Qn Solutions
! Let P(n) be the proposition “ [1—ij(l—ij (1—ij < 2 for integers N> 2
2B TR =4
When n=2, LHS=1—i =0.293< l = RHS.
J2 2

Therefore, P(2) is true.
Assume P(K) is true for some arbitrary positive integer k> 2, i.e.
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When n=k +1,
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(*) holds because:
k? -2k +1=(k-1)">0
=k?>2k-1=k+k-1>k+2-1=k+1
as k>2.

Therefore k > vk +1.

Since P(2) is true, and if P(k) is true then P(k +1) is true, by Mathematical Induction, P(n)
holds for all integers n>2,
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Let a=gcd(a,, a,,..., &,)and b:gcd(aizaz, a2J2ra3 %j We shall show that

albandb|a.

To show a|b:
There exists integers «, such that a, = aq, for k =1,2,...,n. Therefore,
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where k=1,2,...,nand we take a,,, =aand «,,, = ¢, . Since &, a,,..., a,are odd integers,

it follows that o, «,,..., a,are also odd, and %ez. Hence a divides each of
4% HF& LW g alb
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Toshow b|a:

+ a'k+1

There exists integers /A, such that akT =bp for k=12,...,nand a,,, =a,. From

a, +a,,, =2bp, , we see that b divides a, +a, ;. --- (1)

Taking the sum from k =1to k =n,

a1+2—a2 + aszfas +...+ %zb(ﬂﬁﬂza.ﬁﬂn)
ie.a+a,+...+a,=b(f+6,+..+5)

Hence, b divides &, +a, +...+a, --- (2)

Taking the sum for k =1,3,5,...,n—2, (note thatn— 2is odd since n is odd)

aﬁz-az + asJ2ra4 +...+ %:b(ﬂl-’_ﬂ?}-’_”'-’_ﬂn_z)
a+a,+..+a,, =2b(B+L+...+5,)

Hence, b divides a, +a, +...+a,_, ---(3)

From (2) and (3), we have b divides a,.Using (1) repeatedly, we can conclude that b divides

a, for k=12,...,n. Hence b|a.
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4 (a)

Since x and y are odd, there exists integers m and n such that x=2m+1 and y=2n+1. Then
x> +y?=(2m +1)2 +(2n +1)2

=4(m* +m+n°+n)+2

=2 (mod 4)
Note that x*+ y®is even.

For even perfect squares, they take the form (2k)2 =4k? =0 (mod 4) . Hence x* + y* cannot
be a perfect square.

4 (b)

Since n is composite, there exists numbers p and g such that n= pg. Note that 1< p,gq<n.

Case l: p#q(
Since p and g are distinct and both are less than n, both show up as different factors in
(n—1)!. Hencen=pq|(n—1)!.

Case2: p=q ie n=p’

If p=2, n=4 and the result does not hold as 4 does not divide 3!=6.

If p>2, then 1<2p< p*. As 2p < p*-1=n-1, 2p s one of the factors in (n—1)!. Note
that p is another factor in (n—1)!.

This implies that 2p® | (n—1)!. Since n= p*|2p®, we have n|(n-1)..

5 (i)

r,., 1S the number of ways the first and last post are painted red, which means that the nth
post must be either white or green. Hence if we remove the (n +1) th post, then we will have
the number of ways that the first post is red and the last (nth) post is either white or green.

1+ =5, +r =2"" since this will be the number of ways the first post out of n posts is
red.

r




5 (i) | Let P, be the proposition that
2" 2(-p
[=—"
3
is true forall ne Z*
Consider P: =1
27 2=t 142

3 3
Hence P, is true

:1: rl

Assume P, is true for some keZ", i.e.
2“1 1 2(-1)*
A=——"—
3
Consider P, :
e+l =257
2%ty 2(-ft

= ha= 2t 3

3(2k—1) okl _ 2(_1)k—1
- 3

2(2k-1)+ 2(-1)(-)*!
- 3

2K 4 2(-1)
-

Therefore P, istrue = P, is true for some k e Z*
Since P, is also true, by MI, P, istrue forall neZ"

5 2" +2(-1)"
(iii) | = Y and we can then ‘merge’ the first and last red post together to form a

circle of n posts with no adjacent posts of the same colours.

