.
13
D
(-2.-4)
i) | dx ENIT\3WOJ '—S‘b
— = ¥xalh +
dt Islandwide Delivery | Whatsapp Only 88660031
dy = 2t+2
dx 3t> -2t
Att=2,
X=4,y=35, ﬂzi
dx 4
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Qn Solution
Equation of tangent:
3
-5==(x—-4
y-5="(x-4)
3
=—X+2
y 4
(iii)
q‘ 4 x

Method 1: Integrate wrty
When y=0 = t*+2t-3=0
=t=-3(rej) or t=1
When y=5 = t=2 (from part (ii))

Area:jsxdy_l(4)(s_z)

_j (£ -t*)(2t+2)dt-6
:I2t4—2t2dt—6
2
{i_ﬂ} iy
503
_26
15

Method 2: Integrate wrt X
When x=0 = t* —t* =0

=t=0 or t=1
= Yy = -3 (not this point) or y =0
When x=4 = t=2 (from part (ii))

Area—1(2+5 I y dx

K1, ASy=ppe

%&Q&P + 6t dt
Islandwide C ]vcryIWhat app Only 88660031
5 3
P L
54 3 2|

26
15
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Qn Solution
5(a) | Method 1
i | z*-27+az?-8z+40=0
Since bi is a root,
(bi)* —2(bi)’ +a(bi)’ —8(bi)+40=0
b* +2b’i —ab* —8bi+40=0
By comparing real and imaginary parts,
2b* —8b =0
2b(b* -4)=0
Sinceb#0, b=-2 (rejjor b=2
When b =2,
b* —ab®*+40=0
16-4a+40=0
a=14
72" —272° +147° —-82+40=0
Using GC, Other roots are z =1-3i, 1+ 3i, —2i.
Method 2
72" —272° +az* -8z+40=0
Since all coefficients are real, —bi is also a root.
Quadratic factor: (z—bi)(z+bi)=2z*+b’
7 =27 +az’ -82+40=(2" +b’)(2’ +cz+d)
' -27°+az* -8z+40=7" +cz’ +(d +b2)z2 +cb?z +b?d
By comparison of:
Coefficient of 2° : ¢ =-2
Coefficient of z: —8=(-2)b* = b =2 (since b > 0)
Constant: 40=4d = d =10
Coefficient of 22 :a=10+4 =14
7' —27° +1472° -82+40=0
Using GC,
Other roots are z =1-3i, 1+3i, —2i
Method 3
72" —27°+az> —8z2+40=0
s O] | =
(b1)" 26N Pt BT 400
b* + 251 ab™ L 8hr 40 =0
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Solution

By comparing real and imaginary parts,
2b* —8b =0

2b(b*-4)=0

Since b >0, b=-2 (rejected) or b=2
When b =2,

b*—ab®*+40=0

16—4a+40=0

a=14

72" —27° +147° -82+40=0

Since all coefficients are real, —2i is also a root.
Quadratic factor: (z—2i)(z+2i)=2"+4

7' -27° +az’ —8z+40=(z2 +4)(z2 —2z+10)=0
22 -2z+10=0

2+ J4-4(10) 2++/36i 1431
= = = T 31
2 2
Hence, other roots are z =1-3i, 1 +3i, —2i.

5(a)
(i)

W' +2wW +aw’ +8w+40=0

Letz =-w

For z* -27° +142> -82+40=0

= (-w)' —2(-w)’ +14(-w)’ —8(-w)+40=0
w4+ 2W + 14w’ +8w+40=0
-w=1-31,1+31, =21 or 2i

W=—1+3i, —1-3i, 2i or —2i

5(b)
(@)

W:—6+(2\/§)i
|W|:\/(—6)2 +(243) =Va8 (or 4V3)
arg(w) =7 —tan™ L%} o7

6

—pwf = (VA8) =48 (or (43))

e (H ADAI 32
ExamPaper / ey
W _lzf-gamdc elyer i."m Z].ﬁ Iy BBLSO@M

Or W' = 48E {cos(sn%j+isin(5n%ﬂ
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Qn Solution
5(b) sz st s(n-1)z
i) | arg(wwr)==~ —?=—( 5 )

For w'w* to be purely imaginary

T
arg(w"w*):—, —tx, —+2rm,...

5(n-1)z _ (2k+1)7

6 2

2k+1(6j
n-1= —
2 \5

3(2k +1)

n=1+ ,keZ

n=4,10 (whenk=2andk="7)

KIASU=;

ExamPaper J
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Section B: Probability and Statistics

Qn Solution
6(1) | Total no. of possible IN =10* x10 =100 000 ways
6(ii) | Since the last letter of his IN is I, i.e. the remainder is 8, then the possible sum is
28 (since the sum must be at least 20)
The possible sets of digits are {9,9,a,b}, where a+b=10.
The possible values of {a,b} are {2,8}, {3,7}, {4,6} and {5,5}.
4! 4!
Hence, no. of ways =3| — |+| —— [= 42 ways
2! 2121
Hence, there are a total of 42 ways.
7()
P (blue face shown and ball is red)
_ LH
12\ 4
=L 0146 (3 s
48
7(ii) | P(mystery gift given) =P(all red) + P(all blue)
(7))
=—| — |+ | — —_
4\ 7 12 )\ 8
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Qn Solution
7(iii) | P(one red ball picked | did not win mystery gift)
_ P(one red ball picked and did not win mystery gift)
) _3
224
_ (1273
48 224
_5%
453
=0.216 (3sf)
7 P(mystery gift given)
Last | = P(gift given in the first roll)
part + P(white face in 1% roll and gift given in the second roll)
+ P(white face in 1% 2 rolls and gift given in the third roll)
+...
73 (1) 73 (1 ’ 73) (1)3 73
=—+|=||— |+|=| | = |+|=| | — |+
224 {6 )\ 224 6) \ 224 6) \ 224
Sum of infinity with a=% and r=%
_ B
224 1— 1
6
_219
560
=0.391 (3 sf)
8 (a)
Y a
X
X
X
X
» X
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Qn Solution
Y a
X
X
X
X
X % ):
Y a
>
X
X
X
X
* X
8 (b)
®
+
w=3.65 |\l
xamPaper ¢
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Qn Solution

£ X

g (24, 4.95)

<"

X
X%
X
(4,3.65)
Years (t)

A linear model may not be appropriate as the points do not lie close to a straight
line. (Or the points do not follow a linear trend.)

8 Using G.C.

()i

w=ax+b

a=0.0022166738
b=3.621896154
r2=0,9891920595
r=0.9945848679

Note that from the scatter diagram suggests that as t increases, P increases at an
increasing rate.
Hence, Case (A) is most appropriate.

Using G.C., r =0.995 (3 s.f))
8 (b) | Using G.C.,
(i) | p=3.6211+0.0022167t

P =3.62+0.00222t* (3 5.f)

In the year 2020, t =30
Hence, when t =30, P =3.6211+ 0.0022167(30)°

=5.6161
Hence, the predicted population is approximately 5.62 million (3 s.f.)

IWIA QI |.—=0

8 (b) | The sﬂa%s‘ﬁ&ﬂa’&&eémt t be reliable as t = 30 is not within data range.
(iv) ExamPaper
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Qn Solution

9(i) | A random sample means that each of the tablets were selected independently
from each other and each tablet has an equal chance of being selected.

9(ii) | Let X be the amount in grams of active ingredient A in a particular type of health
supplement tablets.

Define u: Let ¢ be the population mean amount/mass of active ingredient A
in a particular type of health supplement tablets.

Given that sample mean X =50.6, sample variance = 2.15

Unbiased estimate of population variance

- 29(2.15)=2.2051
39

H,:u=50

H, :pu#50

Under Ho, since n = 40 is large, by Central Limit Theorem,
X ~ N(SO, 22051) approximately.

Use z-test at @ =0.01
Using GC, p-value = 0.010605 = 0.0106 (3 sf)

Since p-value > «, do not reject Ho.

There is insufficient evidence at 1% level of significance to conclude that the
mean amount of active ingredient A has changed (or is not 50 mg).

9 last | Let Y be the amount in grams of active ingredient A in the revised formula
part
H,:u=50

H, :u>50

Under Ho, Y ~ N[SO, sz
n

Use z-test at @ = 0.025.

el ASU=;

ExamPaper /7 _so
Test-statistic-distribution:y ﬁem-ﬁl—s ~N ((), 1)

n
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Qn Solution
. . 50.4-50 0.4+/n
Corresponding test-statistic: z = = Jn
15 15
n

Critical region: Z >1.95996
Since the chemist claim is valid, Ho is rejected.
Test-statistic falls within the critical region.

0.4v/n

Jn >1.95996
1.5

n>36.0135
nx37
{neZ:n>37}
Method 2 (Using GC, Table/Graph method)
For Ho to be rejected, p - value <0.025.
p-value = P(\? > 50.4) <0.025

Plot1 Plotz Plot3
iNY1Bnormalcdf (50.4.€99.50, tgﬁgﬁ:ggé“
..................................................... H:50
Y= g:V(1.5/%)
NDRNAL TLOAY fUTD AL ReOTAN T[]
PRESS + FOR aTh1 NORMAL FLOAT AUTD REAL RADIAN HMP n

X Y1 CALC INTERSECT

28 0.042 ¥220.025

29 0.0393

30 0.0368

31 0.0345

32 0.0323

33 0.0303

34 0.0284

35 0.0267

36 0.025
E_ 0.0235

38 0.022
X=37 St v¥=0.625
n=37
{neZ:n>37}

10 (i) | P(X =2)=P(pointA,)
= P(2 steps to the right and 3 steps downwards)
oG
K et bimsig
= ExampPaper— 72
10 (i) | Note that.P (X.= --.-/,5..—.._-,1_’-.(:\(.6an-‘£.143 )
5~ n3n2 3.2
="C;p'q" =10p°q
Since the particle will end up at point A, most of the time, then mode occurs at
X =2.
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Qn Solution
~P(X=3)<P(X=2)
10p°q* <10p*g’
q >l=1-p>p
2p<l=p<0.5
In the same way, P(X =2)>P(X =1)
10p*q’ >5pq*
2p>q
2p>1-p
3p>1=p >%
Combining both inequalities, §< p <% (Shown)
10 Y 0 2 3 5
(iii) P(Y =y) | 0.07776 | 0.4224 | 0.299904 | 0.199936
P(Y =0)=P(X =0)=C, (0.4)"(0.6)” =0.07776
P(Y =2)=P(X =i, where i is even)
=P(X =2)+P(X =4)
=10(0.4)"(0.6)’ + °C, (0.4)* (0.6)' =0.4224
P(Y =3)=P(X =i, where i is odd and lose the game)
=0.6(P(X =D +P(X =3)+P(X =5))
- 0.6[501 (0.4)'(0.6)" +°C, (0.4)’(0.6)" + °C, (0.4)’ (0.6)0}
=0.299904
P(Y =5)=P(X =i, where i is odd and win the game)
=04(P(X =1)+P(X =3)+P(X =5))
- 04[501 (0.4)' (0.6)" +°C,(0.4)’ (0.6)" + °C, (0.4)’ (0.6)0}
=0.199936
10
@iv)
Var(Y) =1.3626> =1.8567 =1.86 (3 sf)
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Qn

Solution

11(i)

Let X be the mass, in g, of a randomly chosen dark truffle.
X ~N(17, 13%)

Let T =X, +X,+X,+X,

E(T)=4(17)=68
Var(T)=4(13")=6.76
T ~ N(68, 6.76)

P(T >70) = 0.220878 = 0.221 (3 sf)

11(ii)

Let Y be the number of boxes that weigh more than 70 g, out of 20 boxes.

Y ~ B(20, 0.220878)

P(Y >3)=1-P(Y <3)
=0.67448
=0.674 (3 s)

Assumption: The mass of the empty box is negligible.

(Other possible answer: The event that a mass of a box of 4 dark truffles has

mass more than 70g is independent of other boxes.)

11(iii)

Let W be the mass, in g, of a randomly chosen salted caramel ganache.
W ~ N( m 62)

Given P(W <12)=P(W >15) and P(W <15)=0.97
Method 1
By symmetry,

_12+15 135

P(W <15)=10.97

P(Z < w] =0.97
o

L IASU =
-~ g§amPaper />

o’ =0.636065
o’ =0.636 (3 sf)
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Qn Solution
Method 2
P(W <12)=0.03 P(W <15)=0.97
P(Z<12_’uj:0.03 P(Z<15_ﬂj:0.03
O O
2= 4 88079 1574 _ | 88079
(e (e
1—1.880790 =12 (1) | u+1.880790c =15 -—-(2)
Solving equation (1) and (2),
u=13.5, 0=0.797537
o’ =0.636065
o’ =0.636 (3 sf)
11(3iv) | W ~ N(13.5, 0.636065)
Find P(0.28(W, +W, +...+W,) < 0.34T ).
Let S =0.28(W, +W, +...+W, ) —0.34T
E(S)=0.28(6)(13.5)—0.34(68) = —0.44
Var(S) = 0.28%(6)(0.636065) + 0.34% (6.76) = 1.08065
S ~ N(-0.44, 1.08065)
P(S <0)=0.66394 = 0.664 (3 sf)

© Millennia Institute
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2

1 The curve with equation y* = x> +9 is transformed by a stretch with scale factor 2 parallel to the x-axis,
followed by a translation of 4 units in the negative X-direction, followed by a translation of 5 units in
the positive y-direction.

Find the equation of the new curve and state the equations of any asymptote(s). Sketch the new curve,
indicating the coordinates of any turning points. [6]

2 The diagram shows a mechanism for converting rotational motion into linear motion. The point P, on the
circumference of a disc of radius r, rotates about a fixed point O. The point Q moves along the line OX,
and P and Q are connected by a rod of fixed length 3r. As the disc rotates, the point Q is made to slide
backwards and forwards along OX. At time t, angle POQ is &, measured anticlockwise from OX, and
the distance OQ is X.

()  Show that X=r(cost9+\/9—sin249) . 2]

(ii)  State the maximum value of X. [1]
(iii) Express X as a polynomial in € if @ is sufficiently small for @°and higher powers of & are to be
neglected. [3]
: . : . X*=3x+4 : :
3 Without using a calculator, solve the inequality ————— >2X+1. Hence solve the inequality
X+
a” +3a"+4
——————<2a" -1 where a>2. [6]
a -2
. 1
4 (i) Using double angle formula, prove that sin* 6 = §(3 —4c0s20+cos46). [2]
2 3
(i) By using the substitution X =2cosé, find the exact value of J‘ (4 -x? )2 dx. [4]
0
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3

Relative to the origin O, the points A, B, and C, have non-zero position vectors a, b, and 3a
respectively. D lies on AB such that AD = AAB, where 0 <A <1.

(i)  Write down a vector equation of the line OD. [1]
(ii) The point E is the midpoint of BC. Find the value of A if E lies on the line OD. Show that the area

of ABED is given by k |a x b|, where k is a constant to be determined. [5]

The function fis given by f: X > 2x*> +4x +k for —=5< x<a, where a and k are constants and k> 2.
(i)  State the largest value of a for the inverse of f to exist. [1]

For the value of a found in (i),

(i) find f7'(X) and the domain of f™', leaving your answer in terms of k, [3]
(iii) on the same diagram, sketch the graphs of y = ff™' (X) and y=f'f (X) , labelling your graphs

clearly. Determine the number of solutions to ff™' (X) =f'f (X) . [4]

A spherical tank with negligible thickness and internal radius a cm contains water. At time t s, the water
surface is at a height X cm above the lowest point of the tank and the volume of water in the tank, V cm?,

L 1 . .

is givenby V =—7zx’ (3a — X) . Water flows from the tank, through an outlet at its lowest point, at a rate
3

7ky/X em?® s, where K is a positive constant.

(i)  Show that (2ax—x’ )% SN [2]

(ii)  Find the general solution for t in terms of X, a and k. [3]
(iii) Find the ratio T, : T, , where T, is the time taken to empty the tank when initially it is completely

full, and T, is the time taken to empty the tank when initially it is half full. [4]

A curve C has equation y> +xy =4, where y >0 .
1
(i)  Without using a calculator, find the coordinates of the point on C at which the gradient is s [4]

(i)  Variables z and y are related by the equation y* +z> =10y, where z > 0. Given that X increases
at a constant rate of 0.5 unit/s, find the rate of change of z when x=3. [5]
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4

9 (a) The complex numbers z and w satisfy the simultaneous equations
2| -w’ =-3-2i and W +W+52 =1+20i,
where W is the complex conjugate of w. Find the value of z and the corresponding value of w.

[4]

(b) It is given that 8i is a root of the equation iz’ +(8—2i)z2 +az+40 =0 where a is a complex

number.

@) Find a. [2]

(ii)  Hence, find the other roots of the equation, leaving your answer in the form a-+bi where
a and b are real constants. [3]

(iii)  Deduce the number of real roots the equation z° —(8—2i)z* +aiz+40=0 has. [1]

n
10  For this question, you may use the results Zrz =

r=l r=1 4

()  Find Zﬂ (2r 1) in terms of n. 2]
r=1
n n-1

(i) Find ) r*(r=1) in terms of n. Hence find  r(r+1)”in terms of n. [5]
r=1 r=2

(iii) Without using a graphing calculator, find the sum of the series

4(25)—5(36)+6(49)—7(64)+---—59(3600). [3]
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11 A boy is playing a ball game on a field. He arranges two cones A and B along the end of the field such
that the cones are a and b metres respectively from one corner, O, of the field as shown in the diagram
below. The boy stands along the edge of the field at X metres from O and kicks the ball between the two
cones. The angle that the two cones subtends at the position of the boy is denoted by &.

X
L A 5
Oe«—a—» '
< b >
i Show that tanf =(b—a . 2
@ ( ) x* +ab 21
(i) It is given that a=15 and b=20. Find by differentiation, the value of X such that @ is at a
maximum. [3]
(iii) It is given instead that the boy gets two friends to vary the position of both cones A and B along
the end of the field such that 5<a <12 and b =2a, and the boy moves along the edge of the field
such that his distance from cone A remains unchanged at 18 metres. Sketch a graph that shows
how @ varies with a and find the largest possible value of 4. [4]
(iv) The boy runs until he is at a distance k metres from the goal line that is formed by the two cones
and kicks the ball toward the goal line. The path of the ball is modelled by the equation
2
h= —[% K+ 2) +6 , where K is the distance of the ball from the goal line and h its corresponding
height above the ground respectively. Find the angle that the path of the ball makes with the
horizontal at the instant the ball crosses the goal line. [3]
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12 In the study of force field, we are often interested in whether the work done in moving an object from
point A to point B is independent of the path taken. If a force field is such that the work done is

independent of the path taken, it is said to be a conservative field.

A force field F can be regarded as a vector F =M (X, Yy)i+N(X,y)j where M and N are functions of

X and y. The path that the object is moving along is denoted by C. The work done in moving the object

along the curve C from the point where X =a to the point where X =Db is given by

b
w =_[ [M(x,ynN(x,y)ﬂ} ax,
dx

a

where y =f(X) is the equation of the curve C.

(i)  Sketch the curve C with equation y* =4(1—X), for x<1. [2]
.. . . dy .
(ii) Find an expression of i in terms of y . [1]
X
(iii) The points P and Q are on C with X=1 and x =-3 respectively and Q is below the  x-axis.

Find the equation of the line PQ. [2]

For the rest of the question, the force field is given by F = x*i+ xy?j.

(iv) Show that the work done in moving an object along the curve C from Q to P is given by the

! 1
integral f LXZ +4x(1- X)ZJ dx . Hence evaluate the exact work done in moving the object along

-3
the curve C from Q to P. [4]

(v)  Find the work done in moving an object along the line PQ from Q to P to 2 decimal places. [2]

(vi) Determine, with reason, whether F is a conservative force field. [1]
————END OF PAPER————
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2

Section A: Pure Mathematics [40 marks]
3 2 An’+Bn+C

1 (i) Show that -——+ = where A, B and C are constants to be
(n—=1)! n! (n+1)! (n+1)!
determined. [2]
(ii) Hence find im in terms of N [3]
= 5(n+1)! '
TR . &N -2n-1 : :
(iii) Give a reason why the series ZW converges and write down its value. [2]
= 5(n+1)!
. . ) 2t
2 The curve C has parametric equations x =6t°, y = , 0<t<l.

J1-t2

(i) A line is tangent to the curve C at point A and passes through the origin O. Show that the line has

equation y = % X. [4]

The region R is bounded by the curve and the tangent line in (i).

(ii) Find the area of R. [3]
(iii) Write down the Cartesian equation of the curve C. [1]
(iv) Find the exact volume of the solid of revolution generated when R is rotated completely about

the x-axis, giving your answer in the form (alnb—c)ﬂ , where constants a, b, ¢ are to be

determined. [4]

3 When a ball is dropped from a height of H m above the ground, it will rebound to a height of eH m
where 0 <e<1. The height of each successive bounce will be € times of that of its previous height. It
is also known that the time taken between successive bounce is given by t = 0.90305v/h where h is the

maximum height of the ball from the ground between these bounces. We can assume that there is
negligible air resistance.

A ball is now dropped from a height of 10 m from the ground. Let t, be the time between the n™ and

(n+1)" bounce.

. . . 10(1+e—2e"
(i)  Show that the total distance travelled by the ball just before the n™ bounce is % .
—€
(3]
(i) Show that t, is a geometric sequence. State the common ratio for this sequence. [3]
(iii) Find in terms of e the total distance the ball will travel and the time taken when it comes to rest.
You may assume that between any two bounces, the time taken for the ball to reach its maximum

height is the same as the time it takes to return to the ground. [3]
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3

4 Referred to the origin, the points A and B have position vectors —i +3j— 2k and 3i+k respectively.

5 2 1 3 4a
The plane 7 has equation r=| 0 |[+A| O |+ x| 2|, and the line | has equation r=| 0 |+t| 4 |,
0 —1 a a 1

where a is a constant and A, g, and t are parameters.
(i)  Show that for all real values of a, |is parallel to 7. [2]
(ii)  Find the value of a such that | and 7 have common points. [2]

For the rest of the question, let a=1.

(iii) Find the projection of AB onto 7. [3]
(iv) Let F be the foot of perpendicular from A to 7. The point C lies on AF extended such that

Z/ABF = ZCBF . Find a cartesian equation of the plane that contains C and 1. [3]
(v) Let D be a point on |. Find the largest possible value of the non-reflex angle Z/ADC. [2]

Section B: Probability and Statistics [60 marks]

5 This question is about arrangements of all nine letters in the word ADDRESSEE.

(i)  Find the number of different arrangements of the nine letters. [1]
(ii)  Find the number of different arrangements that can be made with both the D’s together and both
the S’s together. [2]
(iii) Find the number of different arrangements that can be made where the E’s are separated by at
least one letter and the D’s are together. [2]
(iv) Find the number of different arrangements that can be made where the E’s are not together, S’s
are not together and the D’s are not together. [4]

6 Emergency flares are simple signalling devices similar to fireworks and they are designed to
communicate a much more direct message in an emergency, for example, distress at sea.

A company categorised their stocks of emergency flares as 1-year old, 5-year old and 10-year old. The

probabilities of successful firing of 1-year old, 5-year old and 10-year old emergency flares are 0.995,

0.970 and 0.750 respectively.

(i)  Find the probability that, out of 100 randomly chosen 1-year old flares, at most 2 fail to fire
successfully. [1]

(ii) One-year old flares are packed into boxes of 100 flares. Find the probability that, out of 50
randomly chosen boxes of 1-year old flares, not more than 48 of these boxes will have at most 2

flares that will fail to fire successfully in each box. [3]
(iii) Seven flares are chosen at random, of which one is 5 years old and six are 10 years old. Find the
probability that
(a) the 5-year old flare fails to fire successfully and at least 4 of the 10-year old flares fire
successfully, [2]
(b) atleast 4 of the 7 flares fire successfully. [3]
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7 With the move towards automated services at a bank, only two cashiers will be deployed to serve
customers wanting to withdraw or deposit cash. For each cashier, the bank observed that the time taken
to serve a customer is a random variable having a normal distribution with mean 150 seconds and
standard deviation 45 seconds.

(i)  Find the probability that the time taken for a randomly chosen customer to be served by a cashier
is more than 180 seconds. [1]

(ii)  One of the two cashiers serves two customers, one straight after the other. By stating a necessary
assumption, find the probability that the total time taken by the cashier is less than 200 seconds.

(3]

(iii) During peak-hour on a particular day, one cashier has a queue of 4 customers and the other cashier
has a queue of 3 customers, and the cashiers begin to deal with customers at the front of their
queues. Assuming that the time taken by each cashier to serve a customer is independent of the

other cashier, find the probability that the 4 customers in the first queue will all be served before

the 3 customers in the second queue are all served. [3]

8 To study if the urea serum content, U mmol per litre, depends on the age of a person, 10 patients of
different ages, X years, admitted into the Accident and Emergency Department of a hospital are taken
for study by a medical student. The results are shown in the table below.

A
86Xl 37 | a4 | s6 | 60 | 64 | 71 | 74 | 77 | 81 | 89
(years)

Urea, U o | 51 | 49 | 57 | 74 | 70 | 68 | 62 | 78 | 96
(mmol/l)

(i)  Draw a scatter diagram of these data. [1]

(ii) By calculating the relevant product moment correlation coefficients, determine whether the
relationship between U and X is modelled better by U =ax+b or by u = ae™. Explain how you
decide which model is better, and state the equation in this case. [5]

(iii) Explain why we can use the equation in (ii) to estimate the age of the patient when the urea serum
is 7 mmol per litre. Find the estimated age of the patient when the urea serum is 7 mmol per litre

(2]

(iv)  The units for the urea serum is now given in mmol per decilitre.
(a) Give a reason if the product moment correlation coefficient calculated in (ii) will be

changed. [1]
(b) Given that 1 decilitre is equal to 0.1 litre, re-write your equation in (ii) so that it can be used
when the urea serum is given in mmol per decilitre. [1]
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9 A game is played with 18 cards, each printed with a number from 1 to 6 and each number appears on
exactly 3 cards. A player draws 3 cards without replacement. The random variable X is the number of
cards with the same number.

45
(i) Show that P(X =2) = 36 and determine the probability distribution of X. [3]
(ii) Find E(X) and show that Var(X)=0.922 correct to 3 significant figures. [3]
(iii) 40 games are played. Find the probability that the average number of cards with the same number
i1s more than 1. [2]

(iv) In each game, Sam wins $(a+10) if there are cards with the same number, otherwise he loses

$a. Find the possible values of a, where a is an integer, such that Sam’s expected winnings per
game is positive. [4]

10  Inthe manufacturing of a computer device, there is a process which coats a computer part with a material
that is supposed to be 100 microns thick. If the coating is too thin, the proper insulation of the computer
device will not occur and it will not function reliably. Similarly, if the coating is too thick, the device
will not fit properly with other computer components.

The manufacturer has calibrated the machine that applies the coating so that it has an average coating
depth of 100 microns with a standard deviation of 10 microns. When calibrated this way, the process is
said to be “in control”.

Due to wear out of mechanical parts, there is a tendency for the process to drift. Hence the process has
to be monitored to make sure that it is in control.

(i) After running the process for a reasonable time, a random sample of 50 computer devices is
drawn. The sample mean is found to be 103.4 microns. Test at the 5% level of significance
whether the sample suggests that the process is not in control. State any assumptions for this test
to be valid. [4]

(ii)  To ease the procedure of checking, the supervisor of this process would like to find the range of
values of the sample mean of a random sample of size 50 that will suggests that the process is not
in control at 5% level of significance. Find the required range of values of the sample mean,
leaving your answer to 1 decimal places. [3]

On another occasion, a random sample of 40 computer devices is taken. The data can be summarised by
Y(y—100)=164, Z(y—100)* =9447.

(iii) Calculate the unbiased estimate for the population mean and population variance of the thickness

of a coating on the computer device. [2]
(iv)  Give, in context, a reason why we may not be able to use 10 microns for the standard deviation
of the thickness of a coating on the computer device. [1]
(v)  Assume that the standard deviation has changed, test at the 4% level of significance whether the
sample suggests that the process is not in control. [3]
—————END OF PAPER————
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rsin @ 3r
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<rcosr<«—— -y — >
Using Pythagoras’ Theorem, Yy =+/9r>—r’sin’ @
S X=rcos@+ry9—sin’@ =x= r[cose+ (9—sin2 6’)}

2(i) | Max x = 4r

2(iii) 9 L
X = r[(1—7]+(9—9 )2}

1

2 2\2
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2 9
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x> —3x+4
X+2
x2—3x+4—(2x+1)(x+2)>0

>2x+1

X+2

—Xx* —8x+2
X+2

x> +8x—2
X+2

(x+4) 18
X+2

(x+4-3V2)(x+4+3V2)

X+2

>0

<0

<0

<0

-3J2-4 -2 3V2-4

X<-3J2-4 or 2<x<32-4
Replacing X by —a*
a’ +3a" +4

- >-2a"+1
-a +2
a” +3a"+41,
a‘-2

Since —a* <0

<32- 4or—2<a<3f4

1n(3\/5+4) In?2
X2———or X<—
Ina Ina
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Qn
i 2
4) sin* @ = l(2 sin® 6?)
4
l(1 cos26’)
4
l(1 20826 + cos? 29)
4
l1 2co0s26 + Mj
4
%(3 40820 +cos40)
4(ii)

Let Xx=2cos@ . Thus §—2=—2sin6’.

When x:0,9=%;
when x=2, 6=0.

N

0

[\S)

=2jzsin9(4sin2 9)5 do

Km[sij g@

2 3 0 3
j (4—x2)5 dx:J‘ (4-4cos2 9)5(—2sin<9)d49

Exam @per
" (3 4cos2¢9+cos40)d0
0

:2[30—25in20+isin40}2

=37

T

0
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Qn
56) |oOD=ab+(1-4)a, AeR
lop : T =s(Ab+(1-1)a), seR
5(f) | OE=s(Ab+(1-1)a), for some s, A € R.

Cf=%(b+33)

s(Ab+(1-1)a) :%(b+3a)
Since a and b are non-zero and non-parallel (4 > 0),

s/1=l
2

1
Solving, A =—.
S
Area of ABED :%|§Ex BD|

1 1, 3 3. 3
=—|(-=b+—-a)x(-—b+—a

S b+ Za)x (= b+a)|
=l|§bxb—§bxa—2axb+2axa|

2°8 8 8 8
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6(i)

fF(x)=2x* +4x+k=2(x+1)" +k-2

For f™' to exist, f must be one-one. Largest value of a = —1

6(ii)

Let y =f(x)
y:2(x+1)2+k—2
X=-1+ %(y—k+2)
Since x e[-5,-1), X< -1

Hence x=—1—,/%(y—k+2)

For -5<x<a, k—2<f(x)£30+k,

f(x)=—-1- /%(x—k+2), D, =(k-2,30+k]

6(iii)

tY = (x) 8 (30+£,30+K)

Number of solutions to ff™' (X) = f’lf(X) is 0.
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Qn
0 v=Llme (3a—x):>ﬂ:(27zax—7rx2)%
3 dt dt
Since av = kX ,
dt
(27Z'aX—7Z'X2)%=—7Z'k\/;
dt
dx
2ax— x> )— = —k+/x
( ) = ~kx
7 —
(ii) 2ax—X dx=.[—k dt
Jx

3
:>j'2a\/§—x5 dx = —kt +¢

3 5
= —ax?—-=x2=-kt+c
3 5

3 3
:>t:l c—iax2 +gx2
k 3 5

7(iii) | If the tank is initially full, X =2a, thus
4 22 2 16,
c :Ea(za)2 —E(Za)2 :Ea v2a

Thus T, :E:Eazx/
If the tank is 5 Ini,;ég, thus
4 E I-:Q’r.-:wu!:!l.§“|'.l-'."_.'1'4:sl'\.'2'-.'-F‘. BHE60031
c=-a(@)’-—(a) =—a'~a
3 @) 5( ) T

c 14
Thus T, =—=—a’+a
us Ty = =g aVa
T, 16a’v2a 82

T, 14a’Ja 7
Required ratio is 8/2 :7

Thus
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8(i) y>+xy=4 e)
Differentiate w.r.t. X,
dy dy
+y+x—=0
2V ix dx y dx

dy __
(2y+x) v y )

dx _2y+x__§
S5y=2y+X
X=3y
Substitute x =3y in (1),
y’+3y’> =4
y* =1
Hence y=1(C-y>0)

Coordinates of the point are (3,1)

8Gi) | y’+2z° =10y )
Differentiate (3) with respect to y,

2y+2z— =10
KIA
y+Ez>%mg§PE’Jr @
dz_5-y

Sy Yy &
z 2y+x ) dt

www.KiasuExamPaper.com
Pagesii®f 2



2019 NYJC JC2 Prelim 9758/1 Solution

At x=3, y=1 and ﬂ=—l from (i).
dx 5

From (3), 1’ + 2> =10
z=3(2>0)

dz 5-1( 1)1 2
Hence —=—| ——|z-=—-—
d 3 5)2 15

Alternatively,
y:+12° =10y N ¢)
Differentiate (3) with respect to Y,

2y+2z£=10
dy
y+zE:5
dy
dz_5-y
dy z
From (2), ﬂ:ﬂ%
dt dx dt
y dx

2y+x dt

At x=3, y=1 and %:—l from (1).

dy 1

dz széfnPaper &zg

| Whats

dt dy dt

_S5-ydy

oz dt

From (3), I’ +2z° =10
z2=3(-2>0)

dz_5-1( 1)_ 2
d 3\ 10) 15
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Qn

9(a) |z|-w’ =-3-+2i
=w =|z|+3+\/§i and W=|z|+3—\/§i

Subinto W' +w+5z =1+20i,
Let z=x+ yi, where x and y are real.

2{X +y* +5X+5yi=-5+20i

Comparing real and imaginary components,

24X +y? +5x=-5,

S5y=20=>y=4
2UX*+16 +5x=-5
2UX*+16 =-5x-5
4(X* +16) = 25X + 50+ 25
21> +50x -39 =0
ng or Xx=-3 (rejectx=£':2m+5x=—5)
7=-3+4i, w=8-2i

9b) | i(8i) +(8-2i)(8i) +a(8i)+40=0
@ | 512-64(8—2i) +8ai+ 40 =0
ai=-5-161 = a=-16+5i

Vi i A nU — =0

) | (z-si)(Ac LBLLER 0
(i) (z-8)(A2" RS PEper 7

Comparing coefficietit oy peseoos
A=i
Comparing coefficient for constant,
C=5i
Comparing coefficient for z°,
B-8iA=8-2i

B=-2i
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Qn

(z —8i)(iz2 —2iz +5i) =0
(z—8i)(z2 —2z+5)=o
2+4-2
The other roots are z = fo
=1+2i
9(b) | Replacing z with iz,
(iii) iz=8 or iz=1%2i

Therefore 1 real root.
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Qn
100 irz(zr—l):i(zﬁ—rz)
=%n2(n+1)2—%(n+1)(2n+1)
=%n(n+1)[3n(n+1)—(2n+l)]
=%n(n+1)(3n2+n—1)
10Gi) | o "
Zrz(r—l):Z(r3—r2)

=%n2(n+1)2—%(n+1)(2n+1)
:én(n+1)[3n(n+1)—2(2n+1)]
:%n(n+1)(3n2—n—2)

:%n(n+1)(3n+2)(n—l)

n—1 k—1=n-1

Zr(r+1)2= Z (k=1)k?

r=2 k—-1=2

SR () e
KIASU =78

E
SRS R (k)
= n(n+1)(n=1)(3n+2)-—(2) 3)(1)(8)

—n(n+1)(n-1)(3n+2)-4

www.KiasuExamPaper.com
Page g4gbof 20




2019 NYJC JC2 Prelim 9758/1 Solution

Qn

10(iii) | (i) 4(25)-5(36)—---—59(3600)
4(25)+5(36)+---+59(3600)—2[ 5(36)+7(64)---+59(3600) |

0

)-2>"(2r) (2r-1)

5 r=3

6

[9%)

r

30

irz a3 (2r) (2r 1)+ 23 (2r) (2r 1)

r=l1 r=1 r=l1

(60)(61)(59)(182) - ()(5)(3)(14)

4

_5(30)(31)(2729)+§(2)(3)(13)

=-108836

Il
B|~ EM%

KIASU* g@

ExamPaper
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Qn

11(i)

Denote the position of the boy by X.
Let ZOXA=¢ and ZOXB=/.Then = - and

tan@ztan(ﬂ—a):w

1+tan ftan o
b_a
__ X X
1+ 9 . E
X X
( b- aj e
X X
= =(b-a
(1 abj ) ( )x2+ab
+— |X
X
Alternatively:
Applying sine rule,
sin@  sinB . (b-a) .
= = sinf = sin B
b-a x*+a’ Vx? +a’
_(b-a)
I +a> X +b’
Applying cosine rule,

(b—a)2 :(x2+a2)+(x2+b2)—2\/x2 +a2\/x2 +b? cos@

KIAST =)

mpap%/)rgyfk?_z_\/x +b2

Islandwide Delivery | Whats

_ x* +ab
X2+ a2V +b?
— 2
Hence tan @ = (b-a) X x> +ab
I +a® X +b? ) X +a’ Ve +b’
X
= b—
( a)x2+ab

WA |nt\||Evﬁm nnnr com
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Qn

(i)

. . 5X .
Differentiate tan 6 = — with respect to X:
X~ +300

40 5(x +300) - 5x-2x
dx (x*+300)
5(—x* +300)
~(x*+300)°

sec’ §—

%:0 = x> =300
dx

300 or17.3 (3s.f)

Alternatively,
Differentiate tan ¢9(X2 + 300) = 5x with respect to X:

sec’ Hﬁ(x2 +300)+ tan 0(2x)=5
dx

%:O = tanf(2x)=5

Substitute tan9=i into tan = — X :
2X X~ +300
5  5X
2x x2+300
x* +300 = 2x*

KlAcSU g@

Exa
Islapgiveis & \300« ats

do 5(—X2 +300>
dx (X2 +300)2 sec’ 6

www.KiasuExamPaper.com
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Since (X2 + 3»00)2 sec’ @ >0 for any x and @, it suffices to test the sign of —x* +300.