However, as the first post (take the widest fence post) can be of 3 colours,

2"+ 2(-1)"

no of ways = 3x 2" +2(-1)"




This is the equivalent of finding how many ways to partition the number “8’:

Case | (with max value of 1)
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Case Il (with max value of 2)
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Case IV (with max value of 4)
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Case V (with max value of 5)

5,1,
5, 2,
5,3
Case VI (with max value of 6)

1,1
1

1

1
, 2
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Case VII (with max value of 7 or 8)

7,1
8

Total number of ways = 22




6 (i) | No of ways to distribute remaining 8 books to 3 shelves such that no shelves have 8 books
- 8+3—1C 3=42
= P
Therefore no of ways = 42x4 =168
6 (ii) | Total number of ways with no restrictions
— 16+4—1c4_1 — 969
Number of ways with one shelf having at least 9 books
= 4("**C,,) =480
Hence no of ways with all shelves at most 8 books
= 969 —480 =489
6 Let 2a be the number of books on first shelf

(i)

Let 2b be the number of books on second shelf
Let 2¢c —1 be the number of books on third shelf
Let 2d —1 be the number of books on fourth shelf

Since all shelves are not empty, a,b,c,d are all bigger than or equal to 1.

We have
2a+2b+2c-1+2d-1=16

=a+b+c+d=9

So we let a,b,c,d all have minimum 1, and this will mean we need to distribute the
remaining ‘5’ to 4 shelves
5+4-1 C4_1 — 56

Therefore total number of ways = * C,x56= 336

Alternative solution:
We choose 2 shelves out of 4 to contain even number of books: *C,

We place one book to each shelf to have odd number of books, and two books to each shelf
to have even number of books. For the remaining 10 books to be considered as 5 pairs, the

number of ways to distribute to 4 shelves is ****C, , = ®C, =56.
Therefore total number of ways = * C,x56= 336

Alternative solution:
No. of ways for no shelf to be empty = *****C, , =455

No. of ways for all shelves to contain odd number of books = ®***C, , =84
(after placing 1 book in each shelf, we pair the remaining 12 books as 6 pairs)
No. of ways for all shelves to contain even number of books = ****C, , =35

(after placing 2 books in each shelf, we pair the remaining 8 books as 4 pairs)
Therefore total number of ways = 455-84-35= 336




7 (a) @+’ (b+D° (c+1’ 3§/(a+1)3(b+1)3(c+1)3

b c a abc
(a+1)° L +1)° . (c+1)’ g@+Db+1)(c+1)
b ¢ a 3/abc
(a+1+1)(b+1+1j(c+1+1]
Since3(a+1)(b+1)(c+1):3 2 2 2 2 2 2
3/abc $/abc
s aiai
4 N4 "\a
>3 =81/4
3/abc
7 _ _ _
(®) Since X 1+y 1+Z 1:3_[E+£+lj:1
X y z X y z

(x+y+z)[x_1+y_l+z_1]2[«/; X_4+ﬁ\/y__1+ﬁ\/z_4J
X y z X y z
= (\/x—1+\/y—1+\/z—1)2

(X y+x).12(\/x—1+\/y—1+\/z—1)2

(XY +X) 2x=1+y-1++z-1

7 (c) i 2
Since (1+1+1j(2b2+3c2+6d2)2 \/1x2b2+\/1x3cz+\/1x6d2
2 3 6 2 3 6
(l+1+1j(2b2+3c2+6d2)2(b+c+d)2
2 3 6
5-a’>(3-a)’

a?-3a+2<0
1<a<?

7 (d) | Prove by contrapositive
To prove: if a®+b? +c® <abc, then a+b+c < abc.
Since a, b, c>0 and a®+b*+c? <abc

. a’<abc = a<hbc

Similarly b<ac
c<ab
Therefore a+b+c<ab+bc+ac
2 2 2 2 2 2
Since abéa ;b ,bcgb ;C ,acga ;C

= ab+bc+ac<a®+b*+c?

Therefore a+b+c<ab+bc+ac<a’+b’+c¢” <abc
Original statement is true.