: (V3oo) | <m0 | (vao0)

dg  5(-x*+300)
dx (X2 +300)2 sec’ @ 70 - 0

Hence € is maximum

Alternatively, apply second derivative test:
Using GC:

do  3(-x*+300)

dx (X2 + 300)2 sec’ 0

5(—x2 +3oo)
(x*+300)"(1+ tan’ 0)
5(—x2 +3oo)

2
(x +300) (1+ +3OO)
MORHMAL FLOAT AUTO REAL RADIAN HF n

P1oll. P1olz Flot?

w V) o
.74:80664243674,

5
I\‘hE. Ce(x%ez00)

o 2e300)” [1 sxz[(le ‘:m]]
NY2=
BNY 3=
INYa=
ENY 5=
1Y 5=
INY 7=

d’e

o =-4.81x10"* < 0. Hence @ is maximum.
X

X=+/300

Or:

www.KiasuExamPaper.com
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Qn
do  5(-x*+300)
Differentiate sec 6’—=—2 with respect to X:
dx (x2 +300)
2sec0(sec@tan0ﬁj dH ¢’ Gﬂ
dx ) dx dx?
5(-2x) (% +300) —5(=x* +300)-2-2x (% +300)
(x* +300)’
~10x(x* +300)_(x2 +300)+2(-x" +3oo)}
B (x*+300)’
—10x(x* + 300) [—x? +9oo]
= ) — 2
(x +300)
At x=+/300, if 0, —x?+900 = —300+900 = 600
—10x( x* +300)(600
( )4( )<O,andsec29>0,
(x2 +300)
2
Hence F< 0 and € is maximum.
X
(iii) Since b=2a, tanf = (2a a
Islandwide P v | Wh: ?—rz
x*+a’ =18
x* =18 -a’
av18* —a?
Hence tanezﬁ
18°—a“ +2a
_l[a\/182 -a’ J
9 =tan T
18 +a

www.KiasuExamPaper.com
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Qn
ot Plot2 PIO | [WINDOK
envigeams| X ) o
SRR 8 €520 1 S Yecl=1
::Ei Ymin=@
ENYa= Ymax=1
ENY5= ¥scl=1
NYg= Xres=1
VA 2X=0.037878787878788
TraceStep=0.075757575757...
7
: A
19.5°
(10.4,0.340)
- — (12,0.331)
(5,0.243) 19.0°
13.9° >3
Largest possible 8 =0.340 rad (3 s.f.) or §=19.5" (1 d.p.)
(iv)

2
Differentiate h = —(% k+ 2j + 6 with respect to k:

d_h= _i(ik _{_2}
dk 10\ 10

At the instant when the ball crosses the goal line, k =0

dh_ 2
dk 5
tanqﬁz—2

KIASU=

45— 0381 3R%) o g (1d.p.)
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Qn
12(i) y A
0,2)
\ ;
o) / (1,0) X
0,—2
Q 0,-2)
123i) | y*=4(1-x)
Differentiate wrt X:
dy
2y—=-4
y dx
_dy_ 2
dx y
12(iii) | At P, x=1, y=0;at Q, x=-3, y=—-4. Thus equation of line PQ is

www.KiasuExamPaper.com
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Qn
12(iv) | Along arc QP, y=-21-X.
1
2 2 -2
WC:.[ (x + Xy -[—de
3 y
1
:I (x2—2xy)dx
-3
‘ !
:f (x2+4x(1—x)2de
-3
Method 1 Method 2
i 1 g 3! 1 '
We=| 2| —|2x1-x)2 W, = X2 +4x(1-x)? | dx
SE .
- -3
1 3 ! 1 1
+I 8 1=%)? dx :f (x2—4(l—x)(l—x)2+4(1—x)2de
_33 -3
28 6 3] L PENCIE PR
2 2 %02 _-2(1—-x)2
?—64 ls(l—x)z} [3+5(l X) 3(1 X) L
3 -
164 512 308 _28 256,64 308
RTINS RS
12(v) 1 !
W, :j (x2+xy2)dx= (x2+x(x—1)2)dx
i KIAS :EEE.
i:v:ampnppr Vi
12(vi) | Since the work-done- for*thertwof‘paths are different, the force field F is not conservative.
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Qn
1(1) 1 2 n(n+1)-3(n+1)+2
__+ =
(n=1)t nt (n+1)! (n+1)!
_n’+n-3n-3+2 n’-2n-1
— (n+1)! (n+1)!
Hence A=1,B=-2,C =-1
1(ii) in n—1 1& L3, 2
~75(n+l)l 54 (n=1)! n! (n+1)!
1/ 3/ 2/
N /_i 2
(VA1) N (N+D) |
[ 1 A&I% s 2
oEmmPa@m( N' S{(N+1)! NI
1Gi) | o 2oy O ool ) 1
li - ]
nZ:‘Sn+1 Z‘ 5(n+1)! NE}O SU(N+1)! N!
Since —>O&L—>O when N — o0, Z%

(N +1)! N1 = 5(n+1)!

1
converges to —g

www.KiasuExamPaper.com
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Qn

2(i)

X = 6t° y=

_$2 -2t
X _ ot gy A 2t(21-t2)
dt

dy _ 1
& gt(1-1)"
The tangent to the curve C has equation y = ;3/2 X for some t.
6t(1-t*
2 1 —-6t7 (t#0)
2 2
ViI-t et(1-1%)
2(1-t*) =1
, 1

KWSU @E’

Hence the tar@ﬁr& rl‘i]lff?—:&ﬁ@éq

y_6%(1_;)s/2

Alternative method:

v-Kiast ||:vamDannr com
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Cartesian equation of curve C:

Sub t—\/X into y= 2t to get
6 V1-t?

(6— X)3/2 \/;

The required tangent line passes through the point [6t2, 2 - J for
1-t

some X.

_dy
y_dx

x=6t2

= 6t>  (t=#0)
t

2(1-t7) =1

1

-2 KIASU=7¢
ExamPaper % :

t — I:I.'lraiswiiiﬁatzévaor gﬁeis:g' i.‘.'l'vii.‘irii—,uuii‘

V2

Hence the tangent line has equation

y=———>X
6

)3/2

o

—~~
—
|

D [—

www.KiasuExamPaper.com
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Qn
2(ii) . .
f
/
4 -/ —r
)
P2 o
F - 2 A 4 [
//
//. 2
/

The point of intersection, A, of the tangent line and the curve

1
corresponds to t =—.

V2

Coordinates of point A are (3,2).

Area of R= .[03 y dx—%(3)(2)

=Iﬁ' 2t
0 m

=0.425 (3 s.f)

Alternatively,
Area of R= J. y——x dx = II

o\/ﬁ
';r

l ‘(xliEax)d=Xa JDSDGI

0. 4247779508,

120t-(3)(2)

-12tdt —Jj%x dx

www.KiasuExamPaper.com
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Qn
2(iii) \F 2t
Sub t=,|— into y= to get
6 J1-t?
, 2r 2dx
JI=%  ~6-X
2(i 3
() Volume, V =7z.[ y? dX—lﬂ(22)(3)
0 3
3
=7 ﬂdX—47z
0 6—X
3
=7TI —4+A dx—4r
0 6—X

= 7[~4x-24In|6-X|] ~4x
= 7[-12-241n3+241n6] 47
=r[24In2]-16x
=(24In2-16)7

26\?x Jz ) (§

Alternatively,

2
xj dx
0

3
Volume, V = 7TJ- (

Islandwide Delive:

y | Whatsapp Only 8866003 :4 3
= n[—4x—241n|6—x|—Ex3}
0

=7[(-12-24In3-4)+241n6 ]
=(24In2-16)x
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Qn
3(i) Let S, be the total distance travelled by the ball just before the n-th
bounce. Thus

S, =10+2(10e) +2(10e*) +---+2(10e"™")
=20+20e+20e* +---+20e"" =10

:20(1—e )_10
1-e
_10(1+e—2e”)
1-e

3(ii) Let d, be the maximum height of the ball after the k -th bounce. Thus

d, =10e".
Hence t, =0.90305,/d, . Thus for ke Z",
t,, 0.90305,/d,,,
t,  0.90305./d,
_i0e!
- Jioet

Hence t, is a geometric sequence with common ratio Je.

3(iii) | As n— oo, the ball will come to rest. Thus total distance travelled is
S im(10(1+e—2e )

N—o0

10(1+e) KlA U @

ExamPaper

Islandwide Delivery | Whatsa

Total time taken = 0.5(0. 90305)\/70 + Zt

0.90305@
1-+Je

2.86+/e

1-+Je

=1.4278 +

=143+
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Qn
4(i) 2 1 2
n, =0 |x|2|=-(2a+1)
-1 a 4
4a 2
d-n, = 4 [|-2a-1
1 4

—8a-8a-4+4=0
Since d, L n_, then | is parallel to 7,

4(ii) | Equation of 7,:

2 5 2
r-|-2a-1|=[0]|-2a-1[=10
4 0 4
Since | is parallel to 7,, we want | to lie inside 7, .
3 2
0|]-2a-1|=10
a 4

6+4a=10 = a=1

4(iii) | Since B lies on the line, required vector is the vector FB, where F is the
foot of perpendicular from A to 7.

-1 2V (2
3 [+k|-3|]-| -3 |=10
-2 4\ 4

~19429k =10 = k=1

www-Kiasu com
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Qn
1
OF =0
2
3 1
FB=|0|-|0|=
1 2 -1
4(iv) | Let 7, be the required plane.
Point C is the reflection of Ain 7.
-1 2 3 3 3 0
OC=| 3 |+2|-3|=|-3|,BC=|-3|-|0|=|-3
-2 4 6 6 1 5
4 0 23
n, = 4 |x| =3 |=|-20
1 5 -12
23 3) (23
r-{—20|=|0 || =20 |=57. Thus 23x—-20y—12z =57
-12 1)\-12
4(v) Maximum value of Z/ADC=2x /CDF
2 23
KIA U‘%QE
=2xcos”' E& <Ll [?el;[o{mn
=2xcos”’ 8 ~ 2(70.804)
V2941073

=141.6° (1dp)

www.KiasuExamPaper.com
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Qn
i !
S() Number of ways = 9— =15120
212131
" '
S() Number of ways = % =840
5(iii)

!
Number of ways = % °C,

=1200

5(iv) | Let the event D be such that the D’s are together, the event E be such
that the E’s are together and S be such that the S's are together.
nN(DUEUS)=n(D)+n(E)+n(S)-n(DNE)
-N(ENS)-n(DNnS)+n(DNENS)
8! 7! g 6! 6! 7!
= + +— —+
2131 2121 2131 21 21 3!
= 6540
Number of ways =n(D'"E'nS")
=n(S)-n(DUEUYS)
=15120-6540
=8580

ExamPaper

Islandwide Delivery | Whatsapp O

KIASU=;

88660031
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6(i) Let X denotes the number of 1-year old flares that fail to fire successfully,
out of the 100, X ~ B(100, 0.005)

P(X <2)=0.985897 ~ 0.986

6(ii) Let Y denotes the number of boxes with a hundred 1-year old flares with
at most 2 that fail to fire, out of 50 boxes, ie Y ~ B(50, 0.985897)

P(Y <48)=0.156856 ~0.157

6(iii) | Let T denotes the number of 10-year old flares that fire successfully, out
of the 6, T ~ B(6, 0.75)
(a) Required prob = (1-0.970)x P(T > 4)
=0.03x(1-P(T <3))
=0.0249
(b)  P(at least 4 of the 7 flares fire successfully)
=0.024917+0.970x P(T = 3)
=0.024917+0.970x (1-P(T <2))
=0.958

KIASU=;

ExamPaper

Islandwide Delivery | Whatsapp Only 88660031
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7(i) Let X be the rv denoting the amount of time taken by a cashier to deal
with a randomly chosen customer, ie X ~ N(150, 45%).

P(X >180) = 0.25249 ~ 0.252

7(ii) Assume that the time taken to deal with each customer is independent of
the other,ie X, + X, ~ N(2x150,2x45%)

P(X, + X, <200) =0.058051 ~ 0.0581

7(iii) | Let Y be the rv denoting the amount of time taken by a the second cashier
to deal with a randomly chosen customer, ie Y ~ N(150, 45°).

X, + X, + X, + X, ~ N(4x150,4%45%)
and Y, +Y,+Y, ~ N(3x150,3x45%)

P(X, + X, + X, + X, <Y, +Y,+Y,) =P(X, + X, + X; + X, = (Y, +Y, +Y;) < 0)

Using X, + X, + X5+ X, = (Y, +Y, +Y,) ~ N(150,7x45%)
P(X,+ X, + X+ X, = (Y, +Y,+Y,) <0)=0.10386 ~ 0.104

ExamPaper

Islandwide Delivery | Whatsapp O
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Qn
8(1) (Duy
12
10
+
§ +
Y,
6 +
+
+ +
“ +
2 | .
30 40 50 60 70 80 90 X
8(ii) Using GC, r = 0.884 for the model u=ax+b
u=ae”™ = mu=bx+Ina
Using GC, r = 0.906 for the model u = ae™
Since the value of r is closer to 1 for the 2" model, u = ae™ is a
better model.
Inu =0.013633x + 0.94964
u= e().013633)(4—094964
u= 2 5860.013(»( — 2 6e0.014X
8(iii) ( 7 j
! 2.58
7=2.58""" = x=—""2-73391~ 73
0.0136
A patient with urea serum is 7 mmol per litre is approximately 73 years
old. ’ :'\‘- /| I E?@
EX: i %
Since r = 0.906is close to T°and 7 is within the data range of urea serum,
estimate is reliable.
8(iv) | The product moment correlation coefficient in part (ii) will not be
(a) changed if the units for the urea serum is given in mmol per decilitre.
8(iv) | u=0.258¢"""
(b)

www.KiasuExamPaper.com
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9(1)

18215 3!
T1817162!
45
136

181512

P(X =0)=
( ) 181716

_ B
68

p(x =3 - 1821

181716
_ b
136

P(X =2)

9(ii)

93

E(X) =

45 0 45,

E(X?)=0x > +2%x
68 136

2
Var(X) :@_[ﬁj
136 (136

~0.922

1189
136 136

9(iii)

MNEY. i3

P(X >1)=0.0186

9

www.KiasuExamPaper.com
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Qn
9(i 45 45 1
) Expected winnings = ——a+—(a+10)+—(a+10)
68 136 136
—£a+£>0
34 34
115
a —_
11
a<10.45

The possible amounts will be 1<a<10 and aeZ.

KIASU"—-‘7§Q

ExamPaper
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10(i) | Let X be the thickness of the coating on a randomly chosen computer
device. Let 1 be the mean thickness of the coating of a computer device.

Assume that the standard deviation of the coating of a computer device
remains unchanged.

H,: =100
H,:u#100

To test :

Level of Significance: 5%

Under H,, since sample size n =50 is large, by Central Limit Theorem,

X =100

7/ =
10/+/50

Reject H, if p—value <0.05.

~ N(0,1) approx.

Calculations: X =103.4
p—value =0.0162

Conclusion: Since p—value<0.05, we reject H, and conclude that

there is significant evidence at 5% level of significance that the process is
not in control.

10(ii) | Reject H,, is | z,,, [>1.960

calc

For H, to be qul%ds U =

v _ ExamPaper ¢
X 100 2|-1\r§95996 | Whatsapp Only 88660031
10/~/50

= X <100-1.95996 (ij orX = 100+1.95996[£]

V50 V50

= X <97.228 or X >102.772

Thus the required range of values of X is 0 <X <97.2 or X >102.8.

www.KiasuExamPaper.com
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10(iii) 4164

3(y—100) = 4164 —4000 = 164

ol (2(y-100Y’
s*=—| $(y-100y -~
39| 109 40

B 2
= Llogqy 102
39| 40

=857 5549897
195

10(iv) | The standard deviation may have changed due to the wear out of
mechanical parts as well.

10(v) H,:u=100
To test :
H,:u#100

Level of Significance: 4%
Under H, since sample size n =40 is large, by Central Limit Theorem,

Y —100

S /40

Reject H, if va(_l\ﬂj§g4_
Calculations: Exa 10845y = 2049897

Islandwide Delivery | Whatsapp Only 88660031

7 =

~ N(0,1) approx.

p —value = 0.0839

Conclusion: Since p—value>0.04, we do not reject H, and conclude

that there is insignificant evidence at 4% level of significance that the
process is not in control.
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A curve C has equation
a
y=—+bx+c,
X
where a, b and c are constants. It is given that C has a stationary point (-1.2, 6.6) and it also
passes through the point (2.1, -4.5).

(i) Find the values of a, b and ¢, giving your answers correct to 1 decimal place. [4]

(i) One asymptote of C is the line with equation x = 0. Write down the equation of the other
asymptote of C. [1]

: .11 1 :
Two variables u and v are connected by the equation U+V :2—0. Given that u and v both

e . . . du dv : .
vary with time t, find an equation connecting —,E,u andv. Given also that u is

dt
decreasing at a rate of 2 units per second, calculate the rate of increase of v when u = 60 units.
[4]
[+l
xr- - =
I I
I I
a
I I
I _ 2
Fig. 1 Fig. 2

Fig. 1 shows a square sheet of metal with side a cm. A square x cm by x cm is cut from each
corner. The sides are then bent upwards to form an open box as shown in Fig. 2. Use
differentiation to find, in terms of a, the maximum volume of the box, proving that it is a
maximum. [6]
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4

A curve C has parametric equations

(i)
(i)

(iii)

x=(1+t)", y=2(1-t)".
Find the coordinates of the point A where the tangent to C is parallel to the x-axis. [4]

The line y=—x+d intersects C at the point A and another point B. Find the exact
coordinates of B. [4]

Find the area of the triangle formed by A, B and the origin. [1]

The diagram shows the graph of Folium of Descartes with cartesian equation

X +y® =3axy,

where a is a positive constant. The curve passes through the origin, and has an oblique
asymptote with equation y = -x—a.

(i)

(i)

Given that (0, 0) is a stationary point on the curve, find, in terms of a, the coordinates of
the other stationary point. [5]

Sketch the graph of

|x|3 +y®=3a|x]y,
including the equations of any asymptotes, coordinates of the stationary points and the
point where the graph crosses the x-axis. [3]
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6 (a)

(b)

7 (a)

(b)

8 (a)

(b)

n 2N
Given that Y r? :%n(n +1)(2n+1), find an expression for »_ (r(r-1)), simplifying

r=1 r=n+l

your answer. [3]
N ((r+l)—er

(i) Use the method of differences to find Z(%) [3]
r=1 €

N le+r—er
(i)  Hencefind ) (—j [2]
o er—l

The complex numbers 3+ 2i,z, 4—6i are the first three terms in a geometric progression.
Without using a calculator, find the two possible values of z. [4]

Q) The complex number w is such that w=a+1ib, where a and b are non-zero real
2

. . : we .
numbers. The complex conjugate of w is denoted by w*. Given that — is a real
W

number, find the possible values of w in terms of a only. [4]

(i) Hence, find the exact possible arguments of w if a is positive. [2]

Find the exact value of m such that

1
S| sz 1
dx = — dXx. 5
L 9+x° o N1-m?x? Gl

Q) Use the substitution u =sin2x to show that

-~ 1
JASinE’ZxcosSZx dx=%j (u*-u®) du. [4]

0 0

T

(i)  Hence find the exact value of JA sin®2x cos® 2x dx. [2]

0
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>— dv, where a is a positive constant. [1]

9 (i) Write down J
a‘—-v

(i)  In the motion of an object through a certain medium, the medium furnishes a resisting

force proportional to the square of the velocity of the moving object. Suppose that a

body falls vertically through the medium, the model used to describe the velocity,

v ms~t of the body at time t seconds after release from rest is given by the differential

equation
a_zﬂ —aZ-v?
10 dt
where a is a positive constant.
20t
ea -1
(a) Show that v=a| ——|. [8]
ed +1
(b) The rate of change of the displacement, x metres, of the body from the point
of release is the velocity of the body. Given that a =2, find the value of x
when t = 1, giving your answer correct to 3 decimal places. [3]
10 The curve C, has equation X*+y* =25 y<0.
24
The curve C, has equationy = x+3+x—3.
(i)  Verify that (—3,—4) lies on both C, and C,. [1]

(i)  Sketch C, and C, on the same diagram, stating the coordinates of any stationary points,
points of intersection with the axes and the equations of any asymptotes. [4]

The region bounded by C, and C, is R.

(iif)  Find the exact volume of solid obtained when R is rotated through 2z radians about the
X-axis. [6]

The region bounded by C,, the x-axis and the vertical asymptote of C,, where x >3, is S.

(iv)  Write down the equation of the curve obtained when C, is translated by 3 units in the
negative x-direction.

Hence, or otherwise, find the volume of solid obtained when S is rotated through 27
radians about the vertical asymptote of C,. [4]
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11 Path integration is a predominant mode of navigation strategy used by many animals to return
home by the shortest possible route during a food foraging journey. In path integration,
animals continuously compute a homebound global vector relative to their starting position by
integrating the angles steered and distances travelled during the entire foraging run. Once a
food item has been found, the animal commences its homing run by using the homebound
global vector, which was acquired during the outbound run.

(@) A Honeybee’s hive is located at the origin O. The Honeybee travels 6 units in the
direction —i+2j—2k before moving 15 units in the direction 3i—4k . The Honeybee is

now at point A.

(i)  Show that the homebound global vector R)) is —7i—4j+16k . Hence find the
exact distance the Honeybee is from its hive. [3]

(i)  Explain why path integration may fail. [1]
. . x-=3
A row of flowers is planted along the line ru =y+2,2=2.

(iii)  The Honeybee will take the shortest distance from point A to the row of flowers.
Find the position vector of the point along the row of flowers which the Honeybee
will fly to. [4]

(b) To further improve their chances of returning home, apart from relying on the path
integration technique, animals depend on visual landmarks to provide directional
information. When an ant is displaced to distant locations where familiar visual
landmarks are absent, its initial path is guided solely by the homebound global vector,
h, until it reaches a point D and begins a search for their nest (see diagram). During the
searching process, the distance travelled by the ant is 2.4 times the shortest distance back
to the nest. *x KXt *x

S Ant displaced
<)
L
g
§ D Shortest
g Actual path distance to nest
g travelled by (dotted arrow)
b ant during -
: searching
- had -~ -
process
- - - o
Nest Nest
Path travelled by Path travelled
undisplaced ant by displaced ant

Let an ant’s nest be located at the origin O. The ant has completed its foraging journey and is
at a point with position vector 4i+3j. A boy picks up the ant and displaces it 4 units in the
direction —i. Given A (—4i—3j) as the initial path taken by the ant before it begins a search
for its nest, find the value of 4 which gives the minimum total distance travelled by the ant

back to the nest. [4]
[It is not necessary to verify the nature of the minimum point in this part.]
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RAFFLES INSTITUTION
2019 YEAR 6 PRELIMINARY EXAMINATION

MATHEMATICS 9758/01 Suggested Solutions

SOLUTION

COMMENTS

13)
[4]

a
y=—+bx+c
x

d—y=—3—j+b
dx X

Atx=-12 , d—y=0, we have
dx
3a

(-1.2)"

At (—1.2,6.6), we have

+h=0  ..()

a

(-1.2)

At (2.1,—4.5), we have

~12b+c=6.6 (2)

(2?11)3

+2.1b+c=-4.5 ..(3)

Using GC to solve (1), (2) and (3):

a=-2.03260~-2.0,
b=-2.94068 = -2.9,
c=1.89491~1.9

Generally well done for most
students, except for a small
number.

These are the points to note:

1. Some students could not get the
3 equations as they didn’t realise
that the point (—1.2, 6.6) could

result in 2 equations instead of
only one.

2. There were a number of
students who could get the 3
equations but they end up with the
wrong solutions. Do be careful
when keying the equations into the
GC!

3. A number of students
differentiated wrongly:
Eg. & =— 3—? +b.

X

(i)
1]

y=-29x+1.9 (1 d.p.)

From equation of C, the other
asymptote is y = bx+c . Most
students were able to obtain a
mark for this.
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SOLUTION

COMMENTS

2 I 1 1

41 |4 20

Differentiating w.r.t ¢,

1 du 1 dv

w2 dr 2 dt_o """""""" (M

When u = 60,
1 1 1
oy
60 v 20
1 1 1
v 20 60
1 1
v 30
v=30

Substituting v =30 and c(li—b; =-2 into (1),

)2
(60) (30)" de

1 I dv
1800900 dr

dv 900

" 1800
1
2

. |
.".Rate of increase of v = E units/s

Probably 70% of students
managed to do this.

Some points to note:

1. Students are strongly advised to
use implicit differentiation instead
of making u or v the subject and
applying quotient/product rule
which often ends up with long and
complicated expressions.

2. Some students mixed up
differentiation and integration

d (1
Eg. —| — | =1 .
8 du(uj n|u|

3. Students are again reminded of
the need to write clearly and
properly as they mixed up u and v
and hence obtained the wrong
answer eventually.
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SOLUTION

COMMENTS

3
[6]

V =(a—2x)2 x=a’x—4ax* +4x°

d—V=a2—8ax+12x2=O
dx
(6x—a)(2x—a)=0
x=2 or ng(rejected wV=0)
6 2
2
dlz/:—8a+24x=—4a<0 when x = 4
dx 6

2 3
Maximum V =| a — 2(£j (gj = 21 cm’.
6 6 27

This question is generally well done.
Some points to note are
e Some students did not justify why

the value of x = —was rejected.
2

Many students checked that this
gives a minimum value using the
second derivative test, a good
strategy.

e Many students solve for x by
completing the square (of which a
number made careless mistakes)
when a direct factorization is
much faster. Good for some of
them to relearn this method.

e Students who used the first
derivative test to check for the
nature of the root need to be
reminded that the expression for
dV/dx need to be in factorized
form.

e A small number of students were
not aware that the « in the
question is a constant and
proceed to differentiate wrt a.
Such students also tend to bring
in expressions involving surface
area showing that they are not
sure of what the question is
asking.
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SOLUTION

COMMENTS

4 Y= (1 +t)2 y= 2(1 —t)2 ‘ This question is well done. The
@) & ’ q main mistakes for (i) are
4 & _ Y_ 40— d
4] dr 2(1+t)’ ds 4(1 t) e giving d—);=4(1—t)
dy _ _4(1 —t ) _ —2 (1 —t ) o the gradient of the tangent
dx  2(1+¢) 1+1 parallel to the x-axis is
Y undefined.
Tangent parallel to x-axis, Y = M =0=>t=1
dx 1+t
Thus, the coordinates of point 4 is (4,0).
(i) | Let the coordinates of B be ((1 + b)2 2(1- b)z), This part of the que_stion asked
[4] for the exact coordinates,
where b € R. which means that the use of the
y =—x+d passes through 4(4,0) = d =4 GC is not allowed.
SubB:2(1-b) =—(1+b) +4
2-4b+2b>=—-1-2b—-b" +4
3b>-2b—-1=0
(3b+1)(b-1)=0
b= —% or b=1(point 4)
Thus, the coordinates of B is (g,%)
(iii) | Area of triangle OAB y This part is well done.
[1] 1 [32)
=—(4)| ==
_o4 o2
9 K
o 4 B
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SOLUTION COMMENTS

5 x*+ v’ =3axy Differentiation was well
() | Differentiate with respect to x, done. A few students

[5] made the mistakes:

3x2+3y2%=3a[x%+y]

When d—y=0,
dx
x2
3 =3ay=> y="-
a

2
. x°. .
Substitute y = — into the given curve x’ + 1’ = 3axy,

and, y=0 or

1 2
The required coordinates are (0, 0) (shown) and (23 a,2’ a].

For the following working, note that we need y* # ax to get

Y in terms of x and y.
dx

3x2+3y2%=3a[x%+yj

(y2 —ax)%zay—x2

42

d_y:a)zz_x ify* # ax (%)

dx y —ax

Letting (*) = 0 and solving will also give (0,0) as an answer,
but would need to be rejected as y* # ax.

- did not apply chain
rule

- did not apply product
rule

Many did not substitute
2

y= X back into the
a

given curve.

Note a stationary point
lies on the curve and has
0 gradient. It does NOT
lie on the asymptote

y = —x —a or any other

lines such as y=x.

Many made mistakes
when manipulating the
indices.

Some students did not
simply their answers. In
addition, please leave the
answers in exact form
when the question
explicitly states that the
coordinates are to be
expressed “in terms of a”.
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(i) X +1° =3axy —Replerty LN | x|3 +1°=3 a| x| y Some common mistakes:

[3] - incomplete graph
y - graph not
1 2 A 12 symmetrical about y-
(-23a,2%a) (23a,2%a) axis

- (0, 0) was not drawn
as stationary point
with zero gradient

- stationary points are
the points with
“maximum” y values,
NOT the points
furthest away from
the origin.

- label the asymptotes
wrongly

- curve not
approaching the
asymptotes as x—>oo

- not labelling/labelling
the required
coordinates wrongly
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SOLUTION COMMENTS
6 2n This part was well
(a) 2 (r (r _1)) done. However, quite a
[3] r:”; number of students lost
(2 1 mark for not
- _Z:l (r -r ) simplifying their
r_;: - answer. Another
_ Z 2 Z ’ common mistake seen
ol renil was miscalculation of
2n n " the number of terms in
_ 2 N2 o
—rZ:;‘r rzzllr 2(n+1+2n) the sum of AP, z r.
r=n+1
=%(2n)(2n+1)(4n+1)—%(n)(n+l)(2n+1)—%n(3n+1)
=%n[2(2n+1)(4n+1)—(n+1)(2n+1)—3(3n+1)]
_ %;1(14112 -2)
= %n(7n2 —1)
Alternatively,
e
re—r
r=n+l
2n 2n
D
r=n+l r=n+l1
2n n 2n n
DS VNS
r=l1 r=l1 r=l1 r=1
=—(2n)(2n+1)(4n+1)——(n)(n+l)(2n+l)——(2n)(2n+1)
+%n(n +1)
=én[z(zn+1)(4n+1)—(n+1)(2n+1)—6(2n+1)+3(n+1)]
= én(l4n2 -2)
= %11(7112 —1)
(b) This part was well
(i) (r+l)—er) &N (r+1) er done. Some common
[3] Z o :Z o o mistakes seen were:
"~ r:‘ e Missing out the —
= ((FJFD_LIJ sign in -1
= er er—
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o Writing the last term

n+
wrongly as Ty

(b)
(i)
2]

Z”:(eﬂ;_—lerj: i (e+(r+(1r)+;j(r+l)]

r+1=2

_Z((wrl) er}

n
= n—1 -1
(S

Take note of the
“Hence” method
required in this part.
Many students failed to
show proper working
of using answer to
(b)(i). There were also
a lot of mistakes in the
change of lower and
upper index of the
summation.

SOLUTION

COMMENTS

7
()
[4]

z 461
3421 2
= z> =(4-6i)(3+2i)=24-10i
Let z=a+bi, a,beR
(a+bi)’ =24-10i
= a’ —b’ +2abi=24-10i

Comparing Real and Imaginary parts,
a’—b* =24
2ab=-10=ab=-5

2—b2_24
b’

Students need to
understand that
when a question
states “without
using a
calculator”, they
need to show all
working no
matter how trival
it seemed to
them. Many lose
marks for failing
to show the
proper
factorization of
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= b* +24p* —25=0 --mv (*)
= (b* +25)(p* —1)=0
=b=*1

=>a=%5

The two possible complex numbers are —5+1 or 5—1.

the quartic
equation (*).

(b)
(i)
[4]

w (a+ib)
wE  a—ib
(a+ib)
a’+b’
a’ +3ia’b-3ab* —ib’
- a’+b’
(@ -3ab*)+i(3a°-1")

a’ +b*

W’2 .
— is purely real
w %

2 27 13
Im| 2 =0:>%=0
w* a +b

=b(3a’-b")=0
= b =0 (rejected, since b # 0) or b=+ta3
Thus,w=a+ia\/§ or w:a—ia\/g.

Alternative method 1:

2
arg (w_] =kmx, wherekeZ
W*

Jargw=krx

ar, w—k—ﬂ
8 3

Since a and b are non-zero,

_l{bJ s
tan =—
3

a
b]=al3
bzax/g or —a\/g

Thus,w=a+ia\/§ or w=a—ia3.

Generally well
done for students
who use the first
method, except
for a few who
forgot to reject
b=0.

Students who use
the argument
method
(Alternative
Method 1) mostly
wrote

argw= tan™' (éj
a

Students who
wrote this were
not penalized in
this exam, but
please do note
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Alternative method 2:

2

Let W—* =k, where k e R

w
. 2
(a+1.b) 4

a—1b

a b+ i(2ab) = ka —i(kb)
Comparing real and imaginary parts,
a’—b* =ka - (D

2ab=—-kb --------m--- 2)

From (2), k =-2a

Substitute into (1):

a’—b*=-2a’

b* =3a*

that this is not
correct.

(b)
(i)
2]

b=a3 or —a3
7

Basic angle = tan™' | — z
1 3

Thus, arg(w) =§ or arg(w) = —%.
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SOLUTION COMMENTS
8(a) R . 3 Common mistakes:
151 f 1 7 dv=| ~tan” (fj a) Exclude the 1 in the
0 9+x 3 3/, m
_1(z lsin’1 (mx);
3\ 4 m
_T b) Wrong value for tan™' (Ej or
12 3
i L sin™ (lj
m 1 dx _i 2m m dx 2
o Al miy? . . 1—(mx)2 Some students resorted to using
-
- [sm (mx )Jé " calculator to compute — 3\
tan”™' (j
:i sin™ lj—O o 3
m 2 which illustrated that they do not
g have knowledge of the special
= om. angles. Note that since question
asks for exact value of m,
o calculator should not be used in
So J the computation.
0 l m’x’
T _7
6m 12
=2
(b) 1 = sin2x = du 7 c0s 2 Some students did this:
161 Wh 0 dx 0 — =-2cos2x which
enx=0, u=0.
ju is less than desirable.
Whenx=—, u=1.
4

5 b
J sin’ 2xcos® 2x dx = ,[04 sin’® 2xcos” 2x cos 2xdx
0

Very common
presentation error:

%ﬂ (u3)(cos3 Zx) du

cos 2x

1 o~
— |4 (qin3 —qin?
= 2'[0 (sin 2x)(1 sin 2x)(2cos2x)dx

|

and the variations of
mixing x and u in the
integrand, or even
integrating wrt to u but
the limits are still in x.

u3(1—u2) du

Some students failed
to use the “hence” for
the last numerical
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z | computation and
J4 sin® 2xcos 2x dx = lJ (,f -’ ) du reworked from the
0 2), start.
1 {u“ u® T
204 6|
111
214 6
_1
24
SOLUTION COMMENTS
9(i) 1 1 a+v This part was very poorly
[1] J PER dv= 2—aln v done. Most students either
missed out on the modulus
sign or the +c.
(i) add , Most students were able to do
(a) Todr a -v this part relatively well.
181 1 dv 10 |
= A few points to take note
a—-v-dt a
j 1 dv = f 10 d 1. There should be a modulus
v=| —df .
a’ —V? a’ in the natural log.
1 a+v| 10 . . .
—In =—t+C, where C is an arbitrary constant | 2. The modulus will be taken
2a |la-v| a b
care of when we take 4 =+e
Y= 207 +D, where D = 2aC and then substitute initial
a-v a conditions to calculate for 4.
a+v 20

=Ade“, where A=+e”
a—yv

Giventhat v=0 when t=0, 4=1.

3. Some students substituted
the initial conditions too early
to calculate D, obtaining D=0.
This is insufficient because
upon simplifying the equation
by removing the modulus
sign, you will still get . In
this case you will need to
substitute the initial
conditions again to decide that
the positive form is to be
retained.

Otherwise, students generally
have no problems expanding
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201

a+v
=eg

a—v
20t
a+v=(a—v)e“

201 201
(1+e a jv=a(e a —lj

200

v=a eZT—l (shown)

e +1

and rearranging the terms to
obtain the final answer.

(ii)
3]

101
Since a=2,v=2(e IJ.

e +1

1 _10¢

e -1
o€ +1

=1.723 metres (3 d.p.)

In this part of the question,
many students wrongly
substituted # =1 to find the
value of v at that point. Do
note that we are looking for x,
not v.

Many students did the
integration manually without
using GC, which led to many
mistakes. Some examples:

1. Wrong method of
integration.

2. Applying indefinite
integration and then forgetting
or wrongly calculating the
value of the arbitrary constant
c.

Some students left their
answer in 3 significant figures
instead of 3 decimal places.
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SOLUTION

COMMENTS
10 Forx®+y> =25 y<0 This part is done
(® 2 2 well.
[1] (—3) +(—4) =25.
Fory=x+3+ ,
x-3
x=-3,y=-3+3+ 24 =—4.
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(ii)
(4]

/7
L7 y=x+3

|

|

1

|

|

1

|
(7.90,15.8) "
1 d
|

|

1

1

4

(-1.90,-3.80) r

Asymptotes : y=x+3 and x=3

Graphs were
generally
sketched well.
The only errors
seen were related
to inappropriate
points i.e. (5, 0)
being further to
the right of
(7.90, 15.8) or the
curve C2 not
being sketched
completely. A
significant
number of
candidates used
differentiation to
compute the
turning points
when the
graphing
calculator could
have been used.

(iii)
[6]

Volume of solid obtained when R is rotated through 27 radians
about the x-axis
2
24 j dr
3

r0
(25—x2)—(x+3+
x_
2
25—x2—(x+3)2—48[x+3J— 2| ax
x-3) (x-3)

[25—x2—(x+3)2—48(1+ 6 j— 24° 2}dx
x=3) (x-3)

=T
J -3
r0

J -3
r0

-3

3 , 1°
= 7| 25x ———~—"——48(x+6In|x-3|)+ a }
(x=3)
24° 24°

- ﬂ[_ 2 —48(61n3)+——25(—3)+%+48(—3+6ln6)—_—
(

-3

3 -3

= 7(2881n2-183)

3

The instruction
“Find the exact
volume” was
ignored by some
candidates who
had set up the
integrals correctly
but went on to
use the calculator
to compute the
volume. It was
necessary to
realize that the
points of
intersection
(-3,-4) and
(0, =5) were
already verified
and found in parts
(i) and (ii)
respectively. Note
24 x*-15
x-3 x-3.

x+3+

#
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(iv)
[4]

Translating the graph of x> +»* =25 3 units in the negative x-
direction, we have (x+3)2 +y*=25.
(x+3)2 +y* =25

(x+3)2 =25-y°

x=-3% \/ﬂ

x=—3+\/ﬂ for x>3

Volume of solid obtained when S is rotated through 27 radians
about the line x =3

—7Z'J- ( —3+4/25- y)zdy
=28.6 (3s.f)

Most candidates
were able to write
down the
equation for the
translated graph
but many went on
to use the original
equation and
make y the
subject to find the
volume generated
using integration
of the region
rotated about the
x-axis when the
question stated
“rotated ... about
the vertical
asymptote” which
meant that the y-
axis would be a
more likely
option.
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SOLUTION

COMMENTS

11(i)
[3]

1—1 3 2 9 7
od=6lt 2 |l+1s/ L o ||=
3 5

) 4| |4

Homebound global vector = A0 =| —4
16

(shown)

7
—4 =7 +4*+16" =+/321

16

Distance from the hive =

A significant
minority of
students forgot to
scale the
directions to unit
vectors.

Some students
missed this part.

(i)
[1]

The homebound vector may be blocked by obstacles along the path.

Any reasonable
response is
acceptable.
However,
anything blaming
the poor bee is
not, and neither
are general
statements that
something can go
wrong.

Only a few
students realized
that (b) actually
provided a
plausible answer
here.

(iii)
[4]

Equation of line:

3 5
lir=| 2 |+p|1|,ueR
2 0
Let N be the foot of perpendicular from 4 to the line.
3 5
ON =| -2 +u| 1|, for some e R
2 0
3 5 7 —4+5u
AN=| 2 |+u|1|-| 4 |=| -6+u
2 0) (-16 18

Since AN is perpendicular to the line,

This part is
generally handled
proficiently by
most students.
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5

AN+ 1]=0
0
—A4+5u)(5
—6+u 14 1(=0
18 0
=-20+254—-6+u=0
=>u=1
8
= ON=| -1
2
(b) | Let b be the direction vector back to the nest from any point along
(4] the homebound vector. -4 Students’ success
—4 0 /{—3J in this part mostly
_ _ 0) 4 relies on
A3 |+b=-3 interpreting the
0 0 v 0 question correctly
4 0 4) \ and quality of
b 0 responses various
b=4|3|-|3|=|34-3 greatly.
0 0 0

Distance to travel from the position vector 3j back to the origin,
D = Distance travelled via homebound vector + Distance travelled
via searching process

—42 41
= =34 ||+2.4| 31-3
0 0
_ 2 2 12 2 _ 2
=167 +927 4 J1642+(34-3) Many studens
12 who got here
= 5/1 + ? V 2512 - 1 82 + 9 Squared to
Differentiating with respect to 4, izfﬁg:]e :[ltllfis S
-1/2 ’
@=5+§(16/12 +(32-3)") T (322+6(32-3)) not only
di 5 unnecessary, but
6 ) 2\ B also introduced a
5+ g(16/1 +(32-3)") T (322+6(34-3)) =0 putious solution
From G.C., that needs to be
A ~0.140 rejected.
OR
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D=5/1+% 252% —184+9

O| 0.140

From G.C., 41 ~0.140

v
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Section A: Pure Mathematics [40 Marks]

The function f is defined as follows.

f:xn—>i2, for xeR, x#0.
X

(i)  Sketch the graph of y=7(X). [1]

(if)  If the domain of f is further restricted to x >k, state with a reason the least value of k
for which the function f ~ exists. [2]

In the rest of this question, the domain of fis x e R, x # 0, as originally defined.

A function h is said to be an odd function if h(—x) =—h(x) for all x in the domain of h.
The function g is defined as follows.

g: X

+m, for xeR, x=0.
-1

(iii) Given that g is an odd function, find the value of m.

(iv) Using the value of m found in part (iii), find the range of fg.

(@) The curvey = f(x) passes through the point (0, 81) and has gradient given by
1

dy = (1 y—lej3 .
dx \3

Find the first three non-zero terms in the Maclaurin series for y. [4

4-3x+ Xx?

(b) Let g(X) :m.

1 B

+ >, Where A and B are constants
1-x (1-x)

(i)  Express g(x) in the form A +
1+X
to be determined.

The expansion of g(x), in ascending powers of x, is
2 3 r
Co +CX+C, X" +C X" +..+C. X +....

(ii)  Find the values of c,, ¢;, and ¢, and show that c, =3.

(iii) Express c, intermsofr .

www.KiasuExamPaper.com
585



Referred to an origin O, the position vectors of three non-collinear points A, B and C are a,
b and c respectively. The coordinates of A, B and C are (-2,4,2), (1,3,1) and (0,1,2)

respectively.

(i)
(i)

(iii)

(iv)

()

(b)

Find (a—b)x(c—b). [1
Hence

(@) find the exact area of triangle ABC,

(b) show that the cartesian equation of the plane ABC is 3x+2y+7z=16.

1 1
The line |, has equation r=| 1 |+ 4| 2 | for A eR.
6 -1

(@) Show that |, is parallel to the plane ABC but does not lie on the plane ABC.

(b) Find the distance between |, and plane ABC.

The line |, passes through B and is perpendicular to the xy-plane. Find the acute angle
between |, and its reflection in the plane ABC, showing your working clearly.

The non-zero numbers a, b and c are the first, third and fifth terms of an arithmetic
series respectively.

(i)  Write down an expression for b in terms of a and c. [1

(i)  Write down an expression for the common difference, d, of this arithmetic
series in terms of a and b. [1

(iii) Hence show that the sum of the first ten terms can be expressed as

%(QC—a). [2]

(iv) Ifa, band c are also the fourth, third and first terms, respectively of a
geometric series, find the common ratio of this series in terms of a and b and
hence show that

(2b—a)a’=b°.

. 1
The nth term of a geometric series is (2sin’ a)n .

()  Find all the values of «, where 0 <« <27, such that the series is convergent.
(if)  For the values of « found in part (i), find the sum to infinity, simplifying your ans
Section B: Probability and Statistics [60 Marks]

www.KiasuExamPaper.com
586



5

(@) The probability that a hospital patient has a particular disease is p. A test for the
disease has a probability of 0.99 of giving a positive result when the patient has the
disease and a probability of 0.95 of giving a negative result when the patient does not
have the disease. A patient is given the test.

For a general value of p, the probability that a randomly chosen patient has the
disease given that the result of the test is positive is denoted by f(p).

Find an expression for f(p) and show that f is an increasing function for 0 < p <1.
Explain what this statement means in the context of this question. [5

(b) Forevents A and B, it is given that P(A) =0.7 and P(B) =k.
(i) Given that A and B are independent events, find P(AnB") in terms of k.

(i)  Given instead that A and B are mutually exclusive events, state the range of
values of k.

Find P(B| A') in terms of k.

Five objects a, b, ¢, d and e are to be placed in five containers A, B, C, D and E, with

one in each container. An object is said to be correctly placed if it is placed in the container
of the same letter (e.g. a in A) but incorrectly placed if it is placed in any of the other four
containers. Find

(i)  the number of ways the objects can be placed in the containers so that a is correctly
placed and b is incorrectly placed, [2]

(i)  the number of ways the objects can be placed in the containers so that both a and b
are incorrectly placed, [3]

(iii) the number of ways the objects can be placed in the containers so that there are at
least 2 correct placings. [3]
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Based on past records, at government polyclinics, on average each medical consultation
lasts 15 minutes with a standard deviation of 10 minutes.

(i)  Give areason why a normal distribution, with this mean and standard deviation,
would not give a good approximation to the distribution of consultation duration.  [2

From recent patient and doctor feedback, a polyclinic administrator claims that the average
consultation duration at government polyclinic is taking longer. State suitable null and
alternative hypotheses to test this claim.

(i)  Given that the null hypothesis will be rejected if the sample mean from a random
sample of size 30 is at least 18, find the smallest level of significance of the test. State
clearly any assumptions required to determine this value.

The administrator suspects the average consultation duration at private clinics is actually
less than 15 minutes. A survey is carried out by recording the consultation duration, y, in
minutes, from 80 patients as they enter and leave a consultation room at a private clinic.
The results are summarized by

> (y-15)=-50, 3 (y-15)° =555.

(iii) Calculate unbiased estimates of the population mean and variance of the consultation
duration at private clinics. Determine whether there is sufficient evidence at the 5%
level of significance to support the administrator’s claim.

A biased cubical die has its faces marked with the numbers 1, 3, 5, 7, 11 and 13. The
random variable X is defined as the score obtained when the die is thrown, with probabilities
given by

P(X =r)=kr, r=13571113,
where k is a constant.

(i)  Show that P(X = 3) = 4%. [3]

(i)  Find the exact value of Var(X).

The die is thrown 15 times and the random variable R denotes the number of times that a
score less than 10 is observed.

(i) Find PR > 5).

(iv) Find the probability that the last throw is the 8" time that a score less than 10 is
observed.
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Rroar Tyre Company develops Brand R tyres. The working lifespan in kilometres of a
Brand R tyre is a random variable with the distribution N(64000, 80002).

(i)  Find the probability that a randomly selected Brand R tyre has a working lifespan of
at least 70000 km. [1

(i)  Rroar Tyre Company wishes to advertise that 98% of their Brand R tyres have
working lifespans of more than t kilometres. Determine the value of t, correct to the
nearest kilometre. [2

Ssoar Tyre Company, a rival company, develops Brand S tyres. The working lifespan in
kilometres of a Brand S tyre is a random variable with the distribution N(68000, &*).

(i) A man selects 50 Brand S tyres at random. Given that « = 7500, find the probability
that the average of their working lifespans exceeds 70000 km.

(iv) Using a = 8000, find the probability that the sum of the working lifespans of 3
randomly chosen Brand R tyres is less than 3 times the working lifespan of a
randomly chosen Brand S tyre.

(v)  Find the range of «, correct to the nearest kilometre, if there is a higher percentage
of Brand S tyres than Brand R tyres lasting more than 50000 km.

(vi) State clearly an assumption needed for your calculations in parts (iii), (iv) and (v).
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10

(@) With the aid of suitable diagrams, describe the differences between the least square
linear regression line of y on x and that of x on y. [2]

(b)

The government of the Dragon Island Country is doing a study on its population growth
in order to implement suitable policies to support the aging population of the country.
The population sizes, y millions in x years after Year 2000, are as follows.

X 9 10 11 12 14 15 16 17 18
Poggéat;on 505 | 521 | 532 | 541 | 551 | 556 | 560 | 5.65 | 5.67

(i) Draw a scatter diagram of these values, labelling the axes clearly. Use your
diagram to explain whether the relationship between x and y is likely to be well
modelled by an equation of the form y =ax+b, where a and b are constants.

(i)  Find, correct to 6 decimal places, the value of the product moment correlation
coefficient between
(@ Inxandy,

(b) x*andy.

(iif) Use your answers to part (ii) to explain which of y=a+blnx or y=a+bx* is
the better model.

(iv) Itisrequired to estimate the year in which the population size first exceed 6.5
millions. Use the model that you identified in part (iii) to find the equation of a
suitable regression line, and use your equation to find the required estimate.
Comment on the reliability of this estimate.

(v) As the population size in Year 2013 is not available, a government statistician
uses the regression line in part (iv) to estimate the population size in 2013. Find
this estimate.

(vi) It was later found that in Year 2013, the population size was in fact 5.31 millions.

Comment on this figure with reference to the estimate found in part (v), providing
a possible reason in context.
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RAFFLES INSTITUTION

2019 YEAR 6 PRELIMINARY EXAMINATION

MATHEMATICS 9758/02 Suggested Solution

SOLUTION

COMMENTS

13)
1]

y=f(x)

y=0

v
=

Students should be
careful in showing
asymptotic behavior
and in the labeling of
the two asymptotes

x =0 (y-axis),

y =0 (x-axis) .

1(ii)
[2]

Least value of k= 0.

If the domain of f is restricted to x >0, then for any horizontal
line y=h, heR", it cuts the graph of f at one and only one
point, therefore fis a 1-1 function.

Hence funcion f! exists.

For the horizontal line
test to show that fis 1-
1, many did not state

that it is for any y =4,

h € R" (which is the
range of f) that cuts the
graph of f at one and
only one point.

1(iii)
2]

Consider g(—x)=-g(x), with x=1.

=
+tm=—| —+m
3-1
2m=3-1

m=1

371

NOTE:
We may attempt this part with any specific value of x (in the
domain of g).

Many did not see that
since it is given that g
is an odd function, then
g(—x) =—g(x) holds
for any x in the domain.
For those who tried to
solve it for a general
value of x, some did not
simplify m to

-1 1
3 -1 37 -1
-1 3
31 1-3°
j— 3x _1 j—
T

1

1(iv)
2]

Rg =(-0,-1)u (1, »).

Rg is found by looking
at the asymptotic
behavior of g as
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= (0,]) A

y
i
1
'I
1
1

1 1

R,, =R, with domain restricted to (—o0,—1)U(1,0)

"., y=1(x)

x — oo, which gives
the y-values of g as
y<—lory>1l.

notations for

(—o0,—1)U(1,0) are

/I| Y\ R\ [_1,1], or
Rg I —_'/0 \\ (—o0,00)\[-1,1]. Note
3 ‘ ' > also that w should not
-1 1 be written as “or”,
Rq - - Rq ‘Gand”, Gém ”, ‘6")’.
J © 9 —J
SOLUTION COMMENTS
81
2(a) | Whenx = —

[4]

5‘|\<

(3]
P e

When x =0, j; 2%(%—15(0)j( 3)- 15]

Hence y=81+3x—lx2 +...

w\m W

4-3x+x° A 1

14
27

Students should not present
the following:

Q:(l—lsxT
e \3

81 ;
—(?—15(0)j (%)

(*) is only true when
dy .

is evaluated at (0, 81).
dx

The presentation of
y =81+3x—lx2 +... 18
27

not ideal for a significant
number of students.

Students should use = or
include +... in their answer.

2(b)
()
[2]

B
+—t >
I+x 1-x (I-x)

A+x0—x)?
Therefore,
4-3x+x> = A1-x)* +(1+x)(1-x)+B(1+x)

When x=1 : 2=2B
When x=-1: 8

Quite a number of students
tried to solve partial
fractions in the form
A C B

- +
l+x 1-x (1-x)*’
which involves solving 3
unknowns and is not
necessary at all.

A handful of students used
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A B C
+ + 7, L.C.
I+x 1-x (I-x)
the same unknowns as the

ones given in the question,
which is not accepted.

2(b)
(i)
[3]

4-3x+x°
(1+x)(1-x)
2 1 1
= + + 5
I+x 1-x (I-x)

=2(1—x+x" =X +.)+(+x+x>+x" +..)

g(x)=

+(14+2x+3x7 +4x° +..)

=4+ x+6x"+3x° +...

Hence ¢, =4,c,=1,c,=6, and c; =3.

A good number of students
differentiated g(x)

repeatedly and obtained the
following:

¢, = 8(0),¢, =g(0),

¢, === and ¢, :g3_('0)-

They will arrive at the same
answer, however, the
working seems significantly
longer.

Please note that (1 + x)f1

and (1 —x)_1 could be
obtained easily from MF26.

Also note that,

41
(1-x)* dx\l-x)

2(b)
(iii)
1]

From above, ¢, =2(-1)" +1+(r+1)=2(-1)" +r+2.

Students should note that c,

only refers to the coefficient
of the x” term.
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SOLUTION \ COMMENTS

General Comments:

The question is well done in general, but many parts (ii)(b), (iii)(a), (iv) require detailed and clear
explanations as they are show questions or the question explicitly required clear working. For
example, in such show questions, scalar products should be expanded in full.

For (iv), there are many correct numerical answers but not all obtained full credit. For students

who obtained 2 cos™ (%j =54.5", the angle in question must be clearly defined or labelled in a

diagram for full credit to be awarded.

3(i) -3\ (-1} (3 When the position

1] (a—b)x(c=b)=| 1 |x|-2|=|2]. vectors/coordinates
are given, there is no

1 1 7 need to evaluate

using properties of
cross product and
end up doing more
work.

?zgl) 1 3 Je2 Do not forget the 1 .
] Hence exact area of triangle ABC is 5 2= - 2
7

3(ii) | Hence the equation of the plane ABC is given by Choose a point on
(b) 3 0) (3 the plane with more
[1] ) _ ) _ _ 0’s in the
re|2|= 1) 2)=2+14=16. coordinates— the
7 2)\7 corresponding scalar
Hence the cartesian equation of the plane is 3x+2y+7z=16. product is easier to
evaluate.
3(iii) 1 3 The scalar product
(a) ) _ 7 being 0 only shows
3] ol A Bl that the line and the
—1)\7 normal vector of the
Since the line is perpendicular to the normal vector of the plane, the | plane are
line and the plane are parallel. perpendicular. This
relation has to be
1) (3 clearly stated.
Since | 1 |:|2|=3+2+42=47#16, a point on the line does not N (3
6)\7
. . i 1|-|2]|#16 only
lie on the plane, and since the line and the plane are parallel, the
line does not lie on the plane. 6)\7
shows the point does
not lie on the plane.

Page 4 of 17



1 1 3
1{+A4] 2 [|-|2]|=47#16 for all real A so
6 -1 7
there is no intersection between the line and the plane. This means

the line and the plane have to be parallel, and the line does not lie
on the plane.

Alternatively,

You need to show
that the line and
plane are parallel
first before
concluding that the
the line is not
contained in the

plane.
3(iii) | The distance between the line and the plane is Please be careful
(b) 1 0 3 when transferring the
[2] | 1 ) values to your work.
h ) Many ‘6’ morphed to
6) \2 \/7 \/_ ‘0’ and the scalar
/7 2 2 products were not
32 carefully evaluated.
Alternate _method (more tedious and not encouraged since
tion did not ask for foot of dicul There are many
question did not ask for foot of perpendicular) students who went to
. find the foot of
Let F be the foot of perpendicular from P(1, 1, 6) to the plane. Then .
perpendicular from
- 1 3 (1, 1, 6) to the plane.
OF =| 1 |+u|2| forsome ueR.

6 7 This is unnecessary
and often showed
conceptual errors

Then since F lies on the plane, | | 1 |+ x| 2 || 2 =16 = g =——. | such as letting OF
be PF .
> 1
Therefore the distance is ‘ﬁ‘ OF —OP|=|u| 2 =Ex/5 .
3(iv) | The angle @ between the line and the plane is given by As mentioned earlier

3]

0) (3
0112
1){7 7

sind = = 0=062.748".

NGIRNG)

Hence the angle between the line and its reflection in the plane is
2(62.748) =125.496" and the required acute angle is thus

180° —125.496° = 54.5° (1 d.p)

Alternatively,
The angle ¢ between the line and the normal of the plane is given

by

in the comments, you
will need clearly
defined angles or
diagrams with angles
indicated to gain full
credit for this
question even if the
numerical answer is
correct.

Common errors
include angle
between line and

plane is cos™' (Lj
J62
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7

NGNS

The angle between the line and its reflection in the plane ABC is
thus 2 times of the above angle, and since 2(27.252°) =54.5" <90°
, this is the required angle.

cos¢ = = ¢=27.252°

Reflection of /»

, when it should be
sin”™ (LJ or
J62
7
90° —cos | — |.
[\/ 62 j

Again, there were a
handful of students
who went to
calculate the foot of
perpendicular from a
point on the line,
before finding the
reflection of the
point about the plane.
This is totally
inefficient and
unnecessary, and
often resulted in
algebraic and
conceptual errors
mentioned in (iii).
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SOLUTION

COMMENTS

4(a) _a+c
M "7
[1]

Many students did
this in a long-winded
manner.

It may be noted that
a, b, c are also
consecutive terms of
an AP.

Hence, b—a=c-b,
and the answer can
be quoted right
away.

4.(.3) Common difference, d = b-a
(ii) 2

[1]

2
2]
= 5[2a+2(“+c
20 2
= %(9c—a)

4(a) 10
(iii) | Sum of first 10 terms = —/| 2a+ (10—1)(

b—a

_j]

)

Generally well done.
Reminders

¢ To write 9 and a
more distinctly
different.

¢ Clear steps are
expected (as the
result is given in the
question).

4(a) | Let » be the common ratio.
(iv) . 4" term _ a
2] 3 term b’

Also, 3"term= cr* =b.

= (2b—a)(%j2 =b

= (2b-a)a’=b’

There are so many
approaches to do this
part. If your solution
is more than 4 or 5
lines, please take a
look at this
suggested solution.

4(b) | Common ratio, » = 2sin’ &
()
[4]

For the series to be convergent,
That is, ‘2 sin’ a‘ <I.
= |sina| < 1
V2
= L <sina <

1
N

r|<1.

Many students went
on to consider

LV to find r. For
Z’ln—l

this question, you
don’t have to, really.

Other common
mistakes :

. 1
esina <—
V2

(No lower bound.)
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VA

1/4/2 |

“1/2

However, for this particular question, » = 0 makes the first term
0°, which is not defined.
Therefore, 2sina #0.

= sina #0

= a+0, r, 2n

Hence,

T RY/4 Sx T
O<a<— or T<a<7z or 7z<a<T orT<a<27r.

. 1
¢0<sina<—

V2

(Claiming sine cannot
take negative values.)

. 1
¢sina <t——
V2
(This makes no sense.)

| 1
¢ ——<sina <—
4 4

Many struggled to
solve the inequality
involving trigo
expression. Advice :
Sketch the graphs
out!

Very few students
considered r #0.

4(b)
(i)
2]

Sum to infinity = ————
1-2sin" «

cos2a
= sec2x

Reminders :
¢ To write o and a
more distinctly
different.
1

cos2a
cos ' 2«

¢

#
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SOLUTION

COMMENTS

5(a)
[5]

Let 4 be the event that a patient has a particular disease, and B be
the event that a test for the disease gives a positive result.

0.99 B
» A <
0.01 B
0.05 B
e
0.95 B

0.99
() =P(41B)= 555, +0.0§(1—p)
9p
T
iy = 20042 5)-99p(94)
(94p+5)
495

=———>0, since (94p+5)2>0 for 0< p<l.
(94p+5)

Hence, f is an increasing function for 0 < p <1.

The greater the prevalence of the disease in the population (hence
the higher the possibility of being infected), the higher the chance
that a positive test means that the patient actually has the disease.

Examples of answers which were not accepted:

As the probability of a patient being infected with a particular
disease increases,

1) probability of patient being tested positive increases (No
reference to f(p) being conditional probability)

ii) probability of a patient being diagnosed correctly increases
(not clear whether the given condition refers to patients who have
tested positive or negative or patients who have disease or no
disease)

A tree diagram is best
suited for this type of
question involving
different conditional
probabilities.

Using the GC to
sketch the graph of f'is
not an acceptable
method to show fis an
increasing function.
Also, f(p) >0 does not
imply fis an
increasing function.

The terms p and f(p)
and their relationship
has to be explained in
the context of the

uestion.

5(b)
()
[1]

Since 4 and B are independent events, 4 and B' are also
independent events.

P(ANB")=P(A)P(B")=
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5(b) | Since 4 and B are mutually exclusive events B < A'
?21]) 0<k=P(B)<P(4")=03
P(Bnd) P(B) k 10

P(BIA4)= P(4) P(4) 03 3

, You are encouraged to
draw your own Venn
diagram to visualize
the relation between A
and B.

The condition that 4
and B are independent
is only applicable in
(bi) and should not be
assumed in (bii) (see
the word “ instead”
used in the question
for bii).

SOLUTION

COMMENTS

6(i) | Werequirea —> A, b — Cor D or E and
2] no restriction on ¢, d and e.

Number of ways =1x3x3!=18

Students who did not get the final
answer but presented the correct
“thinking process” were given a
mark here. As such, for P&C
questions, do provide some
explanation instead of just writing a
string of numbers.

6(ii) | Method 1 :
[3] | Number of ways without restriction = 5! = 120

Case 1 : Exactly one of @ or b placed correctly.
Number of ways = (1x 3 x 3!)x2 =36
\_Y_J

(from part (i))

Case 2 : both @ and b placed correctly.
Number of ways =1x1x3!=6

Total number of ways = 120 —36 - 6 =78

Method 2 :

Number of ways without restriction = 5! = 120
Number of ways a > A4 =1x4!=24

Number of ways b —> B =1x4!=24

Number of ways a > 4 and b - B =1x1x31=6

Total number of ways =120 —2(24) +6=78

There are at least 10 ways to tackle
this part. 4 have been out-lined here.

Method 1 is “direct” as it makes use
of the answer in (i).

Quite a number of students were not
careful and thought the complement
was just Case 2.

We can see (ii) as
n(A'mB')zn(Q —n(AuB)
n(AuB)=n(A)+n(B)—n(AﬁB)
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Method 3 :

Cases Number of ways
a—>B,b—>A,C, D, E | 1x4x3!1=24
a—>C b—A D E 1x3x3!=18

a—>D,b—A,C,E
a—>E b—A,C, D,

18 (as above)
18 (as above)

Total number of ways =24 +18+18+18 =78
Method 4 :
Case 1 : ais placed in B

Number of ways = 1x4!=24

Case 2 : a is not placed in B
Number of ways = °C, x °C, x3!=54

Total number of ways =24+ 54 =78

A number of students did not realize
that the 1t two cases are not
mutually exclusive.

Method 3 is straightforward,
although seemingly long. A simple
table can help to make the solution
less cumbersome however. When
listing cases, it is important to
ensure that you have considered all
possibilities, and check if the cases
are mutually exclusive.

Notice that Method 4 is similar to
method 3. It considers cases 2 to 4 in
method 3 as one case.

6(iii)
[3]

Case 1: 2 correct, 3 incorrect placings

Number of ways to choose 2 objects to be placed

correctly =°C, = 10

Suppose « > A and b — B.

Thenc —>D,d > E,e > C
orc—>E,d—>C,e—>D

Number of ways = 10 x 2 =20

Case 2: 3 correct, 2 incorrect placings

Number of ways to choose 3 objects to be placed
correctly =°C,= 10

Suppose a > A, b — Band ¢ - C.

Thend > E,e > D

Number of ways =10 x 1 =10

Case 3: 5 correct placings
Number of ways = 1

Total number of ways =20+ 10 + 1 =31

Note that it is not possible to have 4
correct placings and 1 incorrect
placing.

Many students thought that the
answer is “C, x3!. This is actually

the number of ways of getting at
least 2 correct placings with
repetitions. Try listing out the cases
to convince yourself.

Although there are only 2 cases to
consider if using the complement
method, it is not so straightforward.
The answer is

5-°C x°C, x3-1C, (2+3><3) .

Try figuring it out if you are keen.
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SOLUTION

COMMENTS

7(1)
2]

Let X be the time in minutes of a medical consultation.

If X ~N(15,10%), then
P(X <0)=0.066807 (5 s.f.) =0.0668 (3 s.f.)

2

This means that about 7 patients out of every 100 take a “negative’
amount of time which is not possible.

Most students did
not mention that
time cannot be
negative.

Proper justification
needs to be given in
order to get full
credit.

[1]

HO . Hl .
where x4 denotes the population mean consultation time in minutes.

u=15 \& u>15

Under H, since n =30 is large,

Most students were

7(ii) 10° able to pen down the
[3] X~N (15, —] approximately by Central Limit Theorem. sample mean
30 distribution with
We also assume that the population standard deviation is g?ur?;;tlslsneqssftCLT'
unchanged. remember that to
— reject the null
P(X >18)=0.050174 (5 s.£)=0.0502 (3 s.f) hypothesis, the level
The smallest level of significance is 5.02% of significance must
be greater or equals
to the p-value.
7(iii) D (y-15)=-50, D (y—15)* =555.

[4]

An unbiased estimate of the population mean is,
—50 115
80 8

An unbiased estimate of the population variance is,

y=15+

s :i[555— (50)° ] _209%
79 80 316
Hy: p=15 Vs Hy: u<l5
Under H, since n = 80 is large,
2095
Y ~N| 15, 38106 approximately by Central Limit Theorem.

Since p-value = P(? < %)= 0.0149623748 = 0.0150 (3 sf)
<0.05.

We reject Hyy, and conclude that there is sufficient evidence, at

the 5% significance level, to support the administrator’s claim that

the average consultation time at private clinics is less than 15
minutes.

This part was very
well done. Students
who have studied
this topic were able
to find the unbiased
estimate of the
population mean and
variance, set up the
null and alternate
hypothesis, correct
sample mean
distribution with
CLT, and lastly,
correct p-value. A
handle of students
were penalized for
their tardy
presentation and
incomplete
conclusion.
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SOLUTION

COMMENTS

8(i)
3]

Sum of all probabilities = 1, thus,

k+3k+5k+Tk+11k+13k =1
40k =1
1
40
P(X=3)=3k= i.
40

This is a 3-mark
show question.
You need to show
your detailed
working.

8(ii) | E(X)=k+3(3k)+5(5k)+7(7k)+11(11k)+13(13k)
[3] _ 374k GC can give you the
- answers for this part.
_374 However, Question
40 asked for exact
value.
E(XZ):k(1+33+53+73+113+133) YouhaV? to ShOW
the working on how
= 4024k you get the values of
4024 E(X) and E(X?).
40
Var(X) = E(X*)~[E(X)]
40 40
_ 5271
400
8(iii) | R ~B(15,0.4) R is defined in the
[2] question. You NEED
P(R=25)=1-P(R<4) to state the
—0.783 distribution.
8(iv) | Let W be the random variable denoting the number of times that a | Remember to define

2]

score less than 10 is observed in 14 throws. Then W ~ B(14, 0.4).

Required probability = P(W =7)x 0.4 =0.0630
(Explanation: “W = 7” represent 7 out of the first 14 throws have

score less than 10 follow by the 15% throw having score less than
10)

Alternatively (without defining new random variable, BUT using
the same argument AND the correct formula),

Required probability = *C, (0.6)' (0.4)’ (0.4) = 0.0630

your random variable
AND state its
distribution.
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SOLUTION

COMMENTS

9(1)
[1]

Let R denote the working lifespan of Brand R tyre.
R~ N(64000, 80002)

Required probability = P(R > 70000) = 0.227 (to 3 s.f.).

In general, the letter
used for a new
random variable
should always be
defined with the
distribution explicitly
written down, same
for part (iii)

This part was well
done as it is only 1
mark so not penalized
for presentation

9(ii)
[2]

Consider P(R > ¢) = 0.98.
From G.C., t = 47570 (to nearest whole number).

It is a 2 mark question
so student should
have a simple line
stating what they are
working with, or a
normal distribution
graph with region
shaded, before writing
down the value of ¢

9(iii)
[2]

Let S denote the working lifespan of Brand S tyre.
75002j

S ~ N[68000,

Required probability =P(S > 70000 )
=0.0297 (correct to 3 s.f.).

Some students chose
to do by total sum of
50 tyres instead which
is fine too. Do note
that the question
already gave the
lifespan to be
normally distributed
so there is no reason
to bring in C.L.T.

9(iv)
[3]

(R +R,+R,)—3S ~N(-12000 ,12(8000°))

Required probability =P ((R1 +R, +R3) <3S )
=P((R +R,+R,)-35<0)
=0.667 (to 3 s.f)

Generally well done,
usual careless mistake
of not taking the
square root of the
variance when
entering into the GC.

9(v)
[3]

Consider
P(S >50000)>P(R>50000)

P(Z > wj >0.9599408865
a

a
—18000

a
0 < a < 10286 (to nearest whole number)

P(Z > _18000} 0.9599408865

<-1.750000503

Easy 1 mark for
writing down this
inquality.

Subsequently,
students who do not
sketch the normal
curve would have to
be careful to get the
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[or 0<a < 10285] correct direction for
the inequality sign

Unfortunately, many
students could not get
the last mark for this
question, mostly
either not stating the
lower bound or
stating wrongly (<
instead of <)

9(vi) | Assume that the working lifespan of all the tyres are This is another part
(1] independent. where many students
lost mark by not

being clear enough. It
is much simpler to
say “all the tyres” but
some students
solution only
suggested that Brand
S needs to be
independent with
Brand R
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SOLUTION COMMENTS
10(a) Regression line y on x : Regression line x on y :
(@
2]
Both the least
squares regression
line is related to the
minimum sum of the
squared distances
and NOT the sum of
_ | the distances.
» X
The least squares regression line of y on x is the line with the
minimum sum of the squared vertical distances for each point to
the line while the the least squares regression line x on y is the
line with the minimum sum of the squared horizontal distances
from each point to the line.
10(b)
@) VA
2] + (41.8’5'67) The points which
§ defines the ranges of
+ b the values of x and y
" must be labelled.
+ The scales of the
" axes should be
carefully selected to
" “space out” the
(9,5.05) points so that the
> x trend can be
observed correctly.
The scatter diagram shows that the rate of increase of y decreases | The scatter diagram
as x increases. So the variables do not have a linear relation and | should be used to
hence the relationship is not likely to be well modelled by an | explain the
equation of the form y = a+bx, where a and b are constants. relationship and not
using the product
moment coefficient.
10(b) | (a) product moment correlation coefficient between In x and y , Note that the
(i) 1, =0.986554 (correctto 6 d.p.) question has required

2]

(b) product moment correlation coefficient between x> and y ,
r, =0.945806 (correctto 6 d.p.)

the answers to be
corrected to 6
decimal places and
not 3 significant
figures.
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10(b) | Since |n|<|r|<1, It is must be noted
(i) | e product moment correlation coefficient between In x and y Fhat the better model
111 (=0.986553) is closer to 1, is chosen based on
hence y = a + b 1n x is the better model. the pro@uct mpment
coefficient being
closer to 1 (or -1 in
other cases) and
NOT just being
larger.
10(b) | The equation of the suitable regression line is The regression line
(iv) y=3.237876+0.854181In x of In x on y should
3D y=3.24+0.854Inx (3 s.f) NOT be used even
though a similar
Wheny — 65, x = 45.55899 answer is obtained.
The population size first exceed 6.5 millions in the year 2045. Need to observe
carefully the required
year is 2045 and
NOT 2046 based on
the context.
Since the population size of 6.5 millions is not in the data range . .
(from 5.05 to 5.67), the estimate is an extrapolation and so it is not Itis qot sufﬁgept to
reliable. mention that it is an
extrapolation. It is
necessary to state the
given population size
is not in the given
data range.
10(b) | When x =13, y =3.237876+0.854181In13 = 5.428807 It is necessary to
) state the estimate as
[11 | The required estimate is 5.43 millions 5.43 millions and not
just 5.43.
10(b) | 5.31 millions is lower than 5.43 millions calculated in part (v)
(vi) | (and it does not follow the rising trend of the data given - outlier). | Need to take note

[1]

There might be some form of deadly diseases spreading in part(s)
of the communities in the country that caused the drop in actual
figure that year.

OR

There might be a natural disaster in the country that caused the
drop in actual figure that year.

that the difference of
estimated and actual
population sizes is
more than100,000
and the actual size is
smaller than the
previous year, so a
decrease in birth rate
is not enough to
justify the difference.
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2

Find the range of values of x that satisfy

2X 1
< [4]
X+5 x-1
Hence deduce the range of values of x that satisfy
2|x
LY 2
x|+5 |x|-1
A curve y=f(x) passes through the point (0, 2) and j_y = Cgﬂ .
X y
(1) Obtain the Maclaurin series of y in ascending powers of x, up to and including the
termin x°.
Write down the equation of the tangent to the curve y=f(x) at x=0. [4]
(i)  Show that y =+/4+sinx. [2]
(iii)  Using your results in part (ii), and assuming x to be sufficiently small for terms in
x*and higher powers to be ignored, obtain the binomial series of y. [3]
The curve C has equation
_ 2x-a
2x* —b’
where a and b are positive integers.
C passes through the point (%OJ and the equation of an asymptote of C is x=3.
(i) Show that a=9 and b =18. [2]
(i) Sketch C, stating clearly the equations of asymptotes, the x-coordinates of turning
points and axial intercepts. [4]
(iii)  Hence, giving your reasons, deduce the range of values of h such that the graph of
x—8)° 2
%+1yﬁ =1, where h is a positive integer, intersects C at exactly 6 distinct
points. [2]
A function is said to be self-inverse when f =f ™ for all x in the domain of f.
Given that the function f is defined by
f:x— ax+b,for XEIR,X;tg ,
cx—a c
where a, b and c are positive constants.
M Show that f is self-inverse. [2]
(i)  Using the result of part (i), deduce f(x) and state the range of f2. [2]
(iii)  Solve the equation f™(x) = x, leaving your answers in the exact form. [3]
For the rest of the question, let a=2, b=5and c¢=3.
The function g is defined by g: x+>e*+2for xeR.
(iv)  Show that the composite function fg exists, justifying your answer clearly. [1]
(V) By considering the graph of f, or otherwise, find the exact range of fg. [2]
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5 Consider the following definitions:
e +e”
cosh x = ,
. e —e™*
sinhx = ,
2
tanh x — sinh x |
cosh x
sechx = and cosech x = — .
cosh x sinh x

They are known as hyberbolic functions. They are used in modeling suspended bridges and
equations of motion related to skydiving.