8 (i)

k(x—a)(x—a,)...(x—,)+R

8(ii) | P(x)=m(x-1)(x—2)...(x=N)+1
@ | Therefore, P(N +1)=m(N)(N ~1)...(1)+1=mN+1
8 (i) | MNH+1=N+1
(b) Therefore, m = ! .
(N -1)!
p(x) (x=1)(x=2)...(x- N)+1
(N-1)!
P(N+r)= (N+r-1)(N +r_2)"'(r)+1
(N-1)!
1)1
= M_HL
(N=1)!(r-1)!
8 | $(x)=(x-a)(x=b)(x—c)(x—d)+2009
Eg)l) Suppose there exists n such that S(n)=2020. Then
11:2020—2009:8( ) 2009 = ( )( )(n c)(n—d)
The factors of 11 are {-11, 1, 1, 11}.
Letting {n —-a, n—=b, n—c, n— d} be the 4 pigeons and the factors of 11 be the pigeon
holes, by PHP, either all 4 distinct factors of 11 are used or at least 1 of the factors of 11 is
used more than once.
The 4 factors of 11 cannot be used at the same time as —11x —1x1x11=121.
Since {n —-a, n—=b, n—-c, n— d} are distinct, no factors of 11 can be used more than once.
Hence, no such n exists.
8 S(0) =abcd +2009 = 2090
(i) .
(b) abcd =81=3
a b C d
_3? -1 1 3
-3 -3 1 3!
_32 -1 1 3
g -1 1 3
3 -1 3 3

Number of ways =5




9 (i)

X A—X 2
(a) sinh2x+1:(e+)+1

(e —2+e™)+4

4
X 7)(2
_(e*+e
=)
= cosh? X
e
cosh x
(b) -
dx dx

X —X

=% _sinhx
2

9 (ii) | u*+2usinhx-1=0
u’+u(e*-e*)-1=0
u-e*)(u+e")=0
Therefore u=e™ or u=—¢"

For :
2
(d_yj +2d—ysinhx—1:0
dx dx
Let d—y:u
dx
Then d—y:e’X or ﬂ:—ex
dx dx
Since d—y>0, then Ol—y:e’X only
dx dx
y=—e"+cC
Sub y=0, x=0
Then c=1

y=—e"+1




sinh y(d—yszer—y—sinhy—O

) dx dx

Letting Wy, sinh y(u?)+2u—sinhy=0.
dx

By applying general formula
H 2
e —2i4/4_+4smh y
2sinhy

Since the result of (a)(i), sinh?x+1=cosh? x
_—2+2coshy -l*coshy

2sinhy sinhy
U —2+2coshy _ —1+coshy
2sinh y sinhy
Therefore d_y= LOShy
dx sinh 'y
dx  sinhy
dy —l+coshy

dx _ sinhy or dx _ sinhy
dy -1+coshy dy -1-coshy
x=lIn|coshy-1+C or x=-In|coshy+1+D

x = In|coshy —1]+c x =—In|coshy +1|+d
or
Ae* =coshy-1 Ae " =coshy+1

Wheny =0, coshy=1,then A =0(rej.)and A, =2.
Hence, coshy =2e™* -1,




10(7)
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: . : 1
sinceas N — o, N*"C, — oo with r being constant, and hence g

x 1 © 1 1

r

-0

nzz;zmzcs:nZ::ln+2C3_3C3
_2+1 1
2 2
10 1 3(n-2)! 3!
| ™, " (1) (n+1)n(n-1)
3! 3!
= > —
n-n n

since n is positive
20 1
n+1 C3 " n+2 C5

_ 20x3!(n—-2)! ~ 5/(n-3)!

(n+1)! (n+2)!
_5(n-2)}(n+2)-5!(n-3)!
(n+2)!
_ 51(n-3)![(n-2)(n+2)-1]
(n+2)!
51(n” -5)
(n+2)(n+1)n(n-1)(n-2)
5(n” -5

n(n2 —1)(n2 —4)
_ 5!(n5 —5n3)+n3
(n5 —5n° +4n)

< % since (n5 —5n3) < (n5 —5n° +4n) when n >3




10 Consider

(iii) © 31 = 1
—<
n§3n3 nZ:3n+1C3 r122n+2C3 2
Therefore
o 3l 1 3' 3129
< — —_—
Zn3 2 13 23 4
» 1 29 116
Z—:nS 24 96
Consider
© 5l
nZ::ST'ls
© 20 » 1
> J—
r1Z_:SH+lc3 n§3n+2C5
© 1
=20
nZZrH— C %FH—‘]-CS
_oof 1) A+l 35
2 4 4
Therefore
» 51 35 51 51 5§75
d—=>— =+ —==—

ont 4 18 22 4

=1 575 115

=) =>———=
n§1n3 4(120) 96

115 = 1 116
Hence — — (shown
96 nzn3 96 ( )