(i) Find an expression for tanh x in terms of e?*. [1]

(i)  Given that
f(n+1) —f(n) =sinh x{sech (n +%) x} [sech (n —%j x} ,

where f(n) = tanh (n —%] x and x =0, find an expression for

Sl

in the form (cosech x)(tanh Ax—tanh%xj where A is a constant to be

determined. [3]

(ili)  Explain why S_ exists. Deduce an expression for S_ in the form
(cosech x)(P—tanhQx), where P and Q are constants to be determined. [3]

6 (@ Find the roots of the equation (1+i)z* —z+(2—-2i) =0, giving your answers in the
form x+iy, where x and y are exact real numbers. [4]

(b)  Given that f(z)=z"-22®+z*+az+b, where a, b eR, and that 1 + 2i satisfies

the equation f(z) = 0, find the values of a and b and the other roots. [5]

Hence solve the equation w* —2iw® —w” —8iw—20=0, showing your workings

clearly. [2]
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7 The area A of the region bounded by y =sin® x , the x-axis, x=0and x = ™ is to be found.

Q) The area A can be approximated by dividing the region into 5 vertical strips of
rectangles of equal width.
Show that 0.10625x < A < 0.206251. [3]

(i) Itisgiventhat I, = Esinzn xdx, wheren=>0.

By writing sin”" x = (sin x)(sin’"* x) , show by integration by parts that
2n-1

|, =——1,,,forn>1.
2n
3
Deduce that |, =—m.
16
Using the value of 1,, obtain the exact value of A. [7]
8. Two planes have equations given by
p,: X+5y+4z=4,
P, X—-y+z=4.
Q) Explain why p, and p, intersect in a line ¢ and determine the cartesian equation
of (. [3]

(i)  The plane p,contains the line ¢ and the point Q(5, 3,—6), find a cartesian
equation of p,.
Describe the geometrical relationship between these 3 planes and (. [5]
(iii) The line m passes through the points S(0,2,0) and T (4,0,0). Find the position
vector of the foot of perpendicular of S on p,.
Hence find a vector equation of the line of reflection of m in p,. [5]

9 On 1 January 2019, Mr Tan started a savings account with a bank with an initial deposit of
$5000. The bank offered compound interest of 1% computed based on the amount of
money in this account at the end of each month. Due to personal financial needs, Mr Tan
withdrew $100 from the savings account at the beginning of each month starting from the
second month, i.e. 1 February 2019.

(1) Find the amount of money in Mr Tan’s account at the end of March 2019. [3]
(i)  Deduce that the amount of money in Mr Tan’s account at the end of the n™ month
is given by $1oo(101—5o(1.01”)) . [3]
(iii)  Determine the month and year Mr Tan will deplete the savings in his account if he
continues to withdraw money from this account. [2]

On 1 January 2019, Mrs Tan also started a savings account with the same bank with an
initial deposit of $3000. The bank offered her interest of $10 for the first month and
increment of $5 for each subsequent month. For example, in the first 3 months, her interest
was $10 for January, $15 for February and $20 for March. In addition, Mrs Tan further
deposits $50 into her savings account every mid-month starting from 15 January 2019.

(iv)  Determine the month and year Mrs Tan will first have more money in her account
than that of Mr Tan by the end of month. [5]
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10 Since the 1990s, a group of scientists has started conservation work to prevent the
extinction of a rare species of flying fox in the wild Western Australia forests. The number
of such species, in thousands, observed in the forests at time t years after the start of the
conservation is denoted by N. It is known that the death rate of the flying foxes is
proportional to the number of flying foxes present and that the birth rate of the flying foxes
has been maintained constant at 2000 per year. There were only 1000 flying foxes in the
forests at the start of the conservation and the rate of increase of the number of flying foxes
was 1500 per year when there were 3000 flying foxes.

(i) Form a differential equation relating N and t and show that it can be reduced to
dN

6E =12—-N. [2]

(i)  Solve the differential equation to find N in terms of t. [5]
(ili)  Deduce the minimum number of years in integer, needed for the number of flying
foxes to exceed 6000. [2]

(iv)  Sketch a graph to show how the number of flying foxes in the forests varies with
time and suggest the long term behavior of the flying fox population. [3]

v) Suggest a possible limitation of the model in part (i). [1]

END OF PAPER
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2019 RVHS H2 Maths Prelim P1 Solutions

1 Solution [5] Inequality

2X 1 2X 1
< = —
Xx+5 x-1 x+5 x-1

Then, we have
2x* —2x—-x-5
<0

(x+5)(x-1)
2x*-3x-5 -
(x+5)(x-1)
(2x-5)(x+1) <0
(x+5)(x-1)

Applying number line test:

<0 -

&n

|L

H
o

Therefore, the solution to inequality (1) is

S5<x<-1 or 1<x<g.

-5<|x|<-1 or 1<|x|<§

i.e. -5<|x|<-1 (NA) or 1<|x|<g
Thus, the solution to inequality (2) is

—§<x<—1 or 1<x<g.

Next, we replace X’ by ‘|X|” in inequality (1)
to obtain 2|X| _ <0 -(2)
x|+5 |x|-1

Thus, the solution to inequality (2) correspondingly is
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2 Solution [8] Maclaurin’s Series

(i)

dy _ cosx
dx 2y
dy
2y —=—=C0S X
ydx
Diff Implicitly w.r.t x,
2
Zyd—¥+2d—yd—y:—sinx
dx dx dx
d’y dy Y’ .
— i 22| ==
de2 + (dx) sin x
When x =0,y =2 (GIVEN)
Hence ﬂ:l
dx 4
d’y 1Y’
2)(2)—+2|=| =0
()()dX2 (4j
dy__ 1
x> 32

Using the Maclaurin’s formula,
2
X

1
2!(—3—2)+...

1
=2+ X(=
y=2+ (4)+

~2+§—X—2(up to the x*term)
T4 64

Equation of tangentat x=0:

1
=2+—=X
y 4

(ii)

dy _ cosx

dx 2y

IZy dy:jcosx dx

y> =sinx+C

Subst (0,2), thenC =4
y =4 +sinXx

Sincex=0andy =2,

Sy =+4+sinx
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(iii)
y =+4+sin X

=(4+sinx)2

1
~(4+x)2 (since x is small)

=2|1+—-.—+
2!
2
z2+§—x—
4 64
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3 Solution [8] Curve Sketching

(i)

Since x =3is an asymptote,
2(3)>-b=0

b=18

C passes through (%0] implies

2]+

a=9

(i)

|
!, ' x

A(1.15, 0.436)
B(7.85, 0.0637)
C(4.50, 0.00)

TO find stationary points, set (;_y =0
X

And work through the maths to do it. There should be 2
stationary points. This is actually the most important part.

The rest is the axes intercepts (let x=0 and then let y=0),
identify the asymptotes. And the shape is important —

especially the part on moving as close to the asymptote as
possible.
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(iil)

g
| |
g3 | \ |
|
:|-3

x—8)°" y?2

( o ) 1362 =1 is the ellipse with centre at (8,0), with
axes of length h and 10.
Horizontal width need to be at least 8+4 =12 units.
Therefore h >12, for 6 distinct points of intersections.
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Solution [10] Functions

(i)

Lot y:ax+b a

XeR, x#—
cx—a C
y(cx—a)=ax+b

x(cy—a)=ay+Db

o ay+b
cy—a
Replacing y by x,
~f ) = aX+b,XE]R, x#2
cx—a C

Since f(x)=f*(x) = ax—+b,fis self-inverse. (SHOWN)
cx—a

(ii)
f(x)=f"(x)
Composing function f on both sides,
ff (x) = ff (%)
f2(x)=x

D,. :R\{E}, R, :R\{a
C C

a) (a
or presentas R, = (—oo,—]u(—,ooJ
c c

I
%,_/

(iii)
f(x) = x
ax+b
=X
cX—a

ax+b=cx? —ax
cx?—2ax-b=0
, 2a_ b

X=—xXx—-—=0
C C
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~

2
N bc+2a
c c
a [bc+a® a [bc+a’
X=— — or —— .
c c c c
_a++/bc+a’ or a—+/bc+a’
C c
(iv)
Now, a=2,b=5andc=3
f()_2X+5 eR,x;«t%

g(x):e +2,xeR

FACT: For fg to exist , need R, < D;to hold,

2
R, =(2,0) c R\{§}:Df

fg does exist.

)
D, =RISR, =(2,00)i5 R, (

wlr\)
-l>|co
N—

Therefore Range of fg is [% %j
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5 Solution [7] MOD

()
tanh x = eX —eix
e*+e
_ef(1-e®)
e*(1+e™)
B 1_e72X
1+e™
(i)

f(n+1) —f(n) =[sinh x][sech (n + %) x][sech (n —%) X]
i f(n+1) —f(n) =(sinh x) Z[sech(m 1jx][sech[n—£jx]

N

Z[sech[n +1j x][sech(n ——j X]= LZ f(n+1)-f(n)

sinh x4

Z f(n+1)—f(n)

Sln
Ky - fQ) |
[ ]
_ 1| - 18
~sinhx
Ny - f(N=T)
Cf(N+1) - SN
1
=G (FIN+1)—1(1))

= (cosech x)(tanh(N + %)X - tanh(%)Xj

S A=N +l
2

(iii)

OO

= LmZ[sech(n+ ; xﬂ[sech(n—%xﬂ
= Ligl(cosech x){tanh ( N + %) X —tanh (%) x}
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Consider

lim tanh

N —0

X

N~

M)

e
)

N

X

=lim————

N—0 —2[N+
l+e

X

N

=1

S

= (cosech x)[l—tanh(

P=1,Q

1
2

Since tanh(N +%jx —1 as N — o, therefore S_ exists.

1

)
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10

6 Solution [11] Complex Numbers

(@)
A+i)z2—z+(2-2i)=0
, 1 J1-4(L+i)(2-2i)
2+ 2i
1+ 1-8(1+i)(1-i)
- 2+ 2i

_15,1-8(2)

2+2i

_1+4/15i

T 2+2 -
:1+\/1_5i Orl—\/l_Si
2+ 2i 2+ 2i
:(1+JEi)(2—2i) or (1—/15i)(2 - 2i)
(2+2i)(2 - 2i) (2+2i)(2-2i)
_ (4415) +i(-14415) (1-+15) +i(~1-+15)
4 4

(i)

7' -22%+7* +az+b=0 ---- (*)

Sub z=1+2i into (*),

(1+2i) —2(1+2i) +(1+2i)" +a(1+2i)+b=0
(-7-24i)-2(-11-2i)+(-3+4i)+a(l+2i)+b=0
(12+a+b)+ (2a—-16)i=0

Comparing the real and imaginary coefficients:
2a-16 =0 ---- (1)
12+a+b=0 ---- (2)

Solving (1) & (2):
a=8, b=-20

Therefore
2*-272°+7°+82-20=0
Using GC:
z=1+2i,1-2i, 2, -2

(i) Alternative Method
f(2)=2"-22+2°+82-20
Since 1 + 2i is a root of f(z)=0, and the polynomial have all
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real coefficients, this imply 1 — 2i is also a root.
Hence

' -2+ +vaz+b=(z-(1+20)(z—-1-2))(Z° + pz+q)

=((z-D)-2)((z-1)+2i)(z° + pz+0)
=((z-D*+4)(z2* + pz+q)
=(2°-22+5)(z* + pz+0Q)

Equating coeff of z3 in f(2):

—2=p-2.Hencep=0

Equating coeff of z2 in f(2):

1=qg-2p+5.Henceq=-4

Now
2 -2+ 7% +az+b=(z>-22+5)(z* -4)
Equating coeff of z in f(2):

a=38
Equating constant in f(z):
b=-20

Hencea=8and h =-20

f(z)=0
(22 -2z+5)(z°-4)=0
Hence the other 2 roots are +2

2*-27°+7* +az+b=0 (1)
Let z=—-Iw
wh —2iw® —w? —8iw—20=0 ----(2)
Therefore Wzi_Z = W=1iz

=i
W:i(1+2i), i(1—2i), i(2), i(—2)
W=i-2,i+2, 2i, —2i
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Question 7 [10] Integration

(i) | When the left height of a rectangle is used,
area of region

n( e M . ¢2n . 3m .64nj
=—| 0+SIin° —+SIN° —+SIn° — +SIn° —
10 10 10 10 10

= (1.0625) = 0.106257
10

When the right height of a rectangle is used,
area of region

T( .M . g2 . ¢3m . 4n . 457
=—|SIN"—+SIn" —+SIn" —+SIn" —+SIn" —
10 10 10 10 10 10

=~ (2.0625) = 0.20625n
10

Thus, 0.106257 < A< 0.206257.

(i)

™
I, =_[25in2” x dx
0
K
= _[Ozsin xsin®"* x dx

2n-1

T T
= [—cos Xsin x]g +I02 cos x(2n—-1)sin** x cos x dx

=(2n —1)J'050032 xsin?"2 x dx

= (2n—1)_|.05(1—sin2 x)sinZ”’2 X dx

= (2n—1)jogsin2”‘2 X —sin?" x dx

=(2n-1)(1,,-1,)

=1, +(2n-1)1, =(2n-1)1
_ 2n—1I

n 2n n-1

=1
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I0

NI N N

2

=
»

Area of region

_[021 dx,

=—mn (Shown)
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8 Solution [13] Vectors

(i)
1 1
p:rel5(=4, p,ire|-1|=4
4 1

Since the two normal vectors are not parallel to each other,
the 2 planes are not parallel and hence intersecting.

From GC,
3
x_4—zl ————— @
1
y=-sA —===- @)
2= A —-————- 3)
4 3
Hence (: r=|0|+A| 1 |where 1eR
0 -2
x-4 z
3 ')
(i)
4 3
p, contains {:r=|0|+A| 1 |andpoint Q(53,-6).
0 -2

Let T denote the point (4,0,0).

4 5 -1 3
QT =|0|-| 3 |=|-3|and| 1 | are 2 direction vectors
0) \-6 6 -2
parallel to p, .
-1 3 0 0
Consider | -3 |x| 1 |=|16 |=8| 2
6 -2 8 1
0
Therefore n=| 2 | is a normal vector to p, .
1
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4\ (0
r-n= O]- 21=0
0)(1
0
P, : r-{z =0

1
P, : 2y+z=0

Geometrical Relationship:
3 planes/intersect at the common line I.

(iii)
1
p,:r.|-1|=4 - (1)
1
Let N be the foot of perpendicular of S(0,2,0) on p,.

Let |, be the line passing through points N and S .

0 1
ls:r=[2 |+ -1, 2eR - (2)
0 1
Sub (2) into (1):
0 1Y](1
2+ -1|].|-1|=4 — (¥
0 1)1
—2+31=4
A=2
0 1) (2
ON=|2|+2|-1|=|0]| - (2)
0 1) (2

Let S" be the point of reflection of S in p,.
N is the midpoint of SS’.

ON =2(05 +08')

0S’ = 20N -0S
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2) (0 4
0S'=2/0|-|2|=|-2
2] 1o 4

Let m’ be the line of reflection of m in p,.
The point T(4,0,0) lyingon m also lieson p,.

Therefore T (4,0,0) also lieson m’.

m’ passes through T(4,0,0) and S'(4,-2,4)

4\ [(4) (4
m:r=|0[+A||0|-|-2]|]|, AeR
0 (0 4

4 0
m:r=|0[+4| 2 |,1eR
0 —4
4
m:r={0|+A| 1 |,1eR
0 -2

River Valley High School
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9 Solution [13] APGP

(i)

We first observe the following pattern:

Month Beginning ($) End ($)

Jan’ 2019 | 5000 5000x1.01

Feb’2019 | 5000x1.01-100 | (5000x1.01-100)x1.01
Mar’2019 | 5000x1.01-100 | (5000x1.01>-100x1.01
x1.01-100 —-100)x1.01

Thus, by the end of March 2019, John’s account is left with
$(5000%1.01°-100x1.012-100x1.01)
= $4948.50

(i)
From (i), we can deduce that by the end of the n" month,
the money left in John’s saving account is

5000x1.01" —(1OO><1.01”’1 +100x1.01" 2 + ....+100><1.01)
—5000x1.01" —100><1.o1(1+1.01+1.012 +...+1.01"-2)
1(1.01“-l —1)

1.01-1
—5000x1.01" —10000 x1.01x (1.01“*1 —1)

=10100+5000x1.01" —~10000x1.01"
=100(101-50x1.01") (shown)

=5000x%1.01"-100x1.01x

(iii)
Consider 100(101—50><1.01” ) <0
— 50x1.01" >101

=1.01" > £1
50

= n=>70.66

Thus, it will take Mr Tan 71 months to deplete his saving
account and it will be by November of 2024.

Alternative solution using table:

n Amt left in account
70 66.18 >0
71 -34.16 <0

Account depleted in the 71 month.
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(iv)

The amount of interest earned by Mrs Tan’s for each
subsequent month forms an AP: 10, 10+5, 10+2x5,.....

i.e. an AP with first term 10 and common difference 5

Thus, by the end of n" month, the total amount of money
in Mrs Tan’s saving account

- 3000+50n+2[2(10) +5(n-1)]
= =3000+50n+10n+2.5n(n-1)
=3000+57.5n+ 2.5n?

For Mrs Tan’s account to be more than Mr Tan’s, we let
3000 +57.5n + 2.5n >100 (101— 50x1.01" ) ---- (%)

Then using GC: we have

n LHS of () RHS of (*)
14 4295 4352.6
15 4425 42952
16 4560 4327.1

It takes 15 months from Jan 2019 for Mrs’ Tan’s account to
exceed that of Mr Tan.

Thus, it is by end of March 2020 that Mrs Tan’s account
will first be more than that of Mr Tan’s.
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10 Solution [13] DE

(i)
Based on the given information, we have

d—N:2—kN keR
dt

Since it is given that dd—T =1.5 when N = 3,

we have 1.5=2 -3k = k:%.
Thus, d—N=2—£N :>6d—N=12—N (shown)
dt 6 dt
(i)
Now, 6d—N:12—N
dt
dN 1
=|—=|=dt
J‘12—N I6
Inl2-N| 1
= I=—t+¢C
-1 6
1

= In|12— N| =—gt+C
Then, we have

—1t+C
[12—N|=e®

—EHC
=12-N=+e6

1
—12-N=Ae ® where A=+e°
Next, given that when t=0, N =1, we have
A=12-1=11.

Hence, the required equation connecting N and t is
1

N=12-11¢ 6

(iii)
_L
Let 12-11e 8 >6

River Valley High School




20

_L
11e ¢ <6

—e b < 5
11

:—ltsln(gj
6 11

=t>3.64
Thus, a minimum of 4 years are needed for the number of
flying fox to first exceed 6000.

(iv)
AN/thousands

0 > t/years

1
——t
We note thatas t >, e 8§ —>0.

1
Thus, N =12-11e ¢ —12
So, in the long run, the number of flying fox approaches 12
thousands.

(V)

One possible limitation may be that the model fails to take

into account external factors that affect the population. For

example

(i) outburst of sudden natural disasters which will affect
population of the flying fox;

(i) the increase in the hunting of flying fox over the years;

(iii) adverse climate change which affect their living habitat

River Valley High School
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Section A: Pure Mathematics [40 marks]

1 A sequence u,, u,, U,, ... is such that u_,=-3u,+An+B, where A and B are
constantsand n>0.
(1) Giventhat u, =4, u, =2 and u, =16, find the values of A and B. [3]

It is known the nth term of the same sequence is given by u, =a(-3)" +bn+c, where a,

b and c are constants.
(i) By considering a system of linear equations, find the values of a, b and c. [3]

2 Two planes p1 and p2 have equations

p,ir=a+Am+ yn,
P, r =b+Am+ N,

where 4, A,, 14, 1, € R.

@ The points A and B have position vectors a and b respectively. The angle between
a and mxnis 45° and that between b and mxn is 60°. Show that the distance

L [2]

7l

(b) Q is a variable point between p1 and p2 such that the distance of Q from py is twice
that of the distance from p>. Write down a possible position vector of Q, in terms

of a and b. Describe the locus of Q and write down its vector equation. [3]

b
between p1 and p2 is given by ‘9_

3 (@ The diagram below shows the graph of y =f(x). The graph has a minimum point
at A(—a, 2a) where a>0. It passes through the points B(0, 3a) and C(2a, 0).

The equations of the asymptotes are x=a and y = a. Each of the gradients of the
tangents at points B and C is a.

e
y="F(x)
B(0, 3a)
____________ A(‘aza)y:a
i EC(ZaV— .
y=Ff(x)
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Sketch on separate clearly labelled diagrams, the graphs of

(i) y=f(2x+a), [2]
(i)  y=f'(x), [2]
.. 1

(i) y= 0 [3]

Label in each case, the coordinates of points corresponding to the points A, B and
C (if any) of y=f(x) and the equation of asymptote(s).

(b) Describe a sequence of transformations which transforms the graph of 2y? —x* =1
onto the graph of y?—(x-1)" =1. [2]

4 The parametric equations of a curve are

x=sint, y=cost, where O<t<g.

(i) Sketch the graph of the curve. [1]
(i) Show that the equation of the tangent to the curve at the point where t = p is given
by the equation y = —(tan p)x+secp. [3]

(ili)  Given that the above tangent meets the x-axis at the point P and the y-axis at the
point Q, find the coordinates of the mid-point M of PQ in terms of p.

Hence, determine the cartesian equation of the locus of M. [3]
(iv)  Find the exact area of the region enclosed by the curve, the lines x:%, X :%
and the x-axis. [3]
5 The diagram below shows the cross-section of a door knob.
\surface attached to door
The curve part of the door knob can be modelled by the curve C with equation y = 1 2X2
+ X

between x = 0 and x = 2. The solid door knob is obtained by rotating C through four right
angles about the x-axis.

Q) Sketch the graph of C for 0<x<2. [1]
(i) Using the substitution x =tan @, find the exact volume of the door knob. [6]
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The exterior and the interior of the door knob is made of wood and plastic respectively.
The interior of the door knob consists of a solid cone.

made of wood

AN

made of plastic

made of wood

The cost of wood and plastic used in manufacturing of the door knob is $3 and $1.20 per
unit volume respectively. Find the cost of manufacturing one such door knob, giving your
answer to the nearest dollar. [3]

Section B: Probability and Statistics [60 marks]

6 At a funfair game store, 3 red, 2 blue, 1 white, 1 yellow and 1 green beads are being
arranged. The beads are identical apart from their colours.

Q) Find the number of ways to arrange all the beads in a row with all the red beads
separated. [2]
(i) Five beads, one of each colour, are string together to form a rigid ring. Find the
number of distinct rings that can be formed. [2]

At another game store, the letters of the word INITIATE are being arranged in a row
instead. Find the probability that all the letters are used and the letters A, E and N are
arranged in alphabetical order. [2]

7 In a game, Alfred is given 6 keys of which n of the keys can unlock a box. He tries the
keys randomly without replacement to unlock the box.
The random variable X denotes the number of tries Alfred takes to unlock the box.

(i) Write down an expression for P(X =3) in terms of n. [1]

Use n = 3 for the rest of this question.
For the game, Alfred wins $2.00 if he takes less than 4 tries to open the box else he wins
$1.00. The random variable W denotes Alfred’s winnings in a game.

(i) Find the probability distribution table for W and hence find the value of

EW) . [2]
(iii)  Find the probability that Alfred wins at least $9.00 after playing the game 5
times. [3]
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8 Two boxes, one white and one black, are used in a game. The boxes contains balls labelled
‘2°, ‘5’ and ‘10°. The balls are identical except for their numbers. The table below shows
the number of balls in each box.

Number of balls labelled

62, 65, ‘107

White box 5 2 1
Black box 5 1 2

In the first round of the game, a player draws 3 balls randomly from the white box. If the
sum of the numbers on the 3 balls add up to 9 or more, the player enters the second round
of the game to draw another 3 balls randomly from the black box.

Q) Find the probability that the player draws 3 different numbers in the first round.

[1]
(i) Show that the probability that sum of the numbers add up to 12 and 6, in the first

and second round respectively, is E.
1568

Hence, find the probability that the sum of the numbers drawn from the two rounds

adds up to 18. [4]
In the third round of the game, only the original black box with its 8 balls is used. The
player draws 2 balls from it randomly. Find the expected sum of the numbers drawn. [2]

9 A multiple-choice test consists of 12 questions and each question has 5 options for a
candidate to choose from. The candidate has to choose one option as the answer for each
question. For every question that a candidature answered correctly, the candidate is
awarded 1 mark. There are no marks awarded or deducted for wrong answers. Let X
denotes the number of marks a candidate scores for the test.

Q) State an assumption on how a candidate decides which option to choose in order
for X to be modelled by a binomial distribution. Explain why this assumption is
necessary. [2]

Suppose the assumption stated in part (i) holds.

(i) Find the most probable number of marks that a candidate will score in the test. [2]

(iii) A candidate found that he will score at most 5 marks. Find the probability that he
will score more than 4 marks. [2]

(iv) A candidate sat for n such tests (where n is large), with each test consisting of 12
questions and each question has 5 options. Determine the least value of n so that
the probability of obtaining a mean test score of at most 2.7 marks is 0.95. [2]
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10 Engineers claimed that a newly developed engine is efficient. The number of hours x the
engine ran on one litre of fuel was measured on 70 occasions. The results are summarized

by
D (x—46)=-27, 3 (x—46)" =30939.

Q) Calculate unbiased estimates for the population mean and variance of the number
of hours the engine runs on one litre of fuel. [2]
(i) Determine the greatest mean number of hours the engineers should claim so that
there is sufficient evidence at the 5% level of significance that the engine is
efficient. [3]
(iii)  The engineers collected five more data points:

56, 34, 63, 50, 54.

The engineers found that when all 75 data points are considered, they can no longer
claim that the engine is efficient at the « % level of significance.

Show that the unbiased estimate for the population variance, for the set of 75 data
points is 426.378, correct to 3 decimal places. Find the greatest integer value of .

[4]

11 @ The equation of the estimated least squares regression line of y on x for a set of
bivariate data is y = a+bx. Explain what do you understand by the least squares

regression line of yon X. [2]

(b) A student wishes to determine the relationship between the length of a metal wire

| in millimetres, and the duration of time t in minutes for it to completely dissolve

in a particular chemical solution. After conducting the experiment, he obtained the
following set of data.

| 15 30 | 45 | 60 | 75 | 90 | 105 | 120 | 135 | 150
t 0.7791110]135|156|1.74/191] 207 | 222 | 231 | 245

(1) Draw a scatter diagram to illustrate the data. [1]
(i) State with a reason, which of the following model is appropriate for the data
collected.
(A) t=a+bl?, (B) t=a+blnl, (C) t=ae",
where a and b are some constants. [2]
(iii)  For the above chosen model, calculate the values of a and b and the
product moment correlation coefficient. [2]

(iv)  Using the model in part (iii), estimate the length of metal wire that took 1.00
minute to dissolve completely in the chemical solution.
Comment on the reliability of your answer. [3]
(v) Given that 1 millimetre = 0.03937 inch, find an equation that can be used to
estimate the duration of time taken to completely dissolve a metal wire of
length L, where L is measured in inches. [2]
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12 An orchard produces apples and pears.

Q) The masses of apples produced by the orchard have mean 70 grams and standard
deviation 40 grams.

Explain why the masses of apples in the orchard are unlikely to be normally
distributed. [1]

(i)  The masses of pears produced by the orchard are normally distributed. It is known
that one-third of the pears produced weigh less than 148 grams, and one-third weigh
more than 230 grams. Find the mean and standard deviation of the masses of pears
produced in the orchard. [4]

During each production period, the orchard produces 300 apples and 400 pears and the

owner is able to sell all the apples at $0.005 per gram and all the pears at $0.008 per gram.

It is further known that the owner needs to spend a fixed amount of $c as the operating cost

for each production period and that the orchard makes a profit 90% of the time.

(i)  Explain why the total mass of the 300 apples is approximately normally distributed.

[1]
(iv) By letting R be the amount of money collected from selling the 300 apples and 400
pears, find the distribution of R and hence, determine the value of c. [6]

END OF PAPER
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2019 RVHS H2 Maths Prelim P2 Solutions

1 Solution [6] System of linear Egns

(i)

u,,=-3u,+An+B

When n=0,
u,=-3u,+B - (¥
2=-3(4)+B

B=14

When n=1,
u,=-3u;+A+B - (*%)
16=-3(2)+ A+14

A=8

(ii)

u,=4=a +c=4 - (1)

u,=2=-3a+b+c =2 ----(2)
u,=16 =9a+2b+c=16 ---- (3)

Using GC, a=1,b=2,c=3
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Question 2 [5] vectors

(@) | Distance between p; and p2
AB:(mxn)
ZW
_|b-(mxn)-a-(mxn)
Imxn|
Ib||(mxn)|cos 60° —[a]|(m xn)| cos 45°
Imxn|
ol
2 2
(b) a+2b

By ratio theorem, OQ = 3

The locus of Q is a plane containing fixed point with

b and parallel to m and n.

.. a+2
position vector

Equation of locus of Q: r = a+2b +Am+un, A,uelR
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3 Solution [9] Transformation

@)

f(x) > f(x+a) >f(2x+a)

(@)(ii) \

v
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(b)
We first note the following transformation steps:
2y? —x* =1

l Step 1: Replace 'x' by 'x-1'
2y? —(x—l)2 =1

l Step 2: Replace 'y' by Y

2(%}2—(x—1)2 -1

yz—(x—l)2 =1

>

Thus, the sequence of transformations needed are as follow
1. A translation of 1 unit in the positive x axis direction;

2. A scaling parallel to the y axis of factor J2.
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4 Solution [10] Parametric Eqn + Integration Application (Area)

(i)
Y .
T X=S8int
| y=cost
where 0<t<%E
o1 I 4
(i)

Given x=sint, y=cost Where0<t<%,

we have d_y:dy/dt =int=—tant
dx dx/dt cost

Thus, at the point where t=p, ie (sinp,cosp), the
equation of the tangent is
y—cos p=—tan p(x—sin p) ---- (*)

So,

A2

y =—(tan p)x+Sln P
cos p

+Cos p

sin® p+cos® p

=—(t
(tan p)x+ c0s p

=—(t
(tan p)x+COSp

=—(tan p)x+secp (shown)

(iii)
The equation of the tangent is y =—(tan p)x+secp,
Let x=0, y=secp. So, Q:[O,L].
cos p
_secp 1 L Cosp _ 1
tanp cosp sinp sinp’

So, P :[_L,Oj
sin p

Hence mid point of PQ =

Y Y S I S | N S
2\sinp 2\ cosp 2sinp 2cosp

To find the Cartesian equation of the locus of the point M,

Let y=0, x
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We let x =

andy =

2sin p 2cos p

Then sin p=i and cos p:i
2X 2y

jll

Hence the Cartesian equation of the locus of M is
l l 2 2 2,,2
7+—2:4 or X“+y°=4x"y

1

1 2
And thus, H {_
2X 2y

(iv)
1
Exactarea= [ y dx
2

7., ax

— dt
- Y dt
(cost)(cost) dt

cos’t dt

1+cos2t

|

dt

INE

sin 2t
4

B3

T

4

12

8

1

244

NG

8

e

|

—— == units®
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Question 5 [10]

(i)

»

v

(

(i)

x:tan¢9:>%=seczt9
do

Volume

_ﬂ-[ (1+x jz
_4ﬂj

J-tan’12 tan? .9
o sec'd
J-tan'lz tan @

o sec’d

1+x

ec’6do

do

tan™2

—4ﬂI sin 0 d@

tan2]—C0os 26
h ——
sin 2«9}“’"12

do

=2r| 60—

2

0

=2z[6-sin@cos O], 2

— 27l tant2-

LL}
N
= 27z[tan‘l 2— %} units®
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VVolume of plastic
1 (4

2
= —ﬁ[—j (2)= §7r units®
3 \5 75
Cost of one paperweight

=(27z[tan‘12—§]—3—§7f](3)+(

=$11 (to the nearest dollar)

3)

32
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Question 6 [6]

(i) |RRRBBWYG
I
Step 1: Arrange BBW Y G in % ways
Step 2: Slot the RRR into the 6 appropriate slots _ to the left/
right of the arranged letters in Step:1 generally denoted by X
X XX X X
1 (6
No. of ways :zx =1200
21 3
Note:
Number of ways in which RRR are separated
# Total number of ways — All R separated ----(*)
Why is this so?
(i) : 51
No. of ways for the letters to form a circle = —
Since clockwise and anti-clockwise are indistinguishable in a
ring,
51
No. of ways = g+2 =12
Note:
For a physical 3-dimensional ring made up of beads, what
happen when you flip it the other side?
(iii) | Method 1
INMINTTAE

1. Thereisonly 1 way to arrange A, E and N in
alphabetical order.
2. Without restriction there are (3!) ways to arrange A,

E and N.

Without restriction, total number of ways to arrange all the
I
letters :i -—-- (*%)
312!

To get number of ways to arrange all letters and A, E and N
in alphabetical order, REMOVE all the UNWANTED
arrangements in (**), using the ideas in (1) and (2).
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No. of ways to arrange all letters and A, E and N in

| |
alphabetical order = [i}(s!) _ 8
312! 313121
(Note: A, E and N need not be together.)
8! gr 1 1

313121/ 3121 31 6

Required prob =

Method 2
Step 1: Other than A, E, N, the other letters are 111 TT,

|
number of ways to arrange Il TT = %

Step 2: After arranging Il TT, we create slots _ to the left /
right of each letter.

Step3: We now slot in A, E, N into the slots so that A, E, N
are in alphabetical order.

We could group A, E, N as
- 1item: [AEN]

- 2 items: [AE], [N]

- 2 items: [A], [NE]

- 3items: [A], [E], [N]

51 (6
Number of ways = ——x
3121 2

Number of ways to arrange all letters and A, E and N in
alphabetical order

s {F )
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7 Solution [6] DRV

(i)
P(X =3)

(ii)

When n=3,

PW =1)

=P(X >4)

= P(keys from first 3 trials can't unlock box)

-

W 2 1
P(W =w) 0.95 0.05

E(W) = 2(0.95)+(0.05) = $1.95

Alternatively
PW =2)
=P(X =) +P(X =2)+P(X =3)

FEHEE

=—=0.95
20

i
I(_et)T denote the r.v the number of times that Alfred wins
$2 from a game, out of 5 games played.
T ~B(5,0.95)
P(Alfred wins more at least $9 out of 5 games)
=P(T >4)
=1-P(T <3)
=0.977
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Question 8 [7] Probability

Q) P(Player draws 3 different numbers in the first round)
5)(2
G
" (8) 28
y
(i) Probability of sum of numbers from first round is 12 and

sum of numbers from second round is 6)

e

1568

P(Sum of the numbers drawn adds up to 18)
= P(Sum of each of first and second round is 9)
+ P(Sum of first round is 12 and second round is 6)

[HE
o=

125
" 1568
Let X be the sum of the 2 numbers drawn.
X 4 7 12 15 20
PX=1 (5 5 5)(2 2 2
RN AN
8 8 8 8 8
o GGG G
10 5 10 2 1
28 | 28 | 28 28 | 28
E(X)
:4[9}4(ij+12(£j+15[£j+20(ij
28 28 28 28 28
=8.75
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Question 9 [8] Binomial Dist

(i)

Assumption:

The candidature has no knowledge of which option is the
correct answer and chooses one of the 5 options
randomly/by guessing.

This assumption is important to ensure that the probability
of choosing a particular option is constant at 0.2.

(i)

Let X denotes the number of marks a candidate scores for
the test, out of 12.
X ~B(12,0.2)

P(X=1) = 0.206
P(X=2) = 0.283
P(X=3) = 0.236

Mode of X is 2. Majority of the candidates will score 2
marks.

(iil)

P(X >4| X <5)
_ P(X =5)
~ P(X <5)
=0.0542 (3s.f)

(iv)

Assuming n is large, by CLT,

X ~N (2.4, %j approx.

P(X <27)2095

n=>57,P(X <2.7)=0.94893<0.95
n="58,P(X <2.7)=0.95041>0.95

Thus, least value of n is 58.
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Question 10 [9] Hypo Test

® x:-%+46:45.61428:45.6 (to3s.f)

—27Y’
6 = 6_19{30939 _%J — 448.2408727 = 448 (to 3 5.f.)

(i) | Let , bethe mean number of hours the engineer claimed.

Test Ho:u = p,
against Hi: u > p, at 5% significance level

Test statistic: Under Ho, Z = X—to _ N(0,1)

s/«/%

To reject Ho,
X~ H . 1644853632

s/+J70

Hy < X —1.644853632

S
J70
1o < 41.45197671

Ug <415 (to3s.f)

Thus, the greatest mean number of hours the engineers
should claim is 41.5.

(iii) 27

Based onn =70, > x :(—7—0+46jx 70=3193

Based on n = 75,

_ 3193+56+34+63+50+54
X = =46
75
> (x—46)°
= X (x-%)

=30939 + (56 —46)° + (34— 46) + (63— 46)°
+(50—46)% + (54— 46)°
= 31552

2 Z (x- K)2
5.8 = T =426.3783783784 = 426.378 (3.5.f)
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Test Ho:u =415
against Hi: u >41.5 at o% significance level

X —-41.5

s 175

Test statistic: Under Ho, Z = N(0,1)

By GC, p-value = 0.029559

Do not reject Ho,

p—value > 2
100

— % <0.029559
100

= a <2.9559
The greatest integer value of « is 2.

[ If u, =41.4, p-value = 0.026649, then the greatest integer
value of « is 2.

If 1, =41.45197671, p-value = 0.028230374, then the
greatest integer value of « is 2. ]
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11

Solution [12] Correlation & Regression

(a)

Let the sample of bivariate data be (x;,y,) where

i=12, ..n.

Let e =y, —(a+bx) be the vertical deviation between the
point (x;,y,) andthe line y =a+bx.

The line y=a+bx is the least square regression line for
the sample of bivariate data if the sum of the squares of the

vertical deviation ' (e,)” is the minimum.

6)0) :

A (150, 3-45)

O (5,0.779)

(b)(ii)

Model (B). As | increases, t increases at a decreasing rate,
therefore model (B) is most appropriate.

Note that for Model (A), the graph of t=a+bl® has a
turning point located on the vertical axis, therefore Model
A is not suitable.

(b)(iii)

t=a+binl

Using GC,

a=-1.370621901~ -1.37 (3.s.f)
b =0.7394875471~0.740 (3s.f)
r =0.9871042012 ~ 0.987 (3s.1)
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(b)(iv)

t =—1.370621901+ +0.7394875471In1 ---- (1)

To estimate | when t = 1.00, use the regression line of t on
In 1, since t is the dependent variable.

Sub t=1.00 into (1), | =24.6743~24.7 mm.

The appropriate regression line is used since t is the
dependent variable.

Since |r|~0.987 is close to 1, the model based on
t=a+Dblinl, isagood fit for the data.
t =1.00 is within the input data range 0.779 <t <2.45, the

estimate is an interpolation.
Therefore, the estimate is reliable.

(b)(v)
1 millimeter = 0.03937 inch
linch= millimeters

0.03937
L inches = millimeters
(L = 0.03937I)
t=a+bln L

0.03937

t=a+b(InL-In0.03937)

t=(a-blIn0.03937)+bInL

t =1.02143631+0.7394875471In L
t=1.02+0.739InL  (3s.f)
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12 Solution [12 marks] Normal Dist

Q) Let A be the mass of a randomly chosen apple.
Suppose A~ N(70,40°)

Then P(A<0)=0.0401(3s.f.), but it’s impossible

for apples to have negative mass, so the probability
should be much closer to 0.

Hence, the normal distribution is not a suitable
distribution for the masses of apples.

(i) Let Y be the mass of a pear. Let x be the mean mass
of the pears, and &2 be the variance in the mass of the

pears. Y ~ N (,u,0'2)

Given,
P(Y <148) = P(Y > 230) =

1
3
By symmetry, u= @ =189
Y -189
(o2

P(Y <148) =

P(Z <ilj=
O

From GC,

A 0430727
O

& =95.18783606
c=952g (3s.f)

Let Z = ~N(0,1)

Wl

Wl

(ili) | Let T, be the total mass of the 300 apples.

Then T, =A +A, +..+ Ay, and

T, ~ N(300><7O,3OO><402) approx. by the Central
Limit Theorem (CLT) as n = 300 is large.

(iv) | Similarly, by letting T, be the total mass of the 400
pears, we have
T, ~ N (400x189,400x9060.724134)
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So, we have T, ~ N(21000,480000)

and T, ~ N (75600,3624289.654)

Thus, we have R=0.005T, +0.008T, and
R ~ N(0.005x 21000+0.008x 75600,

0.005° x 480000+ 0.008° x 3624289.654)
or R ~ N(709.8, 243.9545379)

Since c is the running cost of the orchard,
P(R>c)=0.9
From GC, ¢ = 689.7833896

Therefore, the cost of running the orchard is $689.78
(2d.p)

Note: In accounting terms, the amount of money
collected from sales in a business, is referred to as
the revenue.
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1 The diagram below shows the graph of y =2f(3—X) . The graph passes through the origin
O, and two other points A (—3, —%j and B(3,0). The equations of the vertical and horizontal

asymptotes are X =1 and y =-2 respectively.

A

y

B(3.0)

v

A(—s,—gj =
4

(a) State the range of values of k such that the equation f(3—X)=Kk has exactly two
negative roots. [1]

(b) By stating a sequence of two transformations which transforms the graph of
y=2f(3-X) onto y =f(3+X), find the coordinates of the minimum point on the

graph of y =f(3+X). Also, write down the equations of the vertical asymptote(s)
and horizontal asymptote(s) of y=f(3+X). [5]

2 (i) On the same axes, sketch the curves with equations y = |2X2 +6X+ 4| and y =3 —4X,

indicating any intercepts with the axes and points of intersection. Hence solve the

inequality 3—4X <|2X* +6X+4]. (4]

(ii) Find the exact area bounded by the graphs of y=3—-4x, y= |2X2 +6X+4|,x=-3

and x = —1. [3]
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The functions f and g are defined as follows:

foxis X4 , XxeR, x#1

X—1
X X +2X+2, XeR, x> -1
(i) Show that f has an inverse. (1]
(i) Show that f =f~' and hence evaluate f'*'(101). [5]
(iii) Prove that the composite function fg exists and find its range. [4]

It is given that y =+/e“".

(i) Show that 2j—y+ ysinX =0 . Hence find the Maclaurin’s expansion of y up to and
X

including the term in X*. [4]

. (5] up to and including the term in X*. [3]

)

decimal places. [2]

Deduce the series expansion for e

. . . . : V2 sin
(ii) Using the series expansion from (ii), estimate the value of '[O e dx correct to 3

A curve C is determined by the parametric equations

x=at’, y=2at, wherea>0.

(i) Sketch C. [1]
(ii) Find the equation of the normal at a point P, with non-zero parameter p. 2]

Show that the normal at the point P meets C again at another point Q, with parameter g,

where (=—p——. Hence show that | PQ ["'=—/1—(p~ +1)". (4]
p p

(iii) Another point R on C with parameter r, is the point of intersection of C and the
circle with diameter PQ. By considering the gradients of PR and QR, show that

p2—r2+2[LJ:2. 3]
p
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(a) (@) Express p=-1- J3iin exponential form. [1]
(ii) Without the use of a calculator, find the two smallest positive whole number
(P

values of n for which is a purely imaginary number. (4]

1p

(b) Without the use of a calculator, solve the simultaneous equations
Z-W+6+71=0 and 2w—-12*-19-31=0,

giving Z and W in the form x+ yi where X and y are real. [S]

The position vectors, relative to an origin O, at time t in seconds, of the particles P and

Q are (cost)i+ (sint)j+ Ok and (%cos(t+%)ji +(3 sin(t%—%)]j +

[3\2/3 cos (t + %jj k respectively, where 0 <t <27 .

(i) Find|OP|and |OQ|. 2]

(ii) Find the cartesian equation of the path traced by the point P relative to the origin O
and hence give a geometrical description of the motion of P. [2]

(iii) Let @ be the angle POQ at time t. By using scalar product, show that

cos@=£—lcos(2t+£). [3]
8 4 4

(iv) Given that the length of projection of @ onto OP is +/5 units, find the acute

angle @ and the corresponding values of time t. [5]
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(@)

(b)

Meredith owns a set of screwdrivers numbered 1 to 17 in decreasing lengths. The
lengths of the screwdrivers form a geometric progression. It is given that the total
length of the longest 3 screwdrivers is equal to three times the total length of the 5
shortest screwdrivers. It is also given that the total length of all the odd-numbered
screwdrivers is 120 cm. Find the total length of all the screwdrivers, giving your
answer correct to 2 decimal places. (4]

Meredith is building a DIY workbench, and she needs to secure several screws
by twisting them with a screwdriver drill. Each time Meredith presses the button on

the drill, the screw is rotated clockwise by U, radians, where n is the number

of times the button is pressed. Each press rotates the screw more than the

. . . 2 .
previous twist, and on the first press, the screw is rotated by 3 radians. It

. 1 3. . 1 . 3
is given that cosu,,, =—cosuU, ———sinu, and sinu,,, =—sinU, +——cosU,
2 2 2 2

forall n>1.

(i) By considering cos(un+1 - Un) or otherwise, and assuming that the increase in

rotation in successive twists is less than 7 radians, prove that {u } is an

. . . : . T
arithmetic progression with common difference — radians. [3]

(ii) Each screw requires at least 25 complete revolutions to ensure that it does not
fall out. Find the minimum number of times Meredith has to press the drill
button to ensure the screw is fixed in place. [3]

(iii) The distance the screw is driven into the workbench on the nth press of the
drill, d,, is proportional to the angle of rotation u, . If the total distance the

screw is driven into the workbench after 21 presses is 144mm, find the
distance the screw is driven into the workbench on the first press. [2]
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(i)

15
By using the substitution X =15sinf+15, find the -[0 J15% - (X —15)2 dx leaving

your answer in terms of 7 . [5]

A sculptor decides to make a stool by carving from a cylindrical block of base
radius

30 cm and height 35 cm using a 3D carving machine. The design of the stool based
on the piecewise function g(x)where

30—%«/152—(x—15)2 for0<x<15
g(x)= 3

30 for15 < x < 35.

The figure below shows the 3D image of the stool after the design ran through a 3D
machine simulator.

15cm 20cm

v

30 e
hasze
radins

35 ans |:|=f
rotation

Uncarved
region

Figure 1: 3D Image of the stool

(a) Find the exact area bounded by the curve y =g(x), X = 15 and the X-axis and
y-axis. [3]

(b) The curve defined by the function y = g(X) when rotated 27 radians about
the x —axis gives the shape of the stool that the sculptor desires, as shown in
Figure 1.

Find the exact volume of the stool. (4]
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The diagram below shows a curve C with parametric equations given by

X=0co0s20, y=30sin20,  for oses%.
y
Curve C [o 3_7!}
P ’ 4
X
°(-5) )
2

The area bounded by curve C and the x-axis is a plot of land which is owned by a farmer
Mr Green where he used to grow vegetables. Over the past weeks, vegetables were
mysteriously missing and Mr Green decided to install an automated moving surveillance
camera which moves along the boundary of the farmland in an anticlockwise direction
along the curve C starting from point O and ending at point Q before moving in a clockwise
direction along the curve C back to O.

At a particular instant t seconds, the camera is located at a point P with parameter € on the
curve C. You may assume that the camera is at O initially. The camera should be orientated
so that the field of view should span from O to Q exactly as shown.

(i) Assuming that the camera is moving at a speed given by % =0.01 radians/sec, find

the rate of change of the area of the triangle OPQ , A when 6 = % (4]

(i) Using differentiation, find the value of € that would maximize A and explain why
A is a maximum for that value of 8. Hence find this value of A and the coordinates
of the point P corresponding to the location of the camera at that instant. [5]

(iii) For the image to be ‘balanced’, triangle OPQ is isosceles. Find the coordinates of the
location where the camera should be. [3]

End of Paper
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Section A: Pure Mathematics [40 marks]|

2
. X" +ax+b .
The curve C has equation Yy =——————— where @, b and ¢ are constants. The line x = -1
X+C

is an asymptote to C and the range of values that y can take is givenby Y <0 or y>4,

(i) State the value of ¢ and show that a =4 and b = 4. (4]
(ii) Sketch C indicating clearly the equations of the asymptotes and coordinates of
the turning points and axial intercepts. [3]

(iii) State the coordinates of the point of intersection of the asymptotes. Hence state the
range of values of k such that the line y =k (X + 1) +2 cuts C at two distinct points.

2]

A water tank contains 1 cubic meter of water initially. The volume of water in the tank
at time t seconds is V cubic metres. Water flows out of the tank at a rate proportional to
the volume of water in the tank and at the same time, water is added to the tank at a
constant rate of k cubic metres per second.

(i) Show that (il_\t/ =k (1 —%V J , Where a is a positive constant. [2]
Hence find V in terms of't. [5]

(ii) Sketch the solution curve for V against t, such that

(a) a<k.
(b) a>k

For cases (a) & (b), describe and explain what would happen to the volume of water, V in
the tank eventually. (4]

1
The plane 7, has equation r-| —1 |=10, and the coordinates of A and B are (2, a, 2),
3

(1, 0, 3) respectively, where a is a constant.

(i) Verify that B lies on 7. [1]
(i) Given that A does not lie on 7, state the possible range of values for a. [1]
(iii) Given that a =9, find the coordinates of the foot of the perpendicular from A to =, .

Hence, or otherwise, find the vector equation of the line of reflection of the line AB

in 7,. [S]
1
The plane 7, has equation r-| 0 |=4.
1
(iv) Find the acute angle between 7, and 7, . 2]
(v) Find the cartesian equations of the planes such that the perpendicular distance from
each plane to 7, is % [3]
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1-r
2r+l °

4 (a) Given that f(r) =2—rr , by considering f(r +1) — f(r), find Z [3]
r=1

(b) (i) Cauchy’s root test states that a series of the form Z a, (where a, >0 forallr)
r=0

converges when lim Q/a <1, and diverges when lim Q/a >1. When lim Q/a—n =1, the

nN—o0 n—oo n—oo

test is inconclusive. Using the test and given that lim{n® =1 for all positive p, explain

n—oo

0 2er

why the series converges for all positive values of x. [3]

r=0

r

2'r*
3[‘

case when x=1. [2]

for the

(ii) By considering (1—y)™> =1+2y+3y> +4y’ +... , evaluate Z
r=0

Section B: Probability and Statistics [60 marks]

5 Seng Ann Joo Cooperative sells granulated sugar in packets. These packets come in two
sizes: standard and large. The masses, in grams, of these packets are normally distributed
with mean and standard deviation as shown in the table below.

Mean Standard Deviation
Standard 520 8
Large 1030 11

(i) Find the probability that two standard packets weigh more than a large packet. [3]

(ii) Find the probability that the mean mass of two standard packets and one large packet
of sugar is between 680g and 700g. [3]

6 A university drama club contains 3 Biology students, 4 History students, and 6
Literature students. 5 students are to be selected as the cast of an upcoming production.

(i) In how many ways can the 5 cast members be selected so that there are at most 2
Biology students? [2]

(ii) Find the probability that, amongst the cast members, the number of History students
exceeds the number of Literature students, given that there are at most 2 Biology
students. (4]
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7 (i) The discrete random variable X takes values 1, 2, 3,... , n, where n is a positive
integer greater than 1, with equal probabilities.

Find, in terms of n, the mean g, and the variance, o, of X. [4]
[You may use the result Z r’= n(n+ 1)é2n +1) N
r=1

Let n=6. An observation of X is defined as an outlier if | X —u|> 0o .

(ii) 20 observations of X are made. Find the probability that there are at least 8
observations that are outliers. [4]

8 In a game of chance, a player has to draw a counter from a bag containing n red
counters and (40 - n) blue counters before throwing a fair die. If a red counter is
drawn, she throws a six-sided die, with faces labelled 1 to 6. If a blue counter is drawn,

she throws a ten-sided die, with faces labelled 1 to 10. She wins the game if the
uppermost face of the die thrown shows a number that is a perfect square.

(i) Given that n=15, find the exact probability that a player wins the game. Hence, find
the probability that, when 3 people play this game, exactly 2 won. [3]

(ii) For a general value of n, the probability that a winning player drew a blue counter is

denoted by f(n). Show that f (n)=a+ , where a and b are constants to be

360+n
determined. Without further working, explain why f is a decreasing function for
0<n <40, and interpret what this statement means in the context of the question.

[5]

9 Many different interest groups, such as the lumber industry, ecologists, and foresters,
benefit from being able to predict the volume of a tree from its diameter. The following
table of 10 shortleaf pines is part of the data set concerning the diameter of a tree, X, in
inches and volume of a tree Y, in cubic feet.

Diameter 50 | 56 | 75 | 91 | 99 | 103 | 115 | 125 | 16.0 | 183
(X inches)
Volume 30 | 72 | 103 | 17.0 | 23.1 | 27.4 | 26.0 | 41.3 | 65.9 | 97.9
(Y cubic feet)

(Bruce and Schumacher, 1935)
(i) Draw a scatter diagram to illustrate the data, labelling the axes clearly. [2]

It is thought that the volume of trees with different diameters can be modelled by one of the
formulae

[Turn Over]
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y=a+bx or Iny=c+dlnx
where a, b, ¢ and d are constants.

(ii) Find the value of the product moment correlation coefficient between

(a) yandx,
(b) Inyand Inx
Leave your answers correct to 5 decimal places [2]

(iii) Use your answers to parts (i) and (ii) to explain which of the models is the better
model. 1]

(iv) It is required to estimate the value of y for which X =20. Find the equation of a
suitable regression line and use it to find the required estimate, correct to 1 decimal
place. Explain whether your estimate is reliable. [3]

A factory manufactures a large number of erasers in a variety of colours. Each box of
erasers contains 36 randomly chosen erasers. On average, 20% of erasers in the box are
blue.

(i) State, in context, two assumptions needed for the number of blue erasers in a box to
be well modelled by a binomial distribution. [2]

(i) Find the probability that a randomly chosen box of erasers contain at most six blue
erasers. (1]

200 randomly chosen boxes are packed into a carton. A carton is considered acceptable if
at least 40% of the boxes contain at most six blue erasers each.
(iii) Find the probability that a randomly chosen carton is acceptable. [3]

The cartons are exported by sea. Over a one-year period, there are 30 shipments of 150

cartons each.

(iv) Using a suitable approximation, find the probability that the mean number of
acceptable cartons per shipment for the year is less than 80. [3]

The owner decided to change the proportion of blue erasers to p. A box of erasers is chosen.

(v)  Write down in terms of p, the probability that the box contains exactly one blue
eraser. 1]

(vi) The probability that a box contains exactly one blue eraser is twice the probability
that the box contains exactly two blue erasers. Write an equation in terms of p, and
hence find the value of p. [2]

[Turn Over]
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)

The time T seconds required for a computer to boot up, from the moment it is switched
on, is a normally distributed random variable. The specifications for the computer state
that the population mean time should not be more than 30 seconds. A Quality Control
inspector checks the boot up time using a sample of 25 randomly chosen computers.

A particular sample yielded Zt = 802.5 andZ:t2 =26360.25.

(i) Calculate the unbiased estimates of the population mean and variance. [2]
(ii) What do you understand by the term “unbiased estimate™? 1]

(iii) Test, at the 5% level of significance level, whether the specification is being met.
Explain in the context of the question, the meaning of “5% level of significance”.

5]

(iv) Find the range of values of t such that the specification will be met in the test
carried out in part (iii).

[1]

A new Quality Control policy is that when the specification is not met, all the computers
will be sent back to the manufacturer for upgrading. The inspector tested a second
random sample of 25 computers, and the boot up time, y seconds, of each computer is
measured, with ¥ =32.4. Using a hypothesis test at the 5% level of significance, find the
range of values of the population standard deviation such that the computers will not be
sent back for upgrading. [3]

End of Paper
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ANNEX

H2 MA 2019 JC2 Prelim (Paper 1 and Paper 2)

Paper 1

Select topic from the dropdown list. If the question consists of multiple topics, choose 1 topic.

QN | TOPIC (H2) Paper 1 | ANSWERS (Exclude graphs and text answers)
1 | Graphs & Transformations (a) 9 ck<—1
8
(b) (3,—%), Xx=-1,y=-1
2 | Integration & Applications | (ii) 20
3 | Functions (i) £ (x)=1— 3 _X -4 ’ 97
x-1 x-1 100
(ii1) (—oo,l)
4 | Maclaurin & Binomial Je
Series 1) y= \/_—T X+
. 1
(i1) 1+ZX2 +...
(iii) 1.650
5 Integration & Applications (ii) y = 2ap - p(x— apz)
(111) (IO +1)°
6 | Complex Numbers ( 27[)
(@)(i) 2e" °
(i) N=2 and N=5
(b)y W=7+2i and Z=1-5i1
7 | Vectors (13
(iv) 0.730, t =0.910,1.45, 4.05, 4.59
8 | APGP (a) r =0.882854, 222.38
V4
b)(i) —
(b)(i) 3
(i) 16
8
(111) —mm
y | 7\ 7 S
9 Integrau%ﬁﬂpr" té)ﬂns Zmﬂ

Islandwide Delivery | Whatsapp On

y 88660031 4
(a)(ii)(450—§ﬁj cm?

(b) (32500;; —22507;2) em’
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10 | Differentiation & (1) 0.0327
Applications (i) 2.14 units’,(—0.449, 2.73)
(ii1) P(—O.785, 2.55)
11 | H2 Prelim P1 Q11 Topic Nil
12 | H2 Prelim P1 Q12 Topic Nil
13 | H2 Prelim P1 Q13 Topic Nil
14 | H2 Prelim P1 Q14 Topic | Nil
Paper 2

Select topic from the dropdown list.

If the question consists of multiple topics, choose 1 topic.

QN | TOPIC (H2) Paper 2 | ANSWERS (Exclude graphs and text answers)
1 | Graphs & Transformations | (i) a=4, b=4
2 | Differential Equations i)V = 1 (k—(k—a)e™)
a
3 | Vectors (i) aeR,a=-2.
1 3
(i) lgp:r=|0 |+ 7|, ueR
3 5
(iv) 31.5°
(V) X+2=9 or x+z=-1
4 | Sigma Notation & MOD n+1 1
@5
2 2
(b)(ii) 6
5 | Normal Distribution 0.737,0.943
6 | PnC & Probability (1) 1242
(i1) 0.210
7 | DRV n+l n*-1
LR
(ii) 0.339
8 | PnC & Probability ) 5 825
16" 4096
(i) -9 + 200
360+n
9 | Correlation & Regression | (ii) (a) 0.96346
K IASU:_ (D) 0.98710
ey cond model
ExamPaper /&) 121
10 | Binomial Distribtition ™™ “V (ii) 07401
(iii) 0.535
(iv) 0.423

(v) 36p(1-p)*
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. 1
(vi) p= 6

11 | Hypothesis Testing (1) 32.1, 25
(ii1) p-value = 0.0179, reject Ho,
(iv) 0<t <31.6.
(v) o>7.30

12 | H2 Prelim P2 Q12 Topic | Nil

13 | H2 Prelim P2 Q13 Topic Nil

14 | H2 Prelim P2 Q14 Topic | Nil
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2019 H2 Math Prelim Paper 1 Solutions

Solutions

1(a)

f(3—x) =K

9
Range of values of K is -3 <k<-1.

1(b)

The graph of y = 2f(3 — X) undergoes
1) A reflection in the y-axis followed by
2) A scaling of 2 unit parallel to the y-axis

9 - . 9
A _3’__ (1) reflection in the y-axis N 3,__
) S

. 1 .
2) scaling of a factor —parallel to y-axis
(2) scaling P s A3,- 9
8

Coordinates of the minimum point on the graph of y =f(3+X) are (3, —%) .

Equation of vertical asymptote: x =—1
Equation of horizontal asymptote : y =—1

2(1)

(4.90,22.6)
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2019 H2 Math Prelim Paper 1 Solutions

(ii) J (3 4x—| 2% +6x+4|)dx
3
-2

3
.[2(3 4% —2%* —6X— 4dx+j (3-4x+2% +6x+4)dx
-

2x2 —10X— 1dx+J 2x +2x+7)dx

3

-2 -1
:[—E 3—5x2—x} +Fx3+x2+7x}
3 E s

—(——20 2)—(18— 45+3)+(——+1 7) - (—E 4-14)
:20.
3(1) f(x)=x_4=1— 3

X—1 X—1
From the graph of y = f(x),

v—d
y= s —
x=1

ExamPaper J

Islandwide Devefyll Whatsapp Only 88660031
Since every horizontal line y = h,h e R, h # 1 cuts the graph of f at exactly one point, f is an one-one function.

Therefore £~ exists.

W Lety-1-—2

2
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2019 H2 Math Prelim Paper 1 Solutions

3

X—4

Hence f'(X)=1-——="——, xeR x#1

x—1
Since the D, =R;

Since '
£1°'(101) = £ (£ (101))

=f, f2(X) =ff ' (X)=X,...,

KIASU=

Exd@nPdper ¢

(iii)

stanpwide Detivery t Wita

= (=o0,1)U(1,00) = D,

£1°(x) = x

g X X +2x+2, xeR, x>

g(X)=(x+1)*+1
From the graph of g,

tsapp unly 88660031
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2019 H2 Math Prelim Paper 1 Solutions

/ 2

1.1

o

Range of g = (1, )

Domain of f= R\{l}

Since (1,0) c R\ {1}

1e. Range of g < Domain of £
Therefore the composite function fg exists.

To find range of composite function fg:

KIASU=;

ExamPaper
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2019 H2 Math Prelim Paper 1 Solutions

-
TR |
I e

J

(—1,00)—E>(1, 50)— > (—o0,1)

Range of fg is (—o,1).

y =V - (1)

2
y — ecosx

Differentiate with respect to X,

y

2y dy_ (—sin x)e™*
dx

2

Hsjesitide0

Differentiate with respect to X,

X

i(ShoWm)sapn(D)ly 88660031

2
2%+(sin X)%-F ycosx=0

5
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2019 H2 Math Prelim Paper 1 Solutions

When x =0,
y= Je from (1)

dy =0 from (2)
dx

(i)

(1i1)

1

esmﬁE dx ~ 1+1x?)dx

Ioﬁ 0 4
=1.649915

=1.650

arjdwide Deyyery | Whatsapp Only 88660031
2
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2019 H2 Math Prelim Paper 1 Solutions

0 4y

(ii) dy _dy 1 _2a |

dx  dt (dxj “oat t
dt

Gradient of normal = -t.

Equation of normal at a point P is given by
2a

y— p “p

X—ap’

= y=2ap- p(x—ap’)

(111) If the normal at point P meets C again at point Q,

KIASU=;

ExamPaper
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2019 H2 Math Prelim Paper 1 Solutions

2aq =2ap- p(aq” -ap”)
pg’ +2q-(2p+p’)=0
_ 24.\J4+4p2p+p’)
_ T
:—Zi«/4+8p2+4p4
2p
—2+,2p*+2)
2p
_2+(2p°+2) or 2-(2p*+2)
2p 2p

= p (rejected as it is the point P) or — p _2
p
2
Therefore Q will meet C again with g =—-p— B

Coordinates of P = (ap’,2ap)

Coord%srﬁzg + )Zﬁﬁ_é 2 D
Pt ExamPaper ¢
=<ap2'i‘%?€"<iﬁe+ﬂ’%5@°)f ‘-'*ﬂ“t%%%‘&e’*%"m%if

- (ap*—a(p’ +4 +§»2 + (4ap +4—;‘>2

8
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P’ +1.,

~16a’ (1+—) +16a% (——)

(p’ +1) (p +1)2)

= l16a’(
p
16a
)T+ pi(pT+D)Y)
16a

A
&

KIASU=
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% Q

Note that PR and QR are perpendicular to each other (angle PRQ is 90° — angle in a semi-circle).

2ap-2ar 2

Gradient of PR = 5 5
ap’ —ar’  p+r

Islandwide Delivery | Whatsapp Only 88660031
2 2

-1

(p2+2J_r p+r:
p

10
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2019 H2 Math Prelim Paper 1 Solutions

(p+1)p+—1)=4

p’—r’ +2—; =2 . (Shown).

6() | p=—1-+i
e
=e" °

(i)

(p:) to be purely imaginary,
2ﬂjLZ—(2k+l)— where k € Z
3 6
2n_ﬂ.+£_k +£
5xamPaper

Islandwigle Pglivery | Whatsapp Only 88660031

[N=————

For the two smallest ne Z* ,k =1 and k =3.
nN=2and N=5

11
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6 Z=W-6-71 - (1)
(b) | ow—iz*-19-3i =0 (2)

Substitute (1) into (2):

2W—i(W-6-7i) —19-3i=0
2W—i(W*—=6+71)—19-3i=0

Let w=x+iy ,
2(X+1y)—i((x—1y)—6+71)—19-3i=0
2(x+1y)—i((x—1y)—6+71)—19-31=0
2X+2yi—iX—y+6i+7-19-31=0
2X—-y—-124+12y-x+3)=0

Compare real and imaginary components,

2X—y=12————————— )
2y - X=-3————————— (2)
From (2), x=2y+3——————— 3)

Substituting (3) into (1)
2(2y+3)-y=12
3y=6

wal Ao ) =

"= TEXaPapet- TS

Istardwide L.lr.'ll\:l'cl},lI | \"Vl'ldlbdpp UHI)" 88660031

7() | OP =(cost)i+ (sint)j

|OP |=+cos’t+sin’t =1

12
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|OQ| cos (t+—)+9sm (t+—)+%cos (t+—)

=9cos*(t+=)+9sin’(t +=
( 4) ( 4)

=9
=|0Q|=3.
(11) X=cost y=sint 0<t<2r
The cartesian equation is given by X* + y> =1.
Since z = 0, P lies on a circle centre at O and radius 1 unit in the X-y plane.
(1i1) Using scalar product,

OP.0Q =|OP ||OQ | cos @

3 T

—cos| t+—

2 ( 4)
cost

= 3cosf =] sint |e 3sin(t+%)

0
—cos(t+”j
4
; T
s +
4)

I_Aa.llll GPUI U [
Islandwide Delivery | Whatsapp Only 88660031
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:>3cost9:i cos 2t+£ +cos£ —3 cos 2t+z —cos£
4 4 4| 2 4 4

3J§+3ﬁ
8

:>3cos€=—icos 2t+£ +
4 4 4

= cosf = %—%cos(ﬂ + %} (Shown).

(iv)

The length of projection of 0_6 onto OP is |O_(§OE)B| since OP is a unit vector.
Given that the length of projection of 66 onto OP is /35 units,

|0Qe0P =5

= O_(j |cosd = J5

= cosf =—

= 6 =0.730 (since @ is acute).

A”é@

COS(2EX)a %ber ¢

slandwide Delivery | Whatsapp Only 88660031
2t +Z =0.53532 (basic angle)

2t +% =7 —0.53532, 7+0.53532,7—0.53532+ 27, 7 + 0.53532+ 27
t=0.910,1.45, 4.05, 4.59

14
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8(a) | Let the length of the first screwdriver be b, and the common ratio be r.
b+br+br? =3(br'* +br'" +br'* +br'* +br'*)

l+r+r>=3r%-3r"-3r"* -3r°-3r'"=0
Using the GC, r = 0.882854 (6 s.f.) since 0<r<1 .

There are 9 odd numbered screwdrivers, with common ratio of lengths being r°.
o(1-(r*)’)

Total length = 5
I-r

b(1-r")
1-r’
Using the GC, b =29.6122 (6 s.f.)

=120

=120

1-r"
The total length is ¥ =222.38cm (to2d.p.)

8 cos(U,,, —U, ) =cosU,,, cosu, +sinu,,, sinu,
(b)(@) 3
=—cos u, ——smu cosu,
ExarmP aper

Islandwide Delwfry | Whatsapp Only 88660031
~U,,, —U, =cos 573 (since the difference is less than 7)

is a constant independent of n.

Hence {un} is an arithmetic progression.

15
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The common difference is %

Alternatively

1 3 .
cosu,,, =—cosU, ———sinU,
2 2

T . T
=cosUu, cos——sinU, sin—
3

T
=cos| U, +—
( 3]

SU,, =Uu, + ? since the difference is less than 7.

u,,, —Uu, is a constant, therefore {un} 1s an arithmetic progression.

The common difference is %

i
(i) The total angle rotated over n twists is E(Z(ZZJ (n— 1)%} )

CRIASY'=:
THRamPiper ¢

4n + nt‘,%"ﬂ*}‘jﬂ_ Biyewy ) Whatsapp Only 88660031
n’+3n-30020

Using the GC,
n n’ +3n-300
15 -30

16
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16 4
17 40

The minimum number of buttons presses required is 16.

(iii)

Total angle rotated after 21 button presses is

21 2(2—”j+(20)£
AE 3
=147 +70x

=84r
84k =144, whereK is a positive real constant.

2
The first button press rotates the screw by Tﬂ

144 (27 ) 8
6=k 5 )3

The first button press drills the screw in by g mm (1.14mm).

9(1)

X=15sin@+15

 KIASU=

iExamPaper ¢
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j,,(\/lsz—(lssme) )(lScosé’)dH

- 225{ [+ cos O)(cos e)de}
2

=— ﬁ)ﬁ cos> 6 dﬁ}
2

=— ji)ﬁ(cos 20+1) d@:l

ro. 0
225 sm26’+ 9}
T

2

KIASU=;
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9(ii)

; IRE
(a) Required area _-[0 g(X)dx

_ 15 2 2 2
_IO [30—?/15 —(x—15) jdx
=[30x]1)5—EJIS\/ISZ—(X—IS)zdx

—450—2(£7zj from (i)
30 4

= (450 —?ﬂ'j cm?

(b) Required Volume

— 7(30)2(20) + 7 jols y2dx

2
— 7(30)%(20) + nj';s(m —%/152 —(x=15)? j dx
= 7(30)*(20) +

Islandwide Delivery | Whatsapp Only 886600

(x-15)° 225 ,
=180007 + 7| 1000X — —407| === 7 | from (i)
9) 3 4
0

3

- (32500;; —22507° ) om

19
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10(1)

Curve C

P(0cos 26, 305in20)| N4

X
T 0]
-=.0
(3]
Point P has coordinates (6 cos 26, 36sin20).

Let area of triangle OPQ be A.
1

A=E(gj(30sin 26) =3Tﬂ(9sin20)
dA _3m
4

KfASU

P 0acb52b Gi20) 0. o/

Isﬂ'andmde Delivery | Whatsapp Only 88660031
When 6 = E’

—(26cos20+sin20)

dA

E_O 0327 units®/s (3 s.f.)
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(i)

When % =0,
de

%(26’ cos26+sin20)=0

Since 3—“ #0,
4

260co0s260 +sin20 =0

Using GC,

0 =1.0144 (5s.f.)
=1.01 (3 s.f)

d’A 3m
do?
When 6 =1.0144,

d*A

do?

.0 =1.0144 will result in maximum A.

=-12.7<0

- T(—49 sin 260 +2¢0s 26 + 2 cos 20)

K %&U&?;@E

=2, urgs2 qg 5.1 P
Islandwide Delivery { Whatsapp Only 88660031
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When 6 =1.0144,

X =1.0144cos[ 2(1.0144) | = -0.449

y =3(1.0144)sin[ 2(1.0144) | =2.73

.. Location of the camera is at a point with
coordinates (—0.449, 2.73)

(iii)

For triangle OPQ to be an isosceles triangle,

x=-2L:p=""
2 4
~Z —0cos20
4
Using GC,
0 =1.1581

y =3(1.1581)sin(2x1.1581)=2.55
. coordinates of P (—0.785, 2.55)

KIASU=;

ExamPaper
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Qn

Solution

1(1)

Since x=-1 is a vertical asymptote, ¢ =1
x> +ax+b

X+1
y(x+1)=x*+ax+b
x> +(a—y)x+(b-y)=0
The values that y can take satisfy the inequality:
(a—y) —4(b-y)>0
y*+(4-2a)y+(a’-4b)=
Since y<0ory=>4:
y =0 and y =4 are roots to the equation
y +(4-2a)y+(a’-4b)=0 ... (1)
Substituting y = 0 and y = 4 into (1) and solving:
a’—4b=0
16+(4—2a)(

- KIASU=

(i)

_¢+ExamPaper ¢
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Solution

X +4x+4
x+1

v

(iii)

Point of intersection: (—1,2)

For all k e R, the line y = k X +1 + 2 passes through the point (-1,2). Hence the line will cut C for k >1.

23i)

Let the VK? l AﬁeS lejlk fCymetres at t seconds.

ﬁExﬁFhPaper

—K Ivndmde Delivery | Whatsapp Only 88660031

=k (1 —EV j (Shown)

where k>0, and a > 0.
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Solution

aC
C is an arbitrary constant and A=+e X

Att=0,V=1,A:1—%
Y, :5(1—(1—3)ea‘jzl(k—(k—a)eat)
a k a

KIASU=;

ExamPaper
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Solution

v

. . . k .
The volume of water in the water tank, V, increases from one cubic meter and approach — cubic meters eventually.
a

KIASU=;

ExamPaper
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Case (ii) ifa>k
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Solution

. : k .
The volume of water in the water tank, V, decreases from one cubic meter and approach — cubic meters eventually
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3 | (1
OB:|-1|=1+0+9=10
3

B lies on 7.

(i1) 2) (1
al|—-1]=10
2 3
2—-a+6=10

a#-2
The range of values is ae R,a# 2.

(i) | Let the foot of perpendicular be F.
The line through AF has vector equation

2 1
e ir=|9|+4|-1|, AeR.
2 3

2 1
Since F lies on |, , OF = 9 +1 —1 for some fixed 1 e R

i ﬁ?@ '§€

2
91+ ndlm b patbery| Whatsapp Only 88660031

2) (313
2-9+6+112=10
A=1
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OF -

2 1 3
91+1] -1|=|8
2 3 5

The coordinates of F are (3,8,5).

Let the point of reflection of A about 7, be A’.

OA'=20F -OA

6 2
16 |—| 9
10 2
4
7
8

5
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(iv) | Acute angle between 7, and 7, is

1) (1
-11]-]0
cos”' DA =cos”' =31.5° (1d.p.)
g J_ N5 >
—1{|l0
31
V) 1
The desired planes have equation r-| 0 |= D, where D is the constant to be determined.
1

Distance between the planes is given by
4
‘\/5 V2 ‘ 2

/o
P
5

D=4

D=9 or D=-1

The possible equations are X+2=9 or Xx+z=—-1.
AlternatiVeSoluti

Let a poi i lane hm oardinates (X,Y,Z).

Then Fya mPa per

Islandwide Delivery | Whatsapp Only 88660031
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:

1
y [-10|=5
72-3 1
[x=1+2-3|=
X+2-4=15

X+z2=4%£5
The possible equations are X+z72=9 or X+z=-1.

4@ | ey =T
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e §
22r+1

r=1

= i[f(r+l)—f(r)]

r=1

| HE(n+D<L(n)
=f(n+1)—-£()
_n+l 1

- 2n+1 2

(b)(®)

28/n*

SRS
B @P?pleJr -7

;s%ﬁyide Dglivery ll\iv a(ls\fiﬁ_@ )’)g!yi 88660031

n—
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Since lim{/a, = % <1, by the Cauchy Test, the series converges for all real values of X

n—oo

(b)(i)

o AF 2 3 4
32 r=0+1(3j+z(gj +3(Ej +4[3) ...
= 3 3 3 3 3
2 3

{1+2(zj+3(gj +4(gj +}

3 3 3

2 2 3 -2
(l—g] sincel+2(gJ+3(gj +4(2) +...—(1—2j withy:g

3 3 3 3 3 3

Let X be the mass of a standard packet of sugar in grams.
Let Y be the mass of a large packet of sugar in grams.

X ~N(520,8%)
Y ~N(1030,11°)
X, +X,-Y ~N(10,249)
P(X,+X,>Y)=P(X +X,-Y>0)
=0.73687
=0.737 (3 s.f))

680 < EKXZ—};]Apé 94%

Islandwide Delivery | Whais4p©)48ly 386§0p31

6(i)

Total number of ways to select 5 members = "C;
Number of ways to select 5 members with 3 Biology students = 10C2

Number of ways to select 5 members with at most 2 Biology students = "C, — '°C, =1242
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(i)

Let the number of Biology, History, and Literature students be B, H, L respectively.
P((H>L)n(B<2))
P(B<2)
n((H>L)n(H+L=3))
n(B<2)

Number of ways to select cast members with H > L when there are 3 humanities students = °C, x ( ‘C,x °C, +*C, x 6CO) =120

P(H>L|B<2)=

Number of ways to select cast members with H > L when there are 4 humanities students = *C, x ( ‘C,x °C, +*C, x 6CO) =175
Number of ways to select cast members with H > L when there are 5 humanities students = °C, x ( ‘C,x°C, +C, x 6Cl) =66
' .. n((H>L)n(H+L=>3))
Required Probability =
n(B < 2)
_120+75+66
1242
=20 9210 (3s1)
1242
7
O | p(X 21)=P(X =2)=.. =P(X =)=+
n
E(X)=)> xP(X =x)=
ExamPapet
Islandwide Delivsa:ryﬂ;wlwatsapp Only 88660031
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Var(X) = E(X?)—(E(X))’
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E(x2)=anX2-(%j

=1(ﬂ(n+1)(zn+1)j
n\ 6

_(n+DH@2n+1)
6
Var(X) = E(X?)—(E(X))’

_ (n+1)(2n+1)_(n+1)2

6 2
:(“1;1)(2(2n+1)—3(n+1))
_ (n+1(n-1)
12
_ n’—1
12

(i)

62—1 35

E(X)—— and Var(X)= :

l
s ‘KIA’S’UE
Islandwide D weryi hat % 6600317- 1

=P(X >5.21)+P(X <1.79)
= P(X=6)+P(X=1)

o

1
3
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Let S be the random variable “no. of observations, out of 20, such that the total score is an outlier”.

1
S ~ B(20,—

( 3)
P(S >8)=1-P(S <7)=0.339

8(1)

0.7 Lose

P(a player wins the game)
15 1 25 3
=——X—t—X—

40 3 40 10

= KIASU=

lmPaper /

(16& dvfde Delivery | Whatsapp Only 88660031
~ 825
4096

Alternatively,
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Let X be the random variable “the number of people who wins the game out of 3”
5
X~B@3,—
( T )
P(X=2)=0.201 (to 3 s.f.)

(i)

P(a player wins the game)

n 1 40-n 3
=—X—+4 X —

40 3 40 10
_10n +360—9n

1200 1200

360+n

1200

£(n)
= P(player draws blue | player wins)
P (player draws blue and wins)

P (player wins)
40-n_ 3

Xi
__40 10
360+

120

ExamPaper /@
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_120-3n 1200
400 ~ 360+n

~3(120-3n)
~360+n
- 360-9n
~ 360+n
~—9(360+n)+3600
B 360+n
, 3600

360 +n

decreases, hence f(n) decreases.

As n increases,
60+n

Hence f'is decreasing for all n, 0 <n<40.

This means that as the number of red counters increase, the probability that a winning player drew a blue counter decreases.

9(1) :
o (18.3,97.9)
[ =]
Islandwide Delivery | Whatsapp Only 88660031
(i1) (a) product moment correlation coefficient, r = 0.96346

(b) product moment correlation coefficient, r =0.98710
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(111)

The second model Iny =c+d In X is the better model because its product moment correlation coefficient is closer to one as

compared to the product moment correlation coefficient of the first model. From the scatter plot, it can be seen that the data
seems to indicate a non-linear (curvilinear) relationship between y and X. Hence the model y = a + bx is not appropriate.

(iv) | We have to use the regression line Iny against InX.
From GC, the equation is
Iny=-2.5866+2.46651n X
When x =20,
Iny=-2.5866+2.46651n20
y=e""% =121.82=121
x =20 is outside the data range and hence the relationship Iny = ¢ + d In x may not hold. Hence the estimate may not be
reliable.
10(i) | Assumptions
1.  Every eraser is equally likely to be blue.
2. The colour of a randomly selected eraser is independent of the colour of other erasers.
(i1)) | Let Y be the number of blue erasers, out of 36.
Y ~ B(36,0.20)
P(Y £6) =0.40069 ~ 0.401
(ii1)) | Let W be the number of boxes that contain at most six blue erasers, out of 200.
W ~ B(200,
P >4 & g .:@@
ki E‘SZéﬁfFjao er ¢
(iv) | Let T denete theinumbey mgtmamhege@mh carton contains at least 40% of the boxes that contains at most six blue erasers

per box.
T ~B(150, 0.53477)

E(T)=150%0.53477 =80.216
Var (T) = 150x0.53477 x (1—0.53477) = 37.319

www.KiasuExamPaper.com
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Since n is large (n =30), by the Central Limit Theorem,

T T, +T23+0...+T30 ~ N(80.216, 37.319

P(T <80) = 0.423219 ~ 0.423 (3 sig. fig.)

) approximately.

(v) | Let R be the number of blue erasers, out of 36.
R~B(36,p)
36
P<R=1>=( | j p'(1-p)” =36p(1-p)*
(vi)

36 2 34 2 34
P(R:2):(2Jp (l—p) =630p°(1-p)

P(R=1)=2P(R=2)
36p(1-p)”° =2x630p*(1—p)™
36(1— p)=1260p
I-p=35p
1=36p

1

ng
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113)

Let T be the random variable * time taken in seconds for a computer to boot up”, with population mean 2 .

Unbiased estimate of the population mean, t = 8(;25 S =321

2
Unbiased estimate of the population variance, s* = %{26360.25 - 8022:;_5 } =25

(i)

A statistic is said to be an unbiased estimate of a given parameter when the mean of the sampling distribution of the statistic can be
shown to be equal to the parameter being estimated. For example, E(X) = x.

(iii)

Test Ho: u =30
against H, : 1> 30 at the 5% level of significance.

Under Ho, T ~ N(30,§—§) .

Using GC,
t =32.1 gives rise to Zcalc = 2.1 and p-value = 0.0179

Since p-value = 0.0179 < 0.05, we reject Ho and conclude that there is sufficient evidence at the 5% significance level that the
specification is not being met (or the computer requires more than 30 seconds to boot up).

“5% significance level” is the probability of wrongly concluding that the mean boot up time for the computer is more than 30
seconds when in fact it is not more than 30 seconds.

(iv)

The critical value for the test is 31.645.

For th t
t—°<3féKIA°8U
Since T >ExamPaper

Answer is Bngv?d< gih%ery | Whatsapp Only 88660031

V)

_ 2
Under Ho, Y ~ N | 30,2—
25
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Z= @ ~N(0,1)
\/5 (—C
Using a 1 — tailed z test, 4)‘
anlc = w = 2 cr1t = 1 64485
g o ) 7

In order not to reject Ho,

2, < 1.64485 residh

12 s
;<1 64485 { /

o >7.2955

o >17.30 O J-6 LH?S
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1 The diagram below shows a shape which is symmetrical about the x- and y-axes. The
shape is made up of four curves, A, B, C and D.

Ya

The curve A has equation &+ﬁ:1 for 0<Xx<1 and 0<Ly<I.
(i) State the equations and the range of values of x and y for curves B and C. [3]
(ii) The curves A and B are scaled by a factor % parallel to the X-axis and the curves C

and D are scaled by a factor 2 parallel to the y-axis. Sketch the resulting shape.  [2]

a 1 -2 1

2 The position vectors of A, B, Cand D are | 1 |,|-2|,| 3 | and | S | respectively,
5 1 1 7

where a and S are real numbers. Given that BD is a perpendicular bisector of AC, find

the values of o and . [5]

3 The hyperbola C passes through the point (2, 0) and has oblique asymptotes y =-2x and

y =2X.
(i) Sketch C, showing the relevant features of the curve. [2]
(ii) Write down the equation of C. [1]

(iii) By adding a suitable curve to your sketch in part (i), solve the inequality

,/X?z—l<\/x—1. [3]

© TJC 2019 9758/01



X

e . ..
o X # Kk, where K is a positive real number.

4 A curve C has equation y =

Show algebraically that C has exactly one stationary point, and show that the stationary

point lies in the first quadrant. [3]
Sketch C for x > K, indicating clearly the equation of the asymptote and the coordinates
of the stationary point. [2]
k*% eX 1 Kl ke .
Deduce that I 1 dx < 3 3¢ 2+e 2| forall positive real values of k. [2]
k= X—
2

S  In geometric optics, the paraxial approximation is a small-angle approximation used in
Gaussian optics and ray tracing of light through an optical system such as a lens.

In the diagram below, a light ray parallel to the horizontal axis is reflected at point B on
the circular lens centred at point C and has radius r cm. Let ZBCF =6 radians . FM
is the perpendicular bisector of CB.

Light ray

Horizontal axis

Part of the
circular lens

(i) Show that CF = ﬁ , where K is a real constant to be determined. [1]
cos

(ii) Hence find the series expansion for CF if @ is sufficiently small for #° and terms
in higher powers of € to be neglected. [2]

Suppose that the source of the light ray is now repositioned such that

/BCF = (9+%j radians .

(iii) Find the corresponding series expansion for CF, up to and including the term in 6°.

[4]

© TJC 2019 9758/01



6  An arithmetic sequence has first term a and common difference d, where a and d are non-
zero. The ninth, tenth and thirteenth terms of the arithmetic sequence are the first three
terms of a geometric sequence.

(i) Show that a=-1d. [3]

(i) The sum of the first n terms of the arithmetic sequence is denoted by S, . Find the

value of S, . [2]

(iii) Given that the k'™ term of the arithmetic sequence is the fourth term of the geometric
sequence, find the value of k. [3]

7 A curve C has parametric equations
2
x=t2, y=te!' , for t>0.
2
(i) Find the equation of the tangent to C at the point P with coordinates (p2 , peP ),

where p#0. Hence, or otherwise, find the exact equation of the tangent L to C
which passes through the origin. [5]

(ii) (a) Find the cartesian equation of C. [1]

(b) Find the exact volume of the solid formed when the region bounded by C and
L is rotated through 27 radians about the X-axis. [5]

8 Do not use a calculator in answering this question.

N4
(1+1)2 and w= 8

=) ()

The complex numbers Z and W are given by z =

(i) Express z and W in polar form r(c0s6’+isin6’) , where r>0 and -7 <0<r.

Give r and @ in exact form. [4]

(i) Given that z*,w and W are the roots of the equation X’ +bx* +cx+d =0 where b,
¢ and d are real values, find the equation. [3]

(iii) Sketch on an Argand diagram with origin O, the points P, Q and R representing the
complex numbers Z,w and z+ W respectively. [2]

(iv) By considering the quadrilateral OPRQ and the argument of z+w, deduce that

mn%§:2+J§. [3]
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(b)

© TJC 2019

Vectors u and v are such that w.v=-1 and (uxv)+u is perpendicular to

(uxv)+v.
Show that [uxv|=1. [3]
Hence find the angle between u and v. [3]

The figure shows a regular hexagon ABCDEF with O at the centre of the hexagon.
X is the midpoint of BC.

A B
X
F 0 C
E
Given that OA=a and OB =b, find OF and OX in terms of a and b. [2]

Line segments AC and FX intersect at the point Y. Determine the ratio AY : YC.
[4]

9758/01



10 Mr Ng wants to hang a decoration on the vertical wall above his bookshelf. He needs a
ladder to climb up.

The rectangle ABCD is the side-view of the bookshelf and HK is the side-view of the
ladder where AB =24 cm and BC =192 cm (see Figure 1). The ladder touches the wall
at H, the edge of the top of the bookshelf at B and the floor at K.

0
D C K
Figure 1
(i) Given that ZHKD =@, show that the length , L cm of the ladder is given by
L= 24 + 1‘92 : [1]
cosfd sinf
(ii)  Use differentiation to find the exact value of the shortest length of the ladder as &
varies. [4]

[You do not need to verify that this length of the ladder is the shortest.]
Take L to be 270 for the rest of this question.

The ladder starts to slide such that H moves away from the wall and K moves towards E
(see Figure 2). The ladder maintains contact with the bookshelf at B.

o/

A 4

K E
Figure 2

The horizontal distances from the wall to H and from the wall to K are X cm and y cm
respectively.
(iii) By expressing y—X in terms of &, determine whether the rate of change of y is

greater than the rate of change of x. [3]
(iv)  Given that the rate of change of @ is —0.1 rads™' when CK =160 cm , find the rate

of change of X at this instant. [5]
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11  The daily food calories, L, taken in by a human body are partly used to fulfill the daily
requirements of the body. The daily requirements is proportional to the body mass, M kg,
with a constant of proportionality p. The rate of change in body mass is proportional to
the remaining calories.

It is given that the body mass, M kg, at time t days satisfies the differential equation

dM

—=k(L-pM),
m (L—pM™)

where k and L are constants.

John’s initial body mass is 100 kg. Find, in terms of p, the daily food calories needed to
keep his body mass constant at 100 kg. [1]

To lose weight, John decides to start on a diet where his daily food calorie intake is 75%
of the daily calories needed to keep his body mass constant at 100 kg.

(i) Show that M =75+25¢ ™. [4]

(ii) John attained a body mass of 90 kg after 50 days on this diet. If it takes him n more
days to lose at least another 10 kg, find the smallest integer value of n.

[5]

(iii) John’s goal with this diet plan is to achieve a body mass of 70 kg. With the aid of
a graph, explain why he can never achieve his goal. [2]

2

(iv) By considering comment on his rate of body mass loss as time passes. [2]

t2

© TJC 2019 9758/01
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DO NOT WRITE IN THIS MARGIN

L

The function f is defined by

2
f:x—

2—X

(i) Find f'(x) and write down the domain of f™'.

It is given that

g2:IX , XelR, x=0.
—X

I+e
(ii) Show that fg exists.

(iii) Find the range of fg.

Express as partial fractions.

6r+7

r(r+1)
N 1 r+l

(i) Hence use method of differences to find Z (;]

r=1

(There is no need to express your answer as a single algebraic fraction.)

, XeR, 0<x<2.

J in terms of N.

[4]

[2]

[2]

[1]

[3]

. C&[(1) er+7 . .
(ii) Give a reason why the series Z[(—] J converges, and write down its

7) r(r+1)

r=1

value.

NCOYT 6r+13
iii) Use your answer in part (i) to find — -_—
(i) Y part (1 2(( j (r+1)(r+2)

7

r=1

© TJC 2019 www.KiasufzggioaPaper.com
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A curve C with equation y = f(X) satisfies the equation
(x+2x+2)Y -2
dx
and passes through the point (0,7).

(i) By further differentiation, find the Maclaurin expansion of f(X) in ascending
powers of X up to and including the term x’. [5]
(ii) Solve the differential equation (x> +2x+ 2)% =2, given that y = 7 when X = 0,
X
leaving y in terms of X.
Hence show that

tan_l(x+l)z£+lx—lX2+LX3
4 27 4

12

for small values of X. [4]

. . . > 1 I, 1 .

(iii) With the aid of a sketch, explain why _[ —+—X——X +—X dx gives a more
o 4 2 4 12

o 2 o : 71 1,

accurate approximation of I tan”' (x+1) dx than I —+—X—-—X" dX. (2]
0 © 4 2 4

The points A, B, C and D have coordinates (1,0,3), (-1,0,1),(1,1,3) and (1 k, 0)
respectively, where K is a positive real number. The plane p, contains A, B and C while

the plane p, contains A, B and D.

Sy

Given that p, makes an angle of %with P, , show that k = . [5]

The point X lies on P, such that the vector XC is perpendicular to p,. Find XC . [5]

Hence find the exact area of the triangle AXC. [2]

© TJC 2019 www.KiasufzggioaPaper.com
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Section B: Probability and Statistics [60 marks]

5  Anand, Beng, Charlie, Dayanah and 6 other people attend a banquet dinner, and are to sit
at a round table.

@

(i)

Dayanah will only sit next to Anand, Beng or Charlie (and no one else), and Anand,
Beng and Charlie do not want to sit next to each other. Find the number of ways the
10 people can seat themselves around the table. [4]

As part of dinner entertainment, 4 people from the table are chosen to participate
in a game.

Among Anand, Beng and Charlie, if any one of them is chosen, the other two will
refuse to participate in the game. Furthermore, Dayanah refuses to participate unless
at least one of Anand, Beng or Charlie is also chosen.

Find the number of ways the 4 people can be chosen for the game. [3]

6 A bag contains four identical counters labelled with the digits 0, 1, 2, and 3. In a game,
Amira chooses one counter randomly from the bag and then tosses a fair coin. If the coin
shows a Head, her score in the game is the digit labelled on the counter chosen. If the
coin shows a Tail, her score in the game is the negative of the digit labelled on the counter
chosen. T denotes the score in a game.

M
(i)

Find the probability distribution of T. [2]

Amira tosses the coin and it shows a Tail. Find the probability that T <—1. [3]

(iii) Amira plays the game twice. Find the probability that the sum of her two scores is

© TJC 2019

positive. [3]
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It is generally accepted that a person’s diet and cardiorespiratory fitness affects his

cholesterol levels. The results of a study on the relationship between the cholesterol
levels, C mmol/L, and cardiorespiratory fitness, F, measured in suitable units, on 8
individuals with similar diets are given in the following table.

Cardiorespiratory Fitness (F units) | 55.0 | 50.7 | 453 | 40.2 | 34.7 | 31.9 | 27.9 | 26.0

Cholesterol (C mmol/L) 4.70 | 498 | 5.30 | 5.64 | 6.04 | 630 | 6.99 | 6.79

@

(i)

(iii)

(iv)

© TJC 2019

Draw a scatter diagram of these data. Suppose that the relationship between F and

C is modelled by an equation of the form InC = aF +b, where a and b are constants.

Use your diagram to explain whether a is positive or negative. [4]

Find the product moment correlation coefficient between In C and F, and the
constants a and b for the model in part (i). [3]

Bronz is a fitness instructor. His cardiorespiratory fitness is 52.0 units. Estimate
Bronz’s cholesterol level using the model in (i) and the values of a and b in part (ii).
Comment on the reliability of the estimate. [2]

Bronz then had a medical checkup and found his actual cholesterol level to be
6.2 mmol/L. Assuming his cholesterol level is measured accurately, explain why
there is a great difference between Bronz’s cholesterol level and the estimated value
in (iii). [1]
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A research laboratory uses a data probe to collect data for its experiments. There is a
probability of 0.04 that the probe will give an incorrect reading. In a particular experiment,
the probe is used to take 80 readings, and X denotes the number of times the probe gives
an incorrect reading.

(i) State, in context, two assumptions necessary for X to be well modelled by a
binomial distribution. [2]

(ii) Find the probability that between 5 and 10 (inclusive) incorrect readings are
obtained in the experiment. [3]

When the probe gives an incorrect reading, it will give a reading that is 5% greater than
the actual value.

(iii) Suppose the 80 readings are multiplied together to obtain a Calculated Value. Find
the probability that the Calculated Value is at least 50% more than the product of
the 80 actual values. [5]

A Wheel Set refers to a set of wheel rim and tyre. The three types of wheel sets are the
Clincher Bike Wheel Set, Tubular Bike Wheel Set and Mountain Bike Wheel Set.

The weight of a rim of a Clincher Bike Wheel Set follows a normal distribution with
mean 1.5 kg and standard deviation 0.01 kg. The weight of its tyre follows a normal
distribution with mean 110 g and standard deviation 5 g.

(i) Let C be the total weight in grams of a randomly chosen Clincher Bike Wheel Set
in grams. Find P(C >1620). [3]

(ii) State, in the context of the question, an assumption required in your calculation in

(®. [1]
Let T be the total weight in grams of a Tubular Bike Wheel Set, where T ~ N( 1, 15° )

(iii) The probability that the weight of a randomly chosen Clincher Bike Wheel Set
exceeds a randomly chosen Tubular Bike Wheel Set by more than 150 g is smaller
than 0.70351 correct to 5 decimal places. Find the range of values that x can take.

[3]
Let M be the total weight in grams of a randomly chosen Mountain Bike Wheel Set with
mean 1800 g and standard deviation 20 g.

(iv) Find the probability that the mean weight of 50 randomly chosen Mountain Bike
Wheel Sets is more than 1795 g. [3]
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10 (a)
(b)
©TJC 2019

Two random samples of different sample sizes of households in the town of Aimek
were taken to find out the mean number of computers per household there. The first
sample of 50 households gave the following results.

Number of computers 0 1 2 3 4
Number of households 5 12 18 10 5

The results of the second sample of 60 households were summarised as follows.

> y=118 D yi=314,

where Y is the number of computers in a household.

(i) By combining the two samples, find unbiased estimates of the population
mean and variance of the number of computers per household in the town.

[4]

(i) Describe what you understand by ‘population’ in the context of this question.

[1]

Past data has shown that the working hours of teachers in a city are normally
distributed with mean 48 hours per week. In a recent study, a large random sample
of n teachers in the city was surveyed and the number of working hours per week
was recorded. The sample mean was 46 hours and the sample variance was 131.1
hours®. A hypothesis test is carried out to determine whether the mean working
hours per week of teachers has been reduced.

(i) State appropriate hypotheses for the test. [1]
The calculated value of the test statistic is Z=—1.78133 correct to 5 decimal places.
(ii) Deduce the conclusion of the test at the 2.5 % level of significance. [2]
(iii) Find the value of n. [3]

(iv) In another test, using the same sample, there is significant evidence at the a%
level that there is a change in the mean working hours per week of teachers in
that city. Find the smallest possible integral value of « . [2]
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Section A: Pure Mathematics [40 marks]

1 The function f is defined by

2
X

f:x—
2—x

@ Find f'(x) and write down the domain of .

It is given that

gixH —

I+e
(ii) Show that fg exists.
(iii) Find the range of fg.

,xeR,0<x<2.

,xeR, x>0.

(4]

[2]
[2]

13G 2
® Let y= al
2—x

2y—xy=x" = X +xp-2y=0
—yEyy +8

2
Alternatively,

2y—xy=x" = X +xp—2y=0

2 2
:>(x+Zj —(Zj -2y=0
2 2

2 2
:>(x+Z :y_+2y
2 4

:>x+1:i —+2y
2 4
2
—x+i=t y_+2y
2 4
—y+4y +8
— = 4 ;’ b4

Since 0<x<2, sz u2y2+8y
KIASU=;
ExafmReper ¢

!
f (x) = —istamdwi &‘2 eivery atsapp Only 88660031

fol = Rf =0, Oo)

Many students are uncertain
how to make x the subject.
Note that this can be done by
either using the quadratic
formula or completing square.

Students must note that it is
essential to explain why

_ Y=y’ 48y
2

Some students did not provide
the final answer. While they
able to obtain

—y 4+ +8
=¥,theyfail

to write down the expression
for £~'(x) and D, toanswer

X is rejected.

X

the question completely.

1Gi) | R, =[1.])
D, =[0,2)

It is necessary to write down
the Rg and Dt to answer this
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Since R, < Dy, the function fg exists. part of the question. Simply
stating R, < Dy is insufficient.

1¢ii) | iprkee el b e AN Many students did not indicate

that f'is an increasing function.
Simply writing R, = [%,1)

insufficient to obtain the full

| leading to R, =[%,l) is
i X = 2 credit.

[ —

Observe that y = f(x) is a strictly increasing function; so we
only need to find f (%) = % and f(1)=1.

R, =[4.])
2 Express Or+7 as partial fractions. [1]
r (r + 1)
. . YY" 6r+7 ). :
(i) Hence use method of differences to find Z — ( 1) in terms of N. (There is no need
o r(r+
to express your answer as a single algebraic fraction.) [3]
o r+l
(ii) Give a reason why the series Z (lj Or+7 converges, and write down its value. [2]
=\\7 r (r + 1)
YY" 6r+13
(iii) Use your answer in part (i) to ﬁndz (—j —_— . [3]
I\ 7 (r+1)(r+2)
2 6r+7 7 1 Most students got
r(r+l) ol this right.

KIASU=;
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(@) N ( 1 jrﬂ 67 +7 N ( 1 )Hl (7 1 j A common error here is
Z - = Z - - to express
=\ \ 7 r(r+1) =\ \ 7 r r+l .
e
=§: (AA 7)) o ore
oy r r+l as
A 3 1)’“&(1_Lj
1 2 =\ 7 =\r r+l
N z 3 7__3 . Students must take
5 3 note that
-3 -4 N .
P > (f(r)-g(r)) isnot
3 4 r=1
L. equal to
N N
LT T > /() 2 lr)
N _ 1 N r=1 r=1
7—N 7—N—1
= - =)
N N+1
AR S
1 N+1 7 7N“(N+1)
(i) N )
AsN — o, (7) —0, — 0 Students must know that
* - the highlighted
7TV statement is the reason
Henceas N — «, == -0 .
N+1 \7 N +1 why the series
ol converges, and therefore
Then Z ( j or+7 l, must be clearly written
(r+1)) 7 down in your answer.
S (1 6r+7 . 1
Z — converges and it converges to —.
=\ 7 r (r + l) 7
(iii | Method 1:
) Many students are

36 el
[Aé 1(: + 2)}

mPaper

r—gl
Islandwide Delivery | Whatsapp Only 88660031

S(ORERE . OFC=S

-7 TT[; H 6r:+71>] Gj%}

aware that they must
replace » by r—1 in
Method 1 or replace r
by r+1 in Method 2.
However, the plan is
poorly executed with
many making errors in
its replacement. Some
who have correctly
replaced the 7, are
unsure how to proceed
from there.
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eyt erv7 ) (1) 13

72[(7] G )(M)J 7)o )]

IR 3} 17N I

T7 (N1 #9(2)| 14 N+2 14 TVT(N+2)
Method 2:

From (1),

0 )

Replace r by r+1, we have
HEI::N (1)“*”“ 6(r+1)+7 | 1 1
7 (r+1)((r+1)+1) 7 7VN(N 1)

g[l)”z 6r+13 | 1 1
S\7) (r+D)(r+2)) 7 TV(N+1)

Replace N by N+1, we have

YOOIY? 6r+13 1 1
Z{(?) (r+)(r+2) ] 7 777 (N+2)

B e e
T

Term when =0

(4] e e

N S
14 7V(N+2)

KIASU=;
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3 A curve C with equation y = f(x) satisfies the equation

(x2+2x+2)d—y=2
dx

and passes through the point (0, 7).

(i) By further differentiation, find the Maclaurin expansion of f(x) in ascending powers of x up to

(i) Solve the differential equation (x> + 2x + 2)d_y
q

(iii) With the aid of a sketch, explain why IOZ %-i-

and including the term x’.

terms of x.
Hence show that
1

1
tan~ l(x+1)~z+ x——x+—

4
for small values of x.
1

2
1

approximation of joz tan”' (x +1) dx than _[02 %-‘FEX——XZ dx .

[3]

=2, given that y = 7 when x = 0, leaving y in

(4]

1 1 .
—x—sz +—2x3 dx gives a more accurate

[2]

3(i)

i (P +2x+ )Y )
dx
Differentiating wrt x,
d’y dy
(x? +2x+ 2)@+ (2x+ 2)5 =
Differentiating wrt X,

(x> +2x+2) y+(2x+2) y+(2 +2)— 231’ 0

dy
dx

= (x +2x+2)—+(4x+4) y+2 ~0

When x=0, y=7 since curve passes through (0,7).
¥ Y
dx

2 2

2d—y+2(1) 0= d—y——
dx’

F“‘”&EE&?D%%@

Thus the Mlaclaurmuexpansmmsw 60031

=

1
y=1f(x)= 7r+x—5x +§x +.

. 1 1
ie., y=f(x)=7r+x—§x2 Jrgx3 +..

Question was very well done.
Only a handful of students

2
X +2x+2
and performed direct

expressed Y =
dx

differentiation.

Many students integrate the
expression to find y, which is

the question for (ii). This is an
indicator that they do not
know what the question is
asking for.
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() | , dy Apart from algebraic errors,
i) (20 2)3 =2 students were able to find the
1 particular solution.
= dy=2———— dx
J. 4 Jlxz +2x+2
N y=2 J‘ 1 Quite a number of students
(x+1"+1 forgot to “+C”, which
= y=2tan" (x+1)+c affected the rest of their
Sub x=0, y=x: x=2tan'(D+c answers.
T\ &
= c=m— 2(—) =— Most students were able to
4) 2 . .
see the relationship between
Thus, y =2tan” (x +1) +% . their answers in (i) and (ii).
—1 T 1 2 1 3
= 2tan' (x+ D+ ==z +x——x"+—x" +...
2 2 6
1 1 1
= tan"'(x+1) =—(7r—£+x——x2 +—x +]
2 2 2 6
; 11 1, 1
= tan”' (x+1) = 2T Y (Shown)
for small values of x
(iii)

. 1 1 1 .
Since the curve y = % +—x——x"+ EX3 is closer to

2 4

y=tan"' (x )Iwgtlj\@_y: z %x—ixz for 0<x<2,
: ?/ o1, 1,
the area unEéfalleBlpﬁfrv —+—x——x"+—x" dx,

Islandwide Delivery | Whatsapp Only BHt){;QI(BA' 2 4 12

2
will give a better approximation to IO tan"' (x+1) dx, the area

under the curve y=tan ' (x+1), than the area under the

quadratic curve, Ij %Jr%x—lxz dx .

This part was poorly
performed. Students should
realise that they must sketch
y=tan"' (x+1) in order to

make any comparison.

For the sketches, many
students did not pay attention
to the details which led to
loss of marks. The more
common ones are:

1. not realizing that they have
the same y-intercept,

2. Not showing that the
quadratic curve has a turning
point before x =2, and cuts
the x-axis after x=2.

3. Not showing that the cubic
curve is concave up.
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Students plotted / labelled the graphs as (for e.g.) joz %4— %x - %xz + %)f dx which is a definite

integral (i.e. just a value). This has no meaning for comparison.

A number of students drew rectangles under the graph, which clearly shows regurgitation
without understanding.

For the qualitative explanation, students should make it clear that the comparison of how close
the curves are is limited from x=0 to x =2. Also, the link between the definite integral to the

area must be clear.

4 The points 4, B, C and D have coordinates (1,0,3), (-1,0,1),(1,1,3) and (1, k,0) respectively,
where £k is a positive real number. The plane p, contains 4, B and C while the plane p, contains A4,
B and D.
Given that p, makes an angle of %with D, , show that k = g [5]
The point X lies on p, such that the vector XC is perpendicular to p,. Find XC . [5]
Hence find the exact area of the triangle AXC. [2]
Solution:

A standard question which can provide a good source of marks, but students seemed to be unprepared
for the third question on Vectors in Paper 2.

4

-1 1 1 1 1 0
AB=| 0 |-|o|==2|0]|, aC=|1]-|0|=|1], Many students used the
correct method but made
1 3 1 3 3 0 numerous errors seen in
1 1 0 vector product operation to
AD=k|-lol=| k obtain the normal to planes
0 p, and p,. This had a knock-

on effect on the other parts
of the question.

Normal vector

1
0 |x
1
k
hatdapg
1 3

Since p1 makes an angle of %with P2,

This part required the direct
application of formula to
obtain the angle between
planes in order to show that

3 -3
Normal vect

Isla vl

6
k =— . However students

n, ||n,| 3 made errors in obtaining
normals to planes p, and p,.

Also some students wrongly
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, : 4k’ 1
Squaring both sides, we have ————=—
2(2k°+9) 4
8k* =2k +9
=2
2

stated that the formula gave
the sine of the angle.

A handful students were not
able to find the correct pair of
vectors to “cross-product”
Example, to find normal to

p, which contains A, B and C:

OAxOB [WRONG]

A mark was deducted for not

NG

including & = 5 and

rejecting the answer
accordingly.

XC is perpendicular to pi = XC is parallel to n,

-1
= R:mo

1

-1 (1 -1

= OX=0C-m| 0 |=|1|-m| 0
1 3 1

KIASU=;
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This part was badly
attempted. There was a lack
of clarity in presentation for
this part.

Many students were able to
write out the equation of line

1 -1
XC:r=|0|+A4]| 0 |, but
3 1
instead of
1 -1
OX =| 0 |+2| 0 |[RIGHT],
3 1
many wrote
1 -1
XC=|0|+A4| 0 | [WRONG]
3 1

This was an indication of poor
understanding of the
equation of line!
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Equation of p» is

J6 J6 6
2| ()] 2 2

r| 3 |=|0]] 3 |=Veie r| 3 |=+6
Jo | B3)| Ve V6
2 2 2

%

1 -1 2

Since X 'lies on p2, we have || 1 |-m| O ||.[ 3 =6
3 1 J6
2

2 2 2
6+3-m(/6) =6
:>m(\/g)=3

:{—i +3+ iJ—m(£+0+§j:\/€

-1
= 2] o =\Eﬁ=ﬁ
1

‘R“: 1

IKIASUwz0
Since XC is FEI?WE p1 ies on p1, we have XC

perpendiculatt@.AdCeiery | Whalsapp Only 88660031

Therefore, area of triangle AXC is _

Many students failed to see
that triangle AXC is a right-

angled triangle and the area
can be quite easily obtained

by %(base)(i height) i.e.

%(AC)(XC). Instead many

students found the area by

finding %‘A—CxX—C .
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Section B: Probability and Statistics [60 marks]

5 Anand, Beng, Charlie, Dayanah and 6 other people attend a banquet dinner, and are to sit at a round
table.

()

(i)

Dayanah will only sit next to Anand, Beng or Charlie (and no one else), and Anand, Beng
and Charlie do not want to sit next to each other. Find the number of ways the 10 people can

seat themselves around the table.

[4]

As part of dinner entertainment, 4 people from the table are chosen to participate in a game.

Among Anand, Beng and Charlie, if any one of them is chosen, the other two will refuse to
participate in the game. Furthermore, Dayanah refuses to participate unless at least one of Anand,

Beng or Charlie is also chosen.

Find the number of ways the 4 people can be chosen for the game.

[3]

5(i) | No. of ways to arrange 2 of A/B/C next to D, to form | In general, students lost marks for
a unit this whole question because they
= 302 x 21 failed to understand the question.
No. of ways to arrange the unit and 6 other people in For this par:c‘, many stu,c,lents ,
a circle interpreted “‘sit next to” as applying to
—(7-1)! one side (should be both sides) and
No. of ways to insert the remaining person from therefore were incorrect.
A/B/C = °C Students should also take the effort

o to describe/explain their steps to

. Total no. of ways = possibly gain partial credit for their
’C,x2! x(7-1)! x°C, =21600 methodology.

(ii) | Case 1: 4, B or C not chosen A large number of students assumed

Number of ways = °C, =15
Case 2: Exactly one of 4, B or C chosen
Number of ways = °C, x 'C, =105

Total number of ways = 15 + 105 =120

[Note: Cas wﬁ‘:—
Case 2a: E A en but not
aper

Dayanah’ Islandwide Delv»r\. | Wn;:u app Only BB660031
(Number of ways = *C, x °C, = 60)

And Case 2b: Dayanah and exactly one of 4, B or C
chosen

(Number of ways = °C, x °C, =45).]

that when 4, B or C were chosen, D
must be chosen when this is not the
case.

Otherwise this part was the better
done of the two.
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6 A bag contains four identical counters labelled with the digits 0, 1, 2, and 3. In a game, Amira
chooses one counter randomly from the bag and then tosses a fair coin. If the coin shows a Head,
her score in the game is the digit labelled on the counter chosen. If the coin shows a Tail, her score
in the game is the negative of the digit labelled on the counter chosen. 7 denotes the score in a game.
(i) Find the probability distribution of 7. [2]
(ii) Amira tosses the coin and it shows a Tail. Find the probability that 7< —1. [3]

(iii) Amira plays the game twice. Find the probability that the sum of her two scores is positive. [3]

6(i) t -3 -2 -1 0 1 2 3 Most students could
P(T =¢) 1 1 1 1 1 1 1 do this part correctly.
8 8 8 4 8 8 8
(ii) | P(T <—1]|coin shows a tail) Many students could
_ P(counter shows 2 or 3 and coin shows a Tail) not identify that this

P(coin shows a Tail) was a conditional

probability question.
2 1 .
X { Details were also

\4)\2) 1 insufficient among the
(1) 2 rest of the answers.
2
(iii) 1 Most students

Required probability = 5[1 —P(sum of scores = 0)] attempted the second

method, but there

1 [ ( 1 1 11 ﬂ
=—|1-| =x—+=-x=x6 were many common
2 4 4 8 8 CITrors:
27 (1) not considering
64 permutations for each
case,
Alternative: (2) missing out cases
Required probability (such as 1 - 1)
=2[P(0,1)+P(0,2) + P(0,3)]+2[P(~1,2) + P(~1,3) ] + 2P(-2,3) ) forgettlmg that
+2[P(1,2)+P(1,3)+ P(2,3)]+[P(L,1) + P(2,2) + P(3,3)] P(7=0) e

=2 l><l><3j +2 (lxlx2j +2[l><l +2(lxlx3 +3(l><l A smaller number
4 8 8 8 8 8 8 8 8 8 .
tried to use a table of
outcomes, but were

27
= @ K I A S U =S not very successful as

ExamPaper / they did not notice
Islandwide Delivery | Whatsapp Only 88660031 that not all outcomes

had equal
probabilities.
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7 Itis generally accepted that a person’s diet and cardiorespiratory fitness affects his cholesterol levels.
The results of a study on the relationship between the cholesterol levels, C mmol/L, and
cardiorespiratory fitness, F, measured in suitable units, on 8 individuals with similar diets are given
in the following table.

Cardiorespiratory Fitness (£ units) 55.0 | 50.7 | 453 | 40.2 | 347 | 319 | 279 | 26.0

Cholesterol (C mmol/L) 470 | 498 5.30 5.64 6.04 6.30 6.99 6.79
(i) Draw a scatter diagram of these data. Suppose that the relationship between F and C is
modelled by an equation of the form In C = aF + b, where a and b are constants. Use your
diagram to explain whether a is positive or negative. [4]
(ii) Find the product moment correlation coefficient between In C and F, and the constants @ and b
for the model in part (i). [3]
(iii) Bronz is a fitness instructor. His cardiorespiratory fitness is 52.0 units. Estimate Bronz’s
cholesterol level using the model in (i) and the values of @ and b in part (ii). Comment on the
reliability of the estimate. [2]
(iv) Bronz then had a medical checkup and found his actual cholesterol level to be 6.2 mmol/L.
Assuming his cholesterol level is measured accurately, explain why there is a great difference
between Bronz’s cholesterol level and the estimated value in (iii). [1]

(i) o Many students gave a scatter

ChOIﬁiteml’ it diagram of InC vs F. However, the

question asked for a scatter diagram

699l . x of these data & the given data is C

X and F.
X « Please ensure that the relative
X positions of the 8 data points (and
X not 7 or 9 points) are correct.

X « Many students did not label the

X max/min values of C and F.

470 - Lo ?( _ Amongst those who did, a large

L 5 5"0 ;?gé?;es majority did not label the max C

26.0 fitness F (6.99) and/or min F (26) correctly.

P This part was poorly attempted.
InC=aF+b = C=e « Many students say that the gradient

From the scatter diagram, as F increases, C decreases | of the points in the scatter diagram
ata decreak' :gha @Uﬂ_ (C against F) are negatively
" correlated so it has a negative

ExamPaper ¢ £

Islandwide Delivery | Whatsapp Only 88660031 gradlent and thus a 1s negatlve'

BUT “a” is the gradient of the
regression line of InC on F and not
ConF.
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« Alternative solution given by some
students
InC decreases as C decreases.
Thus as F increases, InC decreases.
This means that the gradient of the
regression line of InC on F is
negative.
However, they failed to explain
clearly that “a” is the gradient of
the  regression line  before

concluding that “a” is negative.

(ii) | Product moment correlation » =—-0.992 (3 sf) Some students identified the values
of a and b wrongly, ie., wrote
Model is InC =-0.013371 F +2.2772 (5 sf) a =2.28 in spite of the fact they had
Thus, a =-0.0134 (3 sf) claimed that a <0 in (i).
and b =2.28 (3 sf)
(iii) | InC =-0.013371(52.0)+2.2772 Some students used the inaccurate
1581508 values of @ and b, i.e., used
C=e = 4.86 InC =—-0.0134F +2.28
Estimate of Bronz’s cholesterol level is 4.86 mmol/L | compute C and got an inaccurate
value.
Since »=-0.992 is close to —1 which suggests that | Many students mentioned only one of
the linear model is a good one and Bronz’s | the 2 conditions needed for a reliable
cardiorespiratory fitness level, F = 52.0 lies within the | estimate with the regression line.
data range of [26.0,55.0], the estimate is reliable.
(iv) | Bronz’s diet could be very high in cholesterol | This part was very poorly attempted.

compared to the 8 individuals which resulted in his
actual cholesterol level of 6.20 to be higher than the
value of 4.86 mmol/L estimated using the values in (iv)
which are based on the 8 individuals.
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Students need to check if there is a
reason provided by the context before
giving any other reasonable
explanation.

In this question, a reason was given
(diet) and so this is the only answer
accepted. The regression line that was
used to find the estimate was based on
the data from the 8 people with a
similar diet. So the estimate of 4.86
mmol/L  would be  Bronz’s
cholesterol level if he was on the
same diet.
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8 A research laboratory uses a data probe to collect data for its experiments. There is a probability of
0.04 that the probe will give an incorrect reading. In a particular experiment, the probe is used to

take 80 readings, and X denotes the number of times the probe gives an incorrect reading.

(i) State, in context, two assumptions (not conditions) necessary for X to be well modelled by a

binomial distribution. [2]
(i) Find the probability that between 5 and 10 (inclusive) incorrect readings are obtained in the
experiment. [3]
8( |1. The probability of the probe giving an incorrect Not well answered. Despite the
) reading is constant at 0.04 for each reading. many reminders, common errors
are:
2. Trial of whether a reading by the probe is incorrect is | 1.Probability of getting an incorrect
independent of other readings. reading is independent of ...

2. Two outcomes: correct or incorrect
reading (given in question, not
assumption)

3.Fixed number (80) of readings (given
in question, not assumption)

4.Trial is on “reading correct or
incorrect”, not the probe (only one
probe) nor the experiment (only one
experiment).

(ii) | X~ B(80, 0.05) Generally well done for this part.

P(5<X<10)=PX<10)-P(X<4) Common error is interpreting
= 0216 (3sf) “inclusive” to apply only to 10 and
not 5, i.e. wrongly gave
P(5<X <£10).

Some students wrongly gave
P(5<X <10)=P(X <10)xP(X =5
which is not true as the events

X <10 and X >5 are not
independent.
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When the probe gives an incorrect reading, it will give a reading that is 5% greater than the actual

(iii) Suppose the 80 readings are multiplied together to obtain a Calculated Value. Find the

Solution

probability that the Caleulated Value is at least 50% more than the product of the 80 actual

[3]

(iii)

Let the actual i ™ value be V.

Product of 80 actual values = Vi xVax ... xVgo

For an incorrect reading, V; is read as (1.05)V; (5% greater)
If there are x incorrect readings,
Calculated Value = VixVax ... xVgo (1.05)".

VixV,x..xVy (1.05)" 2 1.5 (M xV, x..x V)
= (1.05)" 21.5
= xIn(1.05)>1In 1.5

S Inl.5 _33]
In1.05

i.e. at least 9 incorrect readings

= x

Required probability = P(X > 9)
=1-PX<8)
= 0.00468 (3sf)

Most students did not know
how to interpret the question.

Many students tried to apply
Central Limit Theorem for
sample sum — note that CLT
does not apply to product of
sample.

Of those who could interpret the
question, many did not explain

how they obtained (1.05)" >1.5

Some students presented
‘product of the 80 actual values’
wrongly as V¥ instead of
VixVax ... xVgo (80 different
readings)
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9 A Wheel Set refers to a set of wheel rim and tyre. The three types of wheel sets are the Clincher Bike

Wheel Set, Tubular Bike Wheel Set and Mountain Bike Wheel Set.

The weight of a rim of a Clincher Bike Wheel Set follows a normal distribution with mean 1.5 kg
and standard deviation 0.01 kg. The weight of its tyre follows a normal distribution with mean 110
g and standard deviation 5 g.

(i) Let C be the total weight in grams of a randomly chosen Clincher Bike Wheel Set in grams.
Find P(C >1620). [3]

(ii) State, in the context of the question, an assumption required in your calculation in (i). [1]

Let T be the total weight in grams of a Tubular Bike Wheel Set, where T ~ N( u, 15° )

(iii) The probability that the weight of a randomly chosen Clincher Bike Wheel Set exceeds a
randomly chosen Tubular Bike Wheel Set by more than 150 g is smaller than 0.70351 correct
to 5 decimal places. Find the range of values that & can take. [5]

Let M be the total weight in grams of a randomly chosen Mountain Bike Wheel Set with mean
1800 g and standard deviation 20 g.

(iv) Find the probability that the mean weight of 50 randomly chosen Mountain Bike Wheel Sets is

more than 1795 g. [3]
9(i) | C ~N(1500 + 110, 10? + 5?) Well attempted.
P(4>1620)=0.185546 ~ 0.186 (3sf) Only a few students

did not convert
kilograms to grams.
Note that

10* + 5% #(10+5)°

(ii) | Assume that the weight of a randomly chosen Clincher Bike rim and Poorly done. Many
tyre are independent of each other. gave assumptions
(This is required for the calculation of Var(C)) such as:
(Recall Var(X+Y) = Var(X) + Var(Y) if X and Y are independent) - The weight of a
randomly chosen
Clincher Bike
Wheelset is

independent of

K I A =, aIlOtheI" set.
Ny, o' ris ne

Islandwide Delivery | Whatsapp Only 88660031
- Assume that a set

has only one rim
and one wheel
(This was already
stated in the
question)
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(i) | ¢—7~ N(1610-p, 125+15”) =C~T ~ N (1610 p, 350) Note that GC table
is not allowed as u
P(C—T>150)<0.70351 is not an integer
150-1610+ u value.
P(Z ZT]<O.70351 Many students
1460 + failed to standardise
P(Z > 4} <0.70351 correctly.
V350 Many wrote
-1460+ u 0.534523 instead of
—\/ﬁ >—-0.534523 —0.534523,
11> 1449.9999 indicating that they
11> 1450 are still not able to
B identify the correct
area for the
invnorm command
in GC.
(iv) | Since n =50 is large, by Central Limit Theorem, Many students
wrote

M ~N (1800, %J approximately

M~N (1800, 8) approximately
P(M >1795)=0.96146 ~ 0.961 (3sf)

M ~ N (1800, 202)

which is incorrect
as it is not given in
the question that M
is normally
distributed.

Not many students
knew that CLT has
to be used for this
part.

Some applied CLT
to M.

Students are able to find the variance and expectation of the random variables but would need to work on
problems which require them to standardise (especially those that involve inequality)

10 (a) Two random samples of different sample sizes of households in the town of Aimek were taken
to find out the mean number of computers per household there. The first sample of 50 households

gave the following results.

Nu bf Borfipuiers . =00 1 2 3 4
Numbér 6f households (8 | 12 18 10 5
EXxamPaper ¢ 2
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The results of the secon

> y=118

where y is the number of computers in a household.

>y =314,
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(i) By combining the two samples, find unbiased estimates of the population mean and variance
of the number of computers per household in the town. [4]
(i) Describe what you understand by ‘population’ in the context of this question. [1]

(b) Past data has shown that the working hours of teachers in a city are normally distributed with
mean 48 hours per week. In a recent study, a large random sample of n teachers in the city was
surveyed and the number of working hours per week was recorded. The sample mean was 46
hours and the sample variance was 131.1 hours. A hypothesis test is carried out to determine
whether the mean working hours per week of teachers has been reduced.

(i) State appropriate hypotheses for the test. [1]

The calculated value of the test statistic is z=—1.78133 correct to 5 decimal places.
(ii) Deduce the conclusion of the test at the 2.5 % level of significance. [2]
(iii) Find the value of n. [3]

(iv)In another test, using the same sample, there is significant evidence at the «% level that there
is a change in the mean working hours per week of teachers in that city. Find the smallest
possible integral value of « . [2]
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This question is poorly done in general. Students display a lack of understanding of hypothesis

testing concepts and procedures, coupled with a perpetual incompetency in obtaining the unbiased
estimates from given data. Many of the solutions presented also reveal a lack in comprehension by
students on what the questions are asking for.

10(a)(i) | Let X be the number of computers in each household in the | The most common error for
first sample. the unbiased estimate for the
: _ 2 _ population mean from the
Us1n'g 0% fo %8 fo 2.54 combined sample is taking
Unbiased estimate of the population mean the averages of the unbiased
= 98+118 = @(z 1.96) estimates for the respective
59 +60 _ 55 . . sample sizes, i.e.
Unbiased estimate of the populat102n variance 1 (98 N 11 8)
1 (os4q314)- O8HUIBN ) 7012 ) o) 2130 60
110-1 110 5995
The most common error for
the unbiased estimate for the
population variance is using
the formula for pooled
variance given in the MF26.
(a)(ii) | The population in this question refers to all the households | Majority of students are able
in the town. to correctly identify what the
population is. Common
errors include failing to state
that the households are from
the town (and not anywhere
else) and for referring the
population to computers
instead. A small handful
gave the definition of a
random sample here, which
indicates a lack in
comprehension what the
question is asking for.
(b)(i) Let u be the population mean working hours of teachers in | This part is generally well
the city. done.
H,: =48
H,:pu<48
78 Vo W | ™
(i) Critical r&lI)A{bzlé '17@ Most students know that the
Since chx ans ADefg & do not reject Ho finding the critical region is

OR p-value = P(Z<Z1781Y20.0375> 0.025, we do
not reject Ho

There is insufficient evidence at 2.5% level of significance
that the mean working hours per week of teachers in the
city has been reduced.

key to stating the correct
conclusion, and most are
able to obtain the correct
critical value (not the region
though). This leads to an
overall confusion with
whether to reject/accept Ho,
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or whether to reject/accept
H;i. Subsequently, the
confusion with whether there
is sufficient/insufficient
evidence persists as well.
There is a sizable number of
students who are of the
impression that the decision
for rejection of Ho is the
conclusion.

(iii) 2 n Most students use 131.1 as
st =——(131.1) o
n—1 the population variance,
— therefore losing marks for
Givenz= ~1.781 = —0— %8 ___| 78] accuracy.
f13 1.1
n—1
-2 =-1.781 1311
n—1
NP —1.781\2/131.1
n=105
(iv) p-value for the two tailed test= 2x P(Z <—1.781) =0.0749 | Students who rightly

(accept 0.075)

For Ho to be rejected,
a
-value < —
P 100

a>7.49
Smallest value of @ =8

approach this part using a 2-
tailed test are able to obtain
the correct result. There is a
small handful who
mistakenly compared the test
statistic —1.78133 to the
level of significance.
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4x* —x—1

(2x=D)(x+1) 4

Using an algebraic method, solve the inequality

Hence or otherwise, solve the inequality

2Xx X
4e”" —e" -1 >1,
(26X - 1)(6X + 1)
leaving your answers in exact form. [2]

Referred to the origin O, A is a fixed point with position vector a, and d is a non-zero
vector. Given that a general point R has position vector r such that rxd =axd, show

that r =a+Ad, where 4 is a real constant. Hence give a geometrical interpretation

of r. [3]
1 2 X

Leta=|2|andd=|1|. By writingras|Y|,use rxd=axd to form three equations
3 5 z

which represent cartesian equations of three planes. State the relationship between these

three planes. [3]

(i) The sum of the first n terms of a sequence is denoted by S, . It is known that
S;=-30, S, =168 and S;; =9S,,. Given that S is a quadratic polynomial in n,

find S, in terms of n. [4]

(i) The nth term of the sequence is denoted by T, . Find an expression for T, in terms

of n. Hence find the set of values of n for which |Tn| <12. [4]

(i) Given that f is a strictly increasing continuous function, explain, with the aid of a

sketch, why

@)

where N is a positive integer. [3]

) (o 2 4 2n-2
(ii) Hence find the least exact value of k such that —(e” +e"+e"+...+e " |<k,
n

where n is a positive integer. [2]
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5  Itis given that f(x)=4x-x".
(i) On separate diagrams, sketch the graphs of y =|f (X)| and y=f (|X

) , showing

clearly the coordinates of any axial intercept(s) and turning point(s). [4]

(i) Find the exact value of the constant k for which J.Ok |f (X)| dx = Ii £(x)dx.  [4]

6  Show that 2c0s(r9)sin¢9Esin[(r+1)«9]—sin[(r—1)6’]. [1]
By considering the method of differences, find Zcos(r@) where 0< 6 < % )
r=1
(You need not simplify your answer.) [3]

Hence evaluate the sum

19 20 21 56 57
COS| —m |+coS| — 7 |+coS| — 7 |+---+COoS| — |+Ccos| —7 |,
(6 j (6 ) (6 j (6 j (6 J

leaving your answer in exact form. [4]

7 The function f is defined by

n—x for n < x<n+1,where n is any positive odd integer,

f(x)= n . .. .
X -5 for n < x <n+1,where n is any positive even integer.
(i) Show that f(1.5)=-0.5 and find f(2.5). [2]
(i) Sketch the graph of y=f(x) for 1<x<5. [2]
(iii) Does f have an inverse for 1 <X <57? Justify your answer. [2]

(iv) The function gis defined by g:XHzx " ,XeR,x#—-1.For 2<x<3, find an
X+

expression for gf (X) and hence, or otherwise, find ( gf )71 (%) . [4]

[Turn Over
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At the start of an experiment, a particular solid substance is placed in a container filled
with water. The solid substance will begin to gradually dissolve in the water. Based on
experimental data, a student researcher guesses that the mass, X grams, of the remaining
solid substance at time t seconds after the start of the experiment satisfies the following

differential equation

dx 1
—=——(x-1)(x-k
o= kg Dxk),

where K is a real constant and k > 3.

(i) Show that a general solution of this differential equation is In X |
X —

‘=t+C,where

C is an arbitrary real constant. [3]

For the rest of the question, let k =4 . It is given that the initial mass of the solid substance

is 3 grams.

(ii) Express the particular solution of the differential equation in the form x=f (t)
[4]

(iii) Find the exact time taken for the mass of the solid substance to become half of its
initial value. [2]
(iv) Sketch the part of the curve with the equation found in part (ii) which is relevant in

this context. [2]
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From a point O, a particle is projected with velocity v ms™ at a fixed angle of
elevation @ from the horizontal, where Vv is a positive real constant and 0 <8 < 2 The
horizontal displacement, X metres, and the vertical displacement, y metres, of the

particle at time t seconds may be modelled by the parametric equations

x=(vcos@t, y=I(vsin@)t—5t>
(i) Using differentiation, find the maximum height achieved by the particle in terms of

v and 6. (You need not show that the height is a maximum.) [3]

=V

104.4 m

Horizontal ground

The particle is now projected from point O situated at a height of 29 m above the
horizontal ground. The particle hits the ground at A which is at a horizontal distance of
104.4 m from O. The maximum height (measured from horizontal ground) that the
particle reaches is 57.8 m. The diagram above shows the path of the particle (not drawn

to scale).

(ii) Find the time taken for the particle to hit the ground at A and find the

corresponding value of V. [5]
(iii) Find the exact gradient of the tangent at A. [2]
[Turn Over
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10

Two houses, A and B, have timber cladding on the end of their shed roofs, consisting of

rectangular planks of decreasing length.

)

The first plank of the roof of house A has length 350 cm and the lengths of the
planks form a geometric progression. The 20™ plank has length 65 cm. Show that
the total length of all the planks must be less than 4128 cm, no matter how many
planks there are. [4]

House B consists of only 20 planks which are identical to the first 20 planks of house A.

(i)

(iii)

The total length of all the planks used for house B is L cm. Find the value of L,
leaving your answer to the nearest cm. [2]
Unfortunately the construction company misunderstands the instructions and
covers the roof of house B wrongly, so that the lengths of the planks are in
arithmetic progression with common difference d cm. If the total length of the
20 planks is still L cm and the length of the 20" plank is still 65 cm, find the value
of d and the length of the longest plank. [4]

It is known that house C has timber cladding on the end of its shed roof, consisting of

rectangular planks of increasing length. The first plank of the roof of house C has length

65 cm and the lengths of the planks are in arithmetic progression with common difference

11 cm. The total length of the first N planks of the roof of house C exceeds 20 640 cm.
Find the least value of N. [3]
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11 A circle with a fixed radius r cm is inscribed in an isosceles triangle ABC where
/ABC =0 radians and AB =BC . The circle is in contact with all three sides of the

triangle at the points D, E and F, as shown in Fig. 1.

B
Fig. 1

(i) Show that the length BD can be expressed as r cotg cm. [1]

(ii) By finding the length AD in terms of r and &, show that the perimeter of the triangle

ABC can be expressed as 4r cot (% - gj +2r cotg cm. [2]

(iii) Using differentiation, find the exact value of @ such that the perimeter of the

triangle ABC is minimum. Find the minimum perimeter of triangle ABC, leaving
your answer in the form avbr cm, where a and b are positive integers to be

determined. [6]

[Turn Over
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Fig. 2 shows a decorative item in the shape of a sphere with a fixed radius inscribed in an
inverted right circular cone with base radius R cm and slant height 2R cm. The sphere is

in contact with the slopes and the base of the cone.

Fig. 2

To make the item glow in the dark, the sphere is filled entirely with fluorescent liquid.

However, due to a manufacturing defect, the fluorescent liquid leaks into the bottom of

the inverted cone at a rate of 2 cm’ per minute.

(iv) Assuming that the leaked liquid in the inverted cone will not reach the exterior of

the sphere, find the exact rate of increase of the depth of the leaked liquid in the
inverted cone when the volume of the leaked liquid in the inverted cone is 247 cm’.

Express your answer in terms of 7. [6]

[The volume of a cone of base radius r and height h is given by %ﬂ'rzh ]

End of Paper
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Section A: Pure Mathematics [40 marks]|

Given that y = \/(5 —~ ezx) , show that

dy 2X
_— . 1
vl [1]

By further differentiation of this result, find the Maclaurin series for y up to and including

the term in X°. [4]

Let z, and z, be the roots of the equation
2’ —ikz-1=0
where 0 <k <2 and 0<arg(z)<arg(z,)<7.

(i) Find z, and z, in cartesian form, X +1y, where X and Yy are real constants in terms
of k. [3]

For the rest of the question, let arg(z,)=6, 0<6< %

Let w be a complex number such that wz, is purely imaginary and arg (ij = 7?7[ .
w
. T
(ii) Show that arg ( Z, ) = 3 [3]
(iii) Find z,, leaving your answer in the exact form. [3]
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The plane p, contains the point A with coordinates (1, 2, 8) and the line | with equation

1 1
r=|-4|+A| 1 |,where Ais areal parameter.
2 -2
(i)  Show that a cartesian equation of plane p, i1s 3X—-y+z=9. [2]

The foot of perpendicular from point A to line | is denoted as point F.
(ii)  Find the coordinates of point F. [3]
(iii)  Point B has coordinates (1, —4, 2) . Find the exact area of triangle ABF. [2]

(iv)  Point C has coordinates (—1, 6, 6) . By finding the shortest distance from point C

to p,, find the exact volume of tetrahedron ABFC. [4]
[Volume of tetrahedron = %x base area x perpendicular height |

(v)  Point D lies on the line segment AC such that AD : DC =1:3. Another plane p, is

parallel to p, and contains point D. Find a cartesian equation of p, . [2]
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A designer is tasked to design a 3-dimensional ornament for the company. He then

programs two curves, C, and C,, into the computer software. The curve C, has the

equation y = \/(2 - Xz) and the curve C, has the equation y = x’. The coordinates of the

point of intersection of C, and C, is (1,1).

)

(i)

Find the exact area of the finite region bounded by C,, C, and the positive

T

x-axis. [You may use the substitution X =+/2 sin @ where 0< 6 < 5

] [6]

The designer wants to know how much material is needed to construct the

3-dimensional ornament. He finds out that the surface area generated by the

segment of a curve y =f(x) between X =a and x=b rotated through 360° about

the Xx-axis is given by

b 2
S:J 27zy\/(1+(j—yj jdx where y=f(x), y>0, a<x<bh.
X

a

The 3-dimensional ornament is formed when the finite region bounded by

C,, C, and the positive x-axis is rotated through 360° about the x-axis. Find the

exact surface area of the 3-dimensional ornament. [7]

Section B: Probability and Statistics [60 marks]

A biased die in the form of a regular tetrahedron has its four faces labelled 2, 3, 4 and 5,

with one number on each face. The die is tossed and X is the random variable denoting

the number on the face which the die lands. The probability distribution of X is shown

in the table below, where 0 <v<u<1.

)
(i)

X 2 3 4 5

P(X =x) u v u v
Find E(X) in terms of u. [2]
Given that Var(X)=1.16, find u and v. [4]
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A computer game consists of at most 3 rounds. The game will stop when a player clears
2 rounds or does not clear 2 consecutive rounds. The probability that a player clears
round 1 is 0.6. The conditional probability that the player clears round 2 given that he
clears round 1 is half the probability that he clears round 1. The conditional probability
that the player clears round 2 given that he does not clear round 1 is the same as the

probability that he clears round 1.

(i) Find the probability that a player plays 3 rounds. [1]
(ii) Find the probability that a player clears round 1 given that he does not clear
round 2. [2]

(iii)  The total probability that a player plays 3 rounds and clears round 3 is 0.2. Find the

probability that a player clears exactly 2 rounds. [2]

In order to play the computer game, Eric needs to type a 6-digit passcode to unlock the

game. The 6-digit passcode consists of digits 0-9 and the digits do not repeat.
How many possible passcodes can there be if

(iv)  the 6-digit passcode is odd? [2]
(v)  there are exactly 3 odd digits in the 6-digit passcode? [2]
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MHL bakery sells mini breads that weighs an average of 45 grams each. A customer
claims that the bakery is overstating the average weight of mini breads. To test this claim,
a random sample of 80 mini breads are selected from MHL bakery and the weight,

X grams, of each mini bread is measured. The results are summarised as follows.
n =280 D x=3571 > x* =159701

Calculate unbiased estimates of the population mean and variance of the weight of mini

breads. [2]

Test, at the 4% level of significance, whether there is sufficient evidence to support the

customer’s claim. [4]

From past records, it is known that the weights of the mini breads from MHL bakery are
normally distributed with standard deviation 1.5 grams. To further investigate the
customer’s claim, the bakery records the weights of another 20 randomly selected mini
breads and the average weight for the second sample is k grams.

Based on the combined sample of 100 mini breads, find the range of values of k such that

the customer’s claim is valid at the 4% level of significance. [4]
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In a chemical reaction, the amount of catalyst used, x grams, and the resulting reaction

times, Y seconds, were recorded and the results are given in the table.

X 20 [ 25130 | 35|40 45|50 |55 ] 60
y 62.1 | 51.2 (44.1 |139.1 1350 k |33.0|31.4]29.5

The equation of the regression line of y on X is Yy =68.8067 —7.12667x , correct to 6

significant figures.

(i) Show that k =37.3, correct to 1 decimal place. [2]
(ii) Draw a scatter diagram for these values, labelling the axes clearly. [1]
It is suggested that the relationship between X and y can be modelled by one of the

following formulae

(A) y=a+bx
(B) y=c+dx’
f
© y=e+—
X

where a, b, ¢, d, e and f are constants.
(iii) Find the value of the product moment correlation coefficient for each model.
Explain which is the best model and find the equation of a suitable regression line
for this model. [5]
(iv) By using the equation of the regression line found in part (iii), estimate the reaction
time when the amount of catalyst used is 4.2 grams. Comment on the reliability of

your estimate. [2]
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The masses in grams of Envy apples have the distribution N ( 1, 0° ) .

(i) Forarandom sample of 8 Envy apples, it is given that the probability that the sample
mean mass is less than 370 grams is 0.25, and the probability that the total mass of
these 8 Envy apples exceeds 3000 grams is 0.5. Find the values of
uand o. [4]

For the rest of the question, use # =380 and o =20.

(ii) Find the probability that the total mass of 8 randomly chosen Envy apples is
between 2900 grams and 3100 grams. [2]

The masses in grams of Bravo apples have the distribution N(250,182) .

To make a fruit platter, a machine is used to slice the apples and remove the cores. After
slicing and removing the cores, the mass of an Envy apple and the mass of a Bravo apple
will be reduced by 30% and 20% respectively. A fruit platter consists of 8 randomly

chosen Envy apples and 12 randomly chosen Bravo apples.

(iii) Find the probability that the total mass of fruits, after slicing and removing the
cores, in a fruit platter exceeds 4.5 kg. [4]

(iv)  State an assumption needed for your calculations in parts (ii) and (iii). [1]

To beautify the fruit platter, fruit carving is done on the apples after slicing and removing
their cores. The carving reduced the masses of each apple (after slicing and removing its

core) by a further 10%.

Let p be the probability that the total mass of fruits in a fruit platter, with carving done,
exceeds 4.1 kg. Without calculating p, explain whether p is higher, lower or the same as

the answer in part (iii). [1]
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(@)

(b)

In a packet of 10 sweets, it is given that six of them are red, three of them are yellow
and the remaining one is blue. 5 sweets are chosen randomly from the packet of
sweets and R denotes the number of sweets that are red. Explain clearly why R
cannot be modelled by a binomial distribution. [1]
In a food company, a large number of sweets are produced daily and it is given that
100p% of the sweets produced are red. The sweets are packed into packets of 10
each. Assume now that the number of sweets that are red in a packet follows a
binomial distribution.

(i) It is given that the probability of containing exactly five red sweets in a

randomly chosen packet of sweets is 0.21253. Show that p satisfies an

equation of the form p(l — p) =k, where K is a constant to be determined.

Hence find the possible values of p. [3]

For the rest of the question, use p=0.6.

(ii) A packet of sweets is randomly chosen. Find the probability that there is at
most 8 red sweets given that there is more than 2 red sweets. [3]
(iii) Two packets of sweets are selected at random. Find the probability that one
of the packets contains at most 5 red sweets and the other packet contains at
least 5 red sweets. [3]
(iv) Two packets of sweets are selected at random. Find the probability that the

difference in the number of red sweets in the two packets is at least 8. [3]

End of Paper
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2019 H2 Math Prelim - VIC

2
12 : . .
1 Express o1 (7 - X) as a single simplified fraction. [1]
X+
. . 2
Without using a calculator, solve 0 <7-X. [3]
X+
2 (i) Find 4 () [1]
dx '
(ii) Hence, or otherwise, evaluate ﬁ Xtan™' (x2 ) dx exactly. [3]
3 (i) F&nd-fL(3x22x) 2]
dx ’
(ii) Find the equation of the tangent to the curve y =3x’2" at the point where x =1, giving

your answer in exact form. [3]

4 The graph for y =1f(X) is given below, where y=10—X, Yy =6 and x=4 are asymptotes. The

turning points are (=3, 5) and (6, 0), and the graph intersects the y-axis at (0,6) .

N
N
N

(3,5

y=1(x)

On separate diagrams, sketch the graphs of

(@)

y = f(|x

) [3]
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Referred to the origin O, points P and Q have position vectors 3a and a + b respectively. Point
M is a point on QP extended such that PM:QM is 2:3.

(i) Find the position vector of point M in terms of a and b. [2]

(i) Find PQxOM in terms of a and b. [3]
PG <O
(iii)  State the geometrical meaning of W [1]
A curve C has equation y=f (X) , where the function fis defined by
f:xn—>212;3x, XeR,x#-5x=1.
X“+4x-5

(i) Find algebraically the range of f. [3]

(ii) Sketch C, indicating all essential features. [4]

(iii) Describe a pair of transformations which transforms the graph of C on to the graph of

9-x
= . 2
x> —6X 2]
Given that sin™'y = In(1+ X), where 0< X <1, show that (I1+ X)% =\1-y*. [2]
X

(i) By further differentiation, find the Maclaurin expansion of y in ascending powers of X, up

to and including the term in X°. [4]

(ii) Use your expansion from (i) and integration to find an approximate expression for

f **sin(In(1 + X)) dx ;3]

0 X

J—sm(ln(l X)) dx. Hence find an approximate value for
X

[Turn over
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4

(a) A sequence of numbers a,,a,,a,,...,8,, is such that a ,, =a, +d, where 1<n<63 and
d is a constant. The 64 numbers fill the 64 squares in the 8x8 grid in such a way that
a, to g, fills the first row of boxes from left to right in that order. Similarly, a, to a,, fills

the second row of boxes from left to right in that order.

n+1

1* column

y

1" row — [a,]a, [a,]a,[a,]a.][a,[a
A |a |- a5

Given that the sums of the numbers in the first row and in the third column are 58 and
376 respectively, find the values of a and d. [4]

(b) A geometric series has first term @ and common ratio r, where a and r are non-zero. The
sum to infinity of the series is 2. The sum of the six terms of this series from the 4™ term

to the 9" term is —%. Show that 512r° —=512r° =63 =0.

Find the two possible values of r, justifying the choice of your answers. [5]

One of the roots of the equation 7’ —az-66=0, where a is real, is W.

(i) Given that w=b- V2i , where b is real, find the exact values of a and ﬂ* [6]
W

(ii) Given instead that w=re'’ , Where r>0, —7z<6?<—37ﬂ , find ‘aw2 +66W‘ and

arg(aw2 + 66W) in terms of r and 6. [4]

The point M has position vector relative to the origin O, given by 6i—5j+11k. The line |, has

equation X—7 = % = ZL22 , and the plane 7 has equation 4x—-2y—z=30.
(i) Show that |, liesinz. [2]
(ii) Find a cartesian equation of the plane containing |, and M. [3]

The point N is the foot of perpendicular from M to |,. The line |, is the line passing through M
and N.

(iii)  Find the position vector of N and the area of triangle OMN . [5]

(iv) Find the acute angle between |, and 7, giving your answer correct to the nearest 0.1°.

[3]
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5

[It is given that the volume of a cylinder with base radius r and height h is zr’h and the volume
of a cone with the same base radius and height is a third of a cylinder.]

A manufacturer makes double-ended coloured pencils that allow users to have two different
colours in one pencil. The manufacturer determines that the shape of each coloured pencil is
formed by rotating a trapezium PQRS completely about the x-axis, such that it is a solid made up

of a cylinder and two cones. The volume, V cm’, of the coloured pencil should be as large as
possible.

2 2

y

It is given that the points P, Q, R and S lie on the curve —- er—2 =1, where a and b are positive
a

constants. The points R and S are (—a,O) and (a,O) respectively, and the line PQ is parallel to
the x-axis.

X2

2
(i) Verify that P(acosd, bsing), where 0< 9<%, lies on the curve —2+§=1. Write
a

down the coordinates of the point Q. [2]

(i) Show that V can be expressed as V =kzsin’ @ (2 cosf + 1) , where K is a constant in terms

ofaand b. [3]

(iii) Given that 6 =6, is the value of § which gives the maximum value of V, show that 6,

satisfies the equation 3cos® @ +cos@—1=0. Hence, find the value of 6,. 4]

Vs .
At 0= rE the manufacturer wants to change one end of the coloured pencil to a rounded-end
eraser. The eraser is formed by rotating the arc PS completely about the x-axis.

(iv)  Find the volume of the eraser in terms of @ and b. [3]

A ball-bearing is dropped from a point O and falls vertically through the atmosphere. Its speed
at O is zero, and t seconds later, its velocity is vms " and its displacement from O is x m .The

rate of change of vV with respect to t is given by 10 — 0.001v2.,

t
. e’ -1
()  Show that v =100 = [4]
e’ +1
(i)  Find the value of V,;, where V, is the value approached by Vv for large values of't. [1]
(iii) By using chain rule, form an equation relating%,ﬂ and av . Given that v= X , form a
dt dt dx dt

differential equation relating v and X. Show that

X
v=100\1-¢ 3 5]

(iv)  Find the distance of the ball-bearing from O after 5 seconds, giving your answer correct to
2 decimal places. [3]

[Turn over
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Section A: Pure Mathematics [40 Marks]

Express Zcosesing in the form sinad —sinb@ , where a and b are constants to be found. [2]

Hence, find the exact value of o, where 0 <« < 7, for which

g 30 9 cosﬂsing 1
3cos——cos— |e 2do=4|—-1]. [5]
" 2 2 e
(i) Show that _ 3 + ! = Ar+B , where A and B are constants
2r+1 2r+3 2r+5 Q@r+DQ2r+3)(2r+5)
to be found. (2]
.. n 2r+9 .
(ii) Hence find Z . (There is no need to express your answer as a
o (2r+1D)(2r +3)(2r +5)
single algebraic fraction.) [4]
. n 2r+9 . e
(iii)  Itis given that Z is within 0.01 of the sum to infinity.

o (2r+1)(2r +3)(2r +5)

Write down an inequality in terms of n, and hence find the smallest possible value of n. [3]

The function fis defined by

2
f:xnew, XeR,x#2.
X—=2
(i) Find the equations of the asymptotes of the curve y =f(X). [3]
(ii) Determine whether f has an inverse, justifying your answer. [2]

Given that the function g is defined by

g: x> f(x), xeR,2<x<4,
find g”' (X) and state the domain of g~ . [4]

Sketch the graph of y =g’ g(X) . [2]
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A curve C has parametric equations

|
X=—t"+4, yz%t, where t>0.

dy (Int-1)Vt*+4

i) Show that —=-——"—-—. 3
® dx t’ -
(ii) Find the exact coordinates of the turning point on C, and explain why it is a maximum.
[4]
(iii)  Sketch C. [3]
(iv)  Show that the area bounded by C and the lines X=—/13 and X=—+/5 is given by
J ' Int dt
PN+ 4 '
Find the area, giving your answer to 4 decimal places. [3]

Section B: Probability and Statistics [60 Marks]|
Mr and Mrs Lee participate in a game show, together with 3 other men and 5 other women. In
the first round, the 10 participants are grouped into 5 pairs.

(i) Find the number of ways the pairings can be done if there is only 1 pair of the same gender.

[3]

After the first round, Mr and Mrs Lee are both eliminated. The remaining 8 participants are seated
around a round table. Find the number of ways this can be done if

(ii) there are no restrictions, [1]
(iii) the 3 men are not all seated together. [3]
[Turn over
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As the use of email becomes more prevalent, the number of unsolicited email (also known as
spam) received increases. Besides advertisements, spam can now be cleverly disguised as
business emails and contain malware. Hence, there is a need to use spam filter.

The probability that Yip receives a spam email is p. He uses a spam filter, Spam Guard Plus, to
filter his emails. He has the following information:

P(an email is classified correctly) = %;

P(an email is classified correctly | it is classified as spam) = 3—8;

45
o . . . 19
P(an email is classified correctly | it is a spam email) = 30"
. 4 .
(i) Show that p = 3 Hence, complete the probability tree below. [5]
Actual Classified

Spam

Non-spam
Spam
Non-spam

(ii) Andy and Betty notices that, on average, 30% and 70% of their emails are spam
respectively. State whether Spam Guard Plus would be (a) more appropriate for Andy, (b)
more appropriate for Betty, or (¢) just as appropriate for both Andy and Betty. Justify your
answer. 2]
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Seven members of the school cross country team undergo a new training programme to improve
their fitness. During a particular session, each of them has to complete a 200 metre run and to
achieve as many push-ups as possible in one minute. The times taken for the 200 metre run, t
seconds, together with the number of push-ups each runner achieves, n, are shown in the table.

Student A B C D E F G
t 38.3 | 42.1 | 35.1 | 40.1 | 32.0 | 31.6 | 41.0
n 44 35 48 42 49 49 40
(i) Draw a scatter diagram to illustrate the data, labelling the axes. [1]

(ii) Explain using your scatter diagram why the linear model n = at + b would not be
appropriate. [1]

It is thought that the relationship between n and t can be modelled by one of the formulae
n=c(t-30)’ +d or n=e(t-30)" + f
where ¢, d, e and f are constants.

(iii) The product moment correlation coefficient between n and (t - 30)2 is —0.980, correct to

3 decimal places. Determine, with a reason, which of the 2 models is more appropriate.
[2]
(iv)  Itis known that student H is able to do 48 push-ups in one minute. It is required to estimate
student H’s timing for the 200 metre run. Find the equation of a suitable regression line,
and use it to find the required estimate. Comment on the reliability of this estimate.  [5]

A bag contains two balls numbered 3, n balls numbered 2 and three balls numbered 1. A player
picks two balls at random from the bag at the same time.

If the difference between the numbers on the two balls is 2, the player receives $6.

If the difference between the numbers on the two balls is 1, the player does not receive or lose
any money.

If the numbers on the 2 balls are the same, the player loses $1.

(i) Show that the largest value of n such that player is expected to receive money from this
game is 8. [5]

For the rest of this question, take the value of n to be 8.

(ii) Show that the probability that a player loses money in a game is g [1]

Victoria plays this game 50 times.

(iii) Find the probability that she lost money for at least 20 games. (2]
(iv) The probability that Victoria loses money in r games is more than 0.1. Find the set of
values of'r. [3]

[Turn over
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Exposure to Volatile Organic Compounds (VOCs), which have been identified in indoor air, is
suspected as a cause for headaches and respiratory symptoms. Indoor plants have not only a
positive psychological effect on humans, but may also improve the air quality. Certain species of

indoor plants were found to be effective removers of VOCs.

A commonly known VOC is Benzene. The following data gives the benzene levels, X (in ppm)
in 40 test chambers containing the indoor plant Epipremnum aureum.

n

— 40, D (x-26.0)=-30.1 , Z(x—zeo)2 ~214.61.

The initial mean Benzene level (in ppm) without Epipremnum aureum was found to be 26.0.

®

(i)

Test, at the 5% level of significance, the claim that the mean Benzene level, ¢ (in ppm),

has decreased as a result of the indoor plant Epipremnum aureum. You should state your
hypotheses clearly. [5]

State, giving a reason, whether there is a need to make any assumptions about the
population distribution of the Benzene level in order for the test to be valid. [2]

The Benzene levels of another 50 test chambers containing the indoor plant Epipremnum aureum
were recorded, The sample mean is X ppm and the sample variance is 8.33 ppm®.

(iii)

(iv)

The acceptance region of a test of the null hypothesis 4 =26.0 is X >25.1. State the
alternative hypothesis and find the level of significance of the test. [4]

If the null hypothesis is = x,, where x, >26.0, would the significance level of a test

with the same acceptance region in part (iii) be larger or smaller than that found in part
(iii)? Give a reason for your answer. [2]
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In this question, you should state clearly the values of the parameters of any distribution
you use.

A bus service plies from a point A in the city, through a point B, and then to its terminal station
at point C.

Journey times in minutes from A to B have the distribution N(28,42) .

(i) Find the probability that a randomly selected bus journey from A to B is completed within
35 minutes. [1]

The journey times in minutes from A to C, have the distribution N(46.2,4.82) .

(i) The journey times in minutes from B to C have the distribution N( y7a 0'2) . Given that the

journey times from A to B are independent of the journey times from B to C, find the value
of x4 and show that o = 7.04. [3]

(iii)  Find the set of values of Kk such that at least 90% of all journey times from A to C can be
completed within k minutes. [2]

The performance of the bus operation is deemed as “unreliable” if a random sample of 70
journeys from A to C yields a mean journey time exceeding 47 minutes.

(iv) Two independent random samples of 70 journeys from A to C are taken. Find the
probability that both samples will result in the performance of the bus operation to be
deemed as “unreliable”. [3]

To improve the reliability performance of the bus operation, more bus lanes are introduced and
some bus stops along the bus route are removed. The journey times from A to B are now reduced

by 10%, and the journey times from B to C now have the distribution N( U= 1,8) .

(v) Find the probability that two journeys from A to C are completed within a total of 90
minutes. [4]

[Turn over
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1 () Expand sin (%—ij in ascending powers of x, up to and including the term in x’.

(i)

oYncC

[3]

The first two non-zero terms found in part (i) are equal to the first two non-zero terms
in the series expansion of (a +bx)™" in ascending powers of x. Find the exact values
of the constants a and b. Hence find the third exact non-zero term of the series
expansion of (a+bx)™" for these values of a and b. [3]

9758/01/Prelim/19



2 (a) Vectors a and b are such that a#0,b#0 and |a+b| = |a—b| . Show that a and b are
perpendicular. [2]

oYncC 9758/01/Prelim/19



(b)

oYncC

Referred to the origin O, points C and D have position vectors ¢ and d respectively.
Point P lies on OC produced such that OC:CP=1:A-1, where A>1. Point M lies
on DP, between D and P, such that DM : MP =2:3 . Write down the position vector
of M in terms of A, cand d. Hence, find the area of triangle OPM in the form
kA |c xd|, where k is a constant to be found. [4]
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3 The function f'is defined by

2
x—2a for 0<x<2a,

f(x)= ( )2
2ax—4a- for 2a <x<4a,

where a is a positive real constant and that (x + 4a) =f (x) for all real values of x.

(i)  Sketch the graph of y =f(x) for -3¢ <x<8a. [3]

8a
(ii)  Hence find the value of .[_2 f (| X |) dx in terms of a. [3]
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4 A curve C has parametric equations

1
x=t*, y=—0,1>0.

5y_\/;

8 . : : .
(i) The curve y=— intersects C at point 4. Without using a calculator, find the
X

coordinates of 4. [2]

. 1 . . .
(ii)  The tangent at the point P( pz,TJ on C meets the x-axis at point D and the y-axis
P

at point £. The point F is the midpoint of DE. Find a cartesian equation of the curve
traced by F as p varies. [5]
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S The equation of a curve is 2xy + (1+ y)2 =x.

(i) Find the equations of the two tangents which are parallel to the y-axis. [4]

oYncC 9758/01/Prelim/19



(ii)  The normal to the curve at the point 4 (1, 0) meets the y-axis at the point B. Find the
area of the triangle OAB. [3]

6 The sum of the first n terms of a sequence is a cubic polynomial, denoted by §, . The first

term and the second term of the sequence are 2 and 4 respectively. It is known that S; =90
and S, =830.

(i) Find S, intermsof n. [4]
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(i) Find the 54" term of the sequence. [2]

(b) (i) Given that cos(2n—1)a—cos(2n+1)a =2sinasin2na and « is not an integer
multiple of , show that

N
Zsin 2na :%cota —%coseca cos(2N+1)o . [3]

n=1
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- . 2
(ii) Explain whether the series Zsm% converges. [1]

n=1

7 (a)d  Find j cos (In x)dx . [3]

3 1
(i) A curve C is defined by the equation y=cos(Inx), fore > <x<e? .

Va

The region R is bounded by C, the lines x=¢ 2, x =e? and the x-axis. Find the
exact area of R. [3]
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cotx

—— . The region bounded by this curve,
sinx

(b) A curve is defined by the equation y =

. . T 21 . . )
the x-axis, the lines x = o and x = 3 is rotated 277 radians about the x-axis to

form a solid. Using the substitution u = cot x, find the exact volume of the solid
obtained. [4]
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2
-x" -1 A
8 (i) Showthat y= % can be expressed as y = —2+ B(x+1), where 4 and B are
X— xX—
constants to be found. Hence, state a sequence of transformations that will transform
2
. : -x" -1
~Z onto the curve with equation y = = - [3]
-x 3 x=2

the curve with equation y =

p— 2 _—
(ii)  On the same axes, sketch the curves with equations y = Lzl and y=|2x+1],

stating the equations of any asymptotes and the coordinates of the points where the
curves cross the axes. [4]
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p— 2 —
Hence, find the exact range of values of x for which Lzl <|2x+1]. (4]
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9 (a) Thefunctionfisdeﬁnedbyf:xH2+i,xeR,x>0.

X
(i)  Sketch the graph of y =f(x). Hence, show that f has an inverse. [2]
(i) Find £ (x) and state the domain of f'. [3]
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(iii) On the same diagram as in part (i), sketch the graphs of y=f"'(x) and

y=f"f(x). [2]
(iv) Explain why f? exists and find f(x). [2]

(b) The function h is defined by h: x> z—xl, xeR, x#=1. Find algebraically the
x [—

range of h, giving your answer in exact form. (4]

oYncC 9758/01/Prelim/19
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10 A tank initially contains 2000 litres of water and 20 kg of dissolved salt. Brine with C kg of
salt per 1000 litres is entering the tank at 5 litres per minute and the solution drains out at the
same rate of 5 litres per minute. The amount of salt in the tank at time s minutes is x kg.
Assume that the solution is always uniformly mixed.

(i) Show that dx = L(2C —x) . Hence determine the value of C if the amount of salt

in the tank remains constant at 120 kg after certain time has passed. [3]

(ii)  Find x in terms of «. [5]

oYncC 9758/01/Prelim/19



(iii)

(iv)

oYncC

17

Sketch the graph of the particular solution, including the coordinates of the point(s)
where the graph crosses the axes and the equations of any asymptotes. Find the time
t when the amount of salt in the tank is 60 kg, giving your answer to the nearest
minute. [3]

State one assumption for the above model to be valid. [1]

9758/01/Prelim/19
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11 A factory produces power banks. The factory produces 1000 power banks in the first week.
In each subsequent week, the number of power banks produced is 250 more than the previous
week. The factory produces 7500 power banks in the Nth week.

>i) Find the value of N. [2]

(ii)  After the Nth week, the factory produces 7500 power banks weekly. Find the total
number of power banks that will be produced in the first 60 weeks. [3]

oYncC 9758/01/Prelim/19
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The sales manager predicts that the demand for power banks in this week is a+bH if the

demand for power banks in the preceding week is H, where a and b are constants and b>1.
It is given that the demand for power banks in the first week is 50.

(iii)  Show that the demand for power banks in the third week is a+ba +50b°. [2]

(iv) Show that the demand for power banks in the nth week can be written as

n-1_ e
a(bb 1j+50b " [1]

oYncC 9758/01/Prelim/19
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It is now given that @ =300 and b = 1.05.

In the first week, the number of power banks produced is still 1000. In each subsequent week,

the number of power banks produced will be L more than the previous week.

(v)  The production manager decides to change the production plan so that the total
production can meet the total demand in the first 60 weeks. Find the least value of L.

[4]

- End of Paper -
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Solution

Remarks

1(i)

sin(z—ij:sin%c032x—cos%sin2x ————— *

(cos 2x —sin 2x)

[1—@+...J—[2x—@+...ﬂ
I 2 3!

3
1—2x—2x2+%+...]

Sle sl Sl

Alternative Method
Lety = sin (E_ ZXJ
4

d_y = —2COS(£—2XJ
4

dx

2
d_y:—4sin [Z_ ZXJ
dx®

3
d_y —8COS(£— ZXJ
dx® 4

2 3
WhenX:O,y: i, d_y:_\/i, d_y:_z\/§, d_y:4\/§
dx® dx?®

—\/EX— &XZ +MX3+,_,
2 3!
22

1
2
-1 —J2x — J2x? + —=x’+...
2 3
1
2

3
1—2x—2x2+%+...]

I
TN

. T
You cannot substitute Z —2X

into the standard expansion
formula directly.

In general, we can apply the
standard expansions when X is
replaced by g(x), provided g(0) =

0. For instance, g(X) = X+ X>.

Be careful with the signs when you
doing the higher derivatives.




(i) b \* Note that power is —1, not a
(a+bx)*t=a" (1+ —X positive integer so we need to use
a the series expansion of (1+ X)"
b ~)(=2)(b Y found in MF26
:a{“(_n D)o AT
a 2 a Don’t forget to apply the power
1 b b2 ) —1 to a after factorize a out.
=—|1-—X+|=| X" +..
a a a
b
na=v2 and -=2 = b=2\2 _
a Third non-zero term and the
coefficient of third non-zero term
Third non-zero term: are different.
1(bY 1 4
_[_j X2 =—=(2)" x? = —=x? = 24/2x*
ala {2 J2
2(a) |a + b| — |a _ b| There are two forms of vector

la+ b|2 :|a—b|2
(a+b)(a+b)=(a-b)(a—h)
|a|2 +2ash + |b|2 = |a|2 —2asb+ |b|2
4asb=0

ab=0
Hence a and b are perpendicular.

Alternative Method:

Since |a+b|=|a—b|, the diagonals of the parallelogram (with

sides aandb) are equal in length and thus the parallelogram
must be a rectangle. Therefore, a and b are perpendicular.

product: dot (scalar) and cross
(product). Hence expressions such

as @ will not make sense, as it
will be ambiguous whether it
means d-ad or axa. However

2 . .
|a| is meaningful as |a| means

the length of a vector, so it is a
number.

Next, as |a+ b| is the length of
the vector a+D , so

|a+ b| # |a| +|b| , and therefore
la+ b|2 2 |a|2 +2[al|b| +|b|2 .

It is wrong to say that

|a+ b| = |a - b| implies
a+b=a-b or
a+b=-(a-b).

Take for example the vectors |
and j, they are obviously pointing
in different directions, so neither
i=jnori=—j,but |i|:|j|:1.




Read carefully: P lies on OC

(b) N OC
OP = Ac produced. So P does not lie in
between O and C.
- -
O—|\>/I _ 20P+30D _ 2Ac+3d Ratio theorem is a very useful and
5 5 -
quick way to get OM .
NN CXC isa vector product, so the
. 1 result should be a vector.
Area of triangle OPM = 3 OPxOM So CxC 0. it should be O . the
zero vector.
1 1 2ic+3d Because of the definition of vector
) e 5 product, Cx C # |C|2 , and
cxd=dxc.
“ Lo 2 e
2 5 5
:1 /1C><ﬁ :3/1|c><d|
2 5| 10
3(i
@ y A
-label all vertices and end points
-Quadratic curve shape (part) for
(4a, 4a2) (8a, 48%) 0 < x<2a and straight line
(0, 4a%) 1 segment for 2a< X <4a
(-2a,0) O (2a,0) (62, 0) "
(i) To draw graph of f(|x|), keep RHS

ngf (Ix1]) dx= 3f02a (x—2a)%dx + 2(%(2a)(4a2)j

l 2a
=3| =(x-2a)’

)
=8a°+8a’
=16a°

0

+8a°

and reflect in the y-axis.

Note that (X —2a)° is only
defined for 0 < X < 2a while
2ax —4a?is only defined for
2a<x<4a.ltiswrong to take
. 6a 2
for instance: J. (x—2a)°dx as
4a

the area of the region from
4a <x<6a.




4(1)

Substitute x =t , y:% intoy:%,
1 8
Nard
3
t2 =8
t=4
Whent =4,
Xx=4*=16
_ 1.1
“ "2

Coordinates of A is (16,%)

Substitute the parametric equation
of C into the Cartesian equation

Avoid changing the parametric
equation to Cartesian form

(i)

_3
dx:2t d_y: 1

=2 , _Zt2
dt dt 2
dy_ 13,1 1

dx 2 2t 4
Equation of tangent at point P on curve C,

11 20
yjﬁ—4p%xp)
AtD,y=0
O—i:——pi(x—pz):x:sz
Jp
AtE  x=0
1 __E 5 ) 5
yiﬁ—4pW>M:y—p2

5 5 L 5p°
= = =— , substitute into X = —
o~y 2

5[5 __3125
28y ) 8192y’

Cartesian equation of the curve traced by F is x =

3125

8192y*

Take note that we are finding the
gradient of tangent

dy dy  dx

dx dt dt

Write down as header what you are
trying to find, for example
equation of tangent at point P.
When t=p,
Gradient of tangent at point P is

5 5

—— piE instead of —=t 2
4 4

Find the midpoint F which follows
the formula

(&+& m+w}

2 2

5 2
From F, let X:%,

Yy = —— which isin the

8/
parametric form. Convert to
Cartesian form so that we can trace
how the path that point F moves as
p varies.




5(i)

2xy +(1+ y)2 =X
Differentiating wrt X,

dy dy
2y +2X—+2(1+y)—=1
y dx ( y)dx

dy ~ 1-2y
dx 2(x+y+1)

dy

When the tangent is parallel to the y-axis, ™ is undefined.
X

S 2(x+y+1)=0
y =-1-x , substitute this into the equation of the curve,
2x(-1-x)+(1-1- x)2 =X

x*+3x=0

Do not confuse “tangent is parallel
to y-axis”, with x-axis:

“parallel with y-axis™: y is
dx
undefined.

“parallel with x-axis™: —y =0.
X

Vertical lines in the Cartesian grid

are of the form “x=....” instead of
X=0 or x=-3 =
(ii) . - a
Gradient of normal at A= To20) 4
2(1+0+1)
Equation of normal at A: y—-0=-4(x-1)
AtB, x=0=y=4 => Coordinates of B are (0,4)
Avrea of triangle OAB = %x 4x1=2 units’
6(@)(1) | S =an®+bn?+cn+d Don’t assume that sequence is an
n

S,=a(l)’ +b(1) +c@+d =2
= a+b+c+d=2 ()

S,=a(2)’+b(2)" +c(2)+d =6
= 8a+4b+2c+d=6 ---(2)

S, =a(5) +b(5)" +c(5)+d =90
= 125a+25b+5c+d =90 ----(3)

AP/GP. It’s neither.

It’s pointless to just write
S, =T +T,+..+T,
The sum is polynomial in n i.e.

dependent on n and generally
includes a constant term.

Read question carefully. ‘4’ is not

S, .




S, =a(10)’ +b(10)° +c(10) +d =830
— 1000a+100b+10c+d =830 ----(4)

UsingGC: a=1, b=-2, ¢=3 d=0
S =n*-2n*+3n, n>1 neZ"

n

(i) 54" term of the sequence
Uy = Sy — Sg
= (54)° — 2(54)* + 3(54) — (53)® + 2(53)* — 3(53)
=8376
(b)(i) | Given that cos(2n—-1)a —cos(2n+1)a = 2sin asin 2na Use what was given. Don’t waste
_ cos(2n—-1)a —cos(2n +1 tl_me to derive it when it’s already
sin(2na) = ( )a . ( )a given.
\ y 2sina Note that 2Sin « (independent of
2 sin(2na) =) cos(2n-1)a —cos(2n+1)« n) is a constant in this case
nel o1 2sina Remember to cancel sufficient
[ coSa —Gos3a T number of rows at the beginning
"""" . and at the end.
+ €os3a —60S S
1 |+ cosbi—cosZa
C2sing |+ e
+ cos(2N=3)e —_“(_:os(‘Z'N Do
|+ cos(2N =B& —cos(2N + 1)« |
cosa —cos(2N +1)« N
- T e *)
2sina
_cosa  Cos(2N +1)a
 2sina 2sina
coseca cos(2N +1)«a
_cote 2( ) (shown)
(i) Note that it’s the letter N that tends

2
N
T . 2nr
Leta ==, sin| ——
5 2o %)

cot cosecﬁcos(2N+1)z
_ 3 3 3

2 2

As N -, cos(2N +1)% takes values % or —1. OR cannot

converge to a constant number.

= . 2n«w
ZsmT does not converge.
n=1

to infinity and not the letter n.




7(a)(i) 1 . Use integration by parts directly.
J.cos(ln X) dx = xcos(In x) —Jx(—;sm(ln x)jdx cos(In X) is a composite
function. It is not a product of
= xcos(In x) +Isin(ln X) dx (cosx)(Inx) .
] 1 _ | dv _1
= xcos(In x) + xsin(In x) — x(—cos(ln x)j dx Letu= cos(Inx) and o
X apply integration by parts
= xcos(In x) + xsin(In x) — | cos(In x) dx du
(In%) (Inx) -[ (Inx) uv—jv—dx twice
dx
2[ cos(In x)) dx = xcos(In x) + xsin(in x) Bring — [ cos(In x) dx to he
1 LHS to stop the loop.
_[cos(ln X) dx = > x(cos(In x) +sin(In x))+C Put+ C in the final step
(i) z > Read question carefully. Integrate

Area = Je” cos(In x)) dx :%{ x cos(In x) + xsin(In x) } i

¥ {COS[ . j +sm[ '”ezjj
o=l

e 2

NN

I\JII—‘

Mlk)

ol 3]

172 -
==e?| cosZ +S|n— ——e
2 2

1[e2 +e2]
2

T Va

frome 2 to €2,
Use (i) answer.
F(Upper limit)— F(lower limit)

Note that Ine? =

g

r\J|<\\]

(b)

. du
Using u =cot X, — = —C0Sec’X = —
X

sin’® x
=.du=..- 1 dx
sin’ x
When X=£:>U=i=\/§
6 tan x
When x=2—ﬁ:>u:—i
3 NG

Differentiate the given
substitution.

Memorise the differentiation of the
6 trigo functions. Only
differentiation of sec x and cosec x
formula are in MF26

Find d—u and hence dx = ..
dx

Need to change limit to u value.
Write down the expression of the
volume first. Then do substitution.

V= LXZ y? dx




-

(s L ootx 2 27 ) u
2 3 oot Change to —7 e’ du
Required volume is =7 . dx:ﬁj —— dXx N
sinx 7 sin‘ X . o
Jx 6 Integrate € w.rtuis €
6
(.Zi 1
3
- ecotx — dx
JZ Sin” X
6
_% A
:_ﬁj e’ du or 7zJ e’ du
1
. 7
1
=x|ef-e ¥
8(i) X—x2-1 -3 Be careful in your algebraic
= B 2—(X+1) manipulation when trying to
X— X— 2
1 X express y:_x—x ~1 in the form
y= _2 X—2
3-x 3 y=i+B(x+1).
-1 1 X—2
:_X 3_5 Note that you are required to

1) A scaling parallel to the y-axis by a factor of 3.
2) A translation of 1 unit in the negative x-direction.

describe  the  sequence  of
transformations that will transform

the curve with equation
1 X
=——-=t0
3-x 3
—x2_
= X—X 1 :_3_()( _4_]_)Y
X—2 X—2

NOT the reverse.

Itis INCORRECT to use the
word “shift” to describe
translation and the word
“flip/rotate” to describe reflection.
One of the transformations
involved is scaling parallel to the
y-axis with a factor of 3, it is

NOT with a factor of -3 or 3
units.




(i)

S Y-

>
1
N

x—x2-1
X—2
has asymptotes y = _x—1and x = 2.
You are expected to draw properly
and clearly, including the behaviour
2
of the curve y X=X 1 pear its
X—2
asymptotes. Note that the oblique
asymptote y=-x-1 meets the
X-axis and y-axis at
(_1, o) and (o, _1) respectively and
the curve cuts the y-axis at the point
(O’EJ which is NOT the minimum
2
point.

Note that the curve y=

You are expected to get the correct
shape of the graph from your GC.
You are required to state the
coordinates of the points where
the curves cross the axes. For the

modulus graph y =|2x+1], the
coordinates are (_ 1 OJ and (0,1)"
> :

It has a line of symmetry , __1
You should have the sense of the
relative positions for the points of
intersection with the axes when
sketching the two graphs,
including the asymptotes on the
same axes.

X—x2 -1
X—2

=-2x-1

From GC, the first point of intersection has x-coordinate —1 .

X—2
X—Xx*—1=(2x+D(x-2)
3x* —4x-1=0

_ 4£\16-403)(])

2(3)

XZZiJ?

3

The question states that “Hence,
find the exact range of .....”, so
you are required to use graphical
method.




Thus, the range of values of x is

1 2_\/7<x< 2+3ﬁ

X < —1,
3

orx>2

9(a)() A s e
Y= Must sketch the graph of f for the
given domain only (X > 0) with
the asymptotes.

Never use a particular line to
explain one-one function and you
must state the range of k. Note the

- 2 possible explanations.
y=2 X I )

If you use any line
y =Kk, keR, then the line cuts
the graph of f at most once.

v

If you use any line

Sj horizontal line Y =k, K€R intersects th h of f
ince any horizontal line INtersects the graph o y =k, keR,, then the line cuts

at most once, f is one-one and it has an inverse.
the graph of f exactly once.

It is important to mention that f is
one-one and not just f has an

inverse.
(ii) To find the rule of f*:
Lety=2+—
Lety = f (x) and then make x the
§ =y-2 subject
X
3
X=—
y-2
3
ft(x)=——
(X)="=
D.=R =(2, oo)
(iit) See diagram in (i) Must use the same scale for both

axes when sketching the graphs of
fand f on the same diagram.

The graph of f1 is a reflection of
the graph of f in the line y=x




The graph of ff is not simply the
line y = x. Must sketch for the
correct domain and passing
through (2, 2).

The graphs of f, f* and ff must
intersect at the same point.

(iv) D;=(0,0) and R;=(2 ) It is not sufficient to state
Since R, < D;, f? exists. R <Dy
D; =(0,), R =(2,x)
f2(x)=f (f (X)) must be stated to justify the subset.
=2+ 33
2+—
X
5 3X
2X+3
_ 2(2x+3)+3x
© 2x+3
_IX+6
2X+3
(b) . 3—x This question required an algebraic
Given h (X) = 1 approach so the GC cannot be used

To find the range of g, the graph must intersect the horizontal
line y =k, therefore, D>0

3-X
x* -1
kx> —k =3-x
kx> +x—(k+3)=0

Letk =

(1) +4k(k +3) >0
1+12k +4k* =20
4k? +12k +1>0
Consider 4k? +12k +1=0, k= “22E\12' =440
2(4)
124128

8
822 3, 5

2 2

to obtain the graph. It is very
tedious to sketch the graph without
using a GC as the stationary points
would have to be found by
differentiation. Students would
also need to show the nature of the
stationary points before they can
sketch the graph on their own.
Moreover, it would take some time
to find the exact y coordinates of
the stationary points in order to
obtain the range of h. Thus,
students are strongly encouraged to
use the discriminant instead (see
solution)




4k? +12k +1>0 n

kg—g—ﬁ OR kz-§+ﬁ ! '

Hence, the range of h is (—oo,—g—\/f} U{—gﬁ—\/z,ooj

10(i)

Concentration of the brine entering the tank is % kg/L
Solution leaving the tank is X kg/L.
2000

The rate at which salt enters the tank is < _C kg/min
1000 200

The rate at which leaves the tank is X _ X kg/min.
2000 400

3—1( =inflow rate —outflow rate

%_C_ x 1
dt 200 400 400

When %:O, X =120 kg and 2C -120=0=C =60 kg

(2C—x) (Shown)

(ii)

j L ogx=[-L gt
120X 400

—In|120—x|=$t+8 where B = const

1
120—x = Ae a00' where A =const

When t=0, x=20kg, Ae® =A=120-20=100

_1
120— x =100e 0"

Ly
X= 20[6—5e 400 J

Remember to include a negative
sign and modulus sign after

integrating




(i)

L,
x=20{6—5e 400 }

(0,20)
0

Using GC, t =204.33 =204 min.

(iv) It is assumed that there is no evaporation in the system so that
the concentrations of the solution remain as stated/unaffected.
AP : first term = 1000, common difference = 250 It is an AP with first term 1000 and
11(i) common difference 250.
7500 =1000+ 250(N —1) U, = 7500. Solve for N.
N =27
(i) Total number of power banks produced in 60 weeks For 1% to 27" week, it is an AP
=S, +33(7500) with first term 1000 and common
2727 difference 250.
_ For 28" to 60" week, the
B ? (1000 + 7500) +33(7500) production is at 7500 per week, so
(iii) Number of power banks on demand on week 1= 50 For 2" week, the demand is
Number of power banks on demand on week 2 a+b(50) =a+50b
=a+50b For 3" week, demand is
Number of power banks on demand on week 3 a-+b(demand of 2nd week)
= a+b(a+50b) =a+ba+50b =a+b(a+50b)
(iv) Number of power banks on demand on week 4 Continue working out for week 4
= a+b(a+ba+50b%) and deduce the demand of the n®
week.
= a+ba+b%a+50b° Note that the last term of the
Number of power banks on demand on week n expression is b"2a for the GP.
—a+ba+b%a+bla+..+b"%a+50p"" The first part of the expression is a
) summation of GP with first term a,
= a™ -1) +50p™t common ratio b and number of
b-1 terms N—1, which can be written
n-1
Gl
b-1
) Total number of power banks produced in 60 weeks Remember to take summation of

= %(2(1000) +59L)

= 30(2000+59L)

the terms from the 1% to 60 week.
The total demand can be found
using GC (MATH, 0: Summation).




Total number of power banks on demand in 60 weeks

&(300(1-1.051)) & 4
+ > (1.05(50

() B eo)

=1779181.493

For 30(2000+59L)>1779181.493

L>971.29
Least L =972

For total demand to be met, total

production > total demand for the
first 60 weeks, solve for L.
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Section A: Pure Mathematics [40 marks]

The above diagram shows a hollow ellipsoid with centre O, enclosing a fixed volume of

gﬂabz. A solid cylinder of length 2x and base radius y is inscribed in the ellipsoid. It is

. x> y? . .
given that —2+§ =1, where a and b are positive constants with a > b.
a

Use differentiation to find, in terms of a and b, the maximum volume of the cylinder,
proving that it is a maximum. Hence determine the ratio of the maximum volume of the
cylinder to that of the volume enclosed by the ellipsoid. [6]

9758/02/PRELIM/19



2 () Find IZsin(k+1)xsinkxdx. [2]

©YNC 9758/02/PRELIM/19



(i)  Hence, determine in terms of k, the value of J‘OE (sin(k +1)x —sin kx)2 dx,

where K is an even integer. [5]

©YNC 9758/02/PRELIM/19



3 The plane p contains the point A with coordinates (5,—1, 2) and the line I, with equation
x—3
2 Z2-y,z=1.
> y

(1) The point B has coordinates (c, 2, 2). Given that the shortest distance from B to

I, is —“2505 find the possible values of c. [3]

©YNC 9758/02/PRELIM/19



(i) Find a cartesian equation of p. [3]
1 4

The line I, hasequation r=| 2 |+ |1 |, ueR.
1 3

(iif)  Find the coordinates of the point at which |, intersects p. [3]

©YNC 9758/02/PRELIM/19



a 4
The line 1, has equation r=| 2a |+t| 0 | ,te R , where a is a constant.
a 1
(iv)  Show that p is parallel to |,. [1]

(v)  Given that I, and p have no point in common, what can be said about the value
of a? [1]

©YNC 9758/02/PRELIM/19



(vi) It is given instead that a =1, find the distance between |, and p, leaving your
answer in exact form. [2]

4 Do not use a calculator in answering this question.

(a) The equation 2z° —3z° +kz+26=0, where k is a real constant, has a root
z=1+ai, where a is a positive real constant. Find the other roots of the equation
and the values of a and k. [6]
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(b) (i) Given that (x+iy)2 =15+8i, determine the possible values of the real
numbers x and y. [3]
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(i)  The roots of the equation z*—(2+7i)z=15-5i are z, and z,, with

arg(z,) <arg(z,). Find an exact expression for z,, giving your answer in
the form re'’, where r >0 and -7 <0<r. [3]
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(iif)  Find the argument of 21222* in exact form. [2]
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Section B: Probability and Statistics [60 marks]

An investigation was carried out to determine the effect of rainfall on crop yield. The table
below shows the average monthly rainfall, x mm, and the crop yield, y kg. The data is
recorded during different months of a certain year.

(i)

150 163 172 175 180 187 196

48 70 87 92 95 89 80

Draw a scatter diagram for these values. State with a reason, which of the following
equations, where a and b are constants, provides the most accurate model of the
relationship between x and y.

(A) y=aln(x—100)+b
(B) y:a(x—180)2+b
a
© y=——swb 3
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(i) Using the model you chose in part (i), write down the equation for the relationship
between x and y, giving the numerical values of the coefficients. State the product
moment correlation coefficient for this model. [2]

(iii)  Calculate an estimate of the crop yield when the average monthly rainfall is
185 mm. Comment on the reliability of your estimate. [2]

6 A factory produces a large number of packets of cornflakes. On average, two in 7 packets
contain a toy. The packets of cornflakes are sold in cartons of 12.
(@) A carton is randomly chosen.
(1) Find the probability that there are fewer than 2 toys. [1]
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(i) Find the probability that there are more than 1 but at most 6 toys. [2]

(b)  Find the probability that in five randomly selected cartons, two of them contain
exactly 4 toys and three of them contain exactly 2 toys. [2]

(¢) A mini-mart ordered 40 cartons of cornflakes from the factory. Find the
probability that none of the cartons contains fewer than 2 toys. [2]
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The factory also produces a large number of packets of oats. A random sample of n packets
of oats is chosen. The number of packets of oats containing a toy in the sample is denoted
by A. Assume that A has the distribution B(n, p), where p >0.1.

Given that n = 25 and P(A = 2 or 3) = 0.25, write down an equation in terms of p and find
p numerically. [2]

7 A box contains five balls numbered 1, 3, 5, 6, 8. Three balls are drawn at random from

the box.
(@) Find the probability that the sum of the three numbers drawn is an even
number. [2]
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(b)  The random variable S denotes the smallest of the three numbers drawn.
(1)  Determine the probability distribution of S. [2]

(i)  Find E(S) and Var(s). 2]
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(iii) The mean of a random sample of 55 observations of S is denoted by S.
Find the probability that S is within 0.5 of E(S). [3]

(@) EventsAandBaresuchthat P(AUB)=0.6 and P(A|B)=0.4.Given that Aand
B are independent, find

(i) P(B), [2]

(i) P(A'[BY). 2]
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(b) 12 people are to be seated at 3 different coloured round tables.
(1)  Find the number of ways that there are at least 3 people at each table.  [4]

(i) Find the probability that there are 4 people at each table given that there are
at least 3 people at each table. [2]
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9 A company produces car batteries. The life, in months, of a car battery of the regular type
has the distribution N(,u, 0'2) . The mean life of 4 randomly selected car batteries of the

regular type is denoted by X . It is given that P(Y < 36.1) = P(Y > 49.1) =0.03355.

(i) State the value of x and show that o ~7.10, correct to 2 decimal places. [4]

(i) Find the smallest integer value of k such that more than 90% of the car batteries
of the regular type have a life less than k months. [2]
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Past experience shows that 25% of the car batteries of the regular type with lives
less than 36 months are due to bad driving habits. A random sample of 100 car
batteries of the regular type is selected. Find the expected number of these car
batteries which will have lives each less than 36 months due to bad driving
habits. [2]

After research and experimentation, the company produces a premium type of car
battery using an improved manufacturing process which is able to increase the
life of each car battery by 10%. Find the probability that the total life of 5 randomly
chosen car batteries of the premium type is more than the total life of 6 randomly
chosen car batteries of the regular type. [4]
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A previous study revealed that the average time taken to assemble a certain type of
electrical component is at least 15 minutes. The manager wants to investigate if the results
of the study is valid. A random sample of 40 components is taken and the times taken to
assemble the components are summarised in the following table:

Time to assemble a

. 9 10 12 13 15 16 17 18
component (min)

Number of 116 | 3|8 |5 7|8/ 2
components
(1) Find unbiased estimates of the population mean and variance. [2]

(if)  Test at the 5% level of significance whether the results of the study is valid.
You should state your hypotheses and define any symbols you use. [5]
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(iii)  Explain why the manager is able to conduct the test without knowing anything
about the distribution of the times taken to assemble the electrical components.[1]

(iv)  Explain what is meant by the phrase “5% level of significance” in this context.[1]

The manager claims that the average time taken to assemble another type of electrical
component is 30 minutes. A random sample of 50 components of this type is chosen and
the time taken to assemble each component is recorded. The mean and standard deviation
of the sample are 29.7 minutes and k minutes respectively. Find the range of possible
values of k if a test at the 8% significance level shows that there is sufficient evidence that
the manager’s claim is valid. [4]

~ END OF PAPER ~
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