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Revision 7: Binomial Theorem 
 
1. Binomial Expansion 
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 where n is a positive integer and the binomial coefficient 
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3. Some Important Identities 
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Example  

1. Find the term independent of x in the expansion of .
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2. Write down the first three terms in the expansion, in ascending powers of x , of 

n
x










4
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where n is a positive integer greater than 2. 

The first two terms in the expansion, in ascending powers of x , of 

n
x
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where a and b are constant.  

 (ii) Find the value of n. 

 (iii) Hence, find the value of a and of b. N2009 
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(iii) Comparing constant term, a   82  

    256  

  Comparing coefficient of 
2x , b  )8(2)7)(8(2 5  

      144  

 The expansion on the right 

has a term in x missing, 

indicating the coefficient of x 

is 0. 
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Exercise 
 

1. (a) Write down and simplify the first four terms of 

8

2
1 










x
in ascending powers of x. Hence, 

find the value of 8002.1  correct to 4 decimal places. 
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(b) If the first three terms of the expansion of  nax2  in ascending powers of x are 
272024032 xx  , find n and a. 
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  Comparing coefficient of terms, 
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(c) Find the term independent of x in the expansion of 
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2. (a) (i)  Write in ascending powers of x, the first three terms in the expansion of 8)1( ax . 

 

(ii) Given that the first three terms in the expansion of 
8)1)(2( axxb  are 2385 cxx  , 

find the values of a, b and c. 
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(b) Find the term independent of x in the expansion of 
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3. (a) Find the coefficient of 7x in the expansion of 
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(b) (i) Find the first three terms in the expansion of 
6)21( x  in ascending powers of x, 

simplifying the coefficients. 

(ii) Given that the expansion of )()21( 6 baxx   is 3 + cx + 204x
2
 + …, find the values of 

a, b and c. 
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4. Find the coefficient of x in the expansion of 
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5. (a) Evaluate the term which is independent of x in the expansion of 
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(b) (i) Expand 
nxpx )1( 2  in ascending powers of x up to the term in x

2
, where n is a 

positive integer. 

 

(ii) If the coefficients of x and x
2
 in the expansion in (b) (i) are 2 and 
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 respectively, find 

the values of p and n. 
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6. In the expansion of ,))(( 7qxpx   the coefficient of 7x  is 
3

4
 and there is no term in .6x  

Given that ,0q  find the values of the constants p and q. 

 Hence, show that the coefficient of 5x  is .
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7. (a) (i) Find the first four terms of the expansion, in ascending powers of x, of 5)3( x .   

 

  Hence obtain  

(ii) the coefficient of x
3
 in the expansion of )12()3( 25  xxx , 

(iii) the coefficient of y
3
 in the expansion of 

52 )3( yy  . 
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Yes, the term independent of x does not exist. 

 

 

8. Find the value of k for which the coefficient of x
2
 in the expansion of 
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Hence, evaluate the coefficient of x in the expansion. 

 

)24019264)(4(

))(2(
2

6
))(2(

1

6
2)4(

)2)(4(

2

2456

6





































xxkx

xxkx

xkx

 

 

 Coefficient of x
2 

= 0 

 
5

0192)240(4





k

k
 

 

448

64)192(4 oft Coefficien



 k x
 

  



9 

 

9. Given that the coefficient of 
3

1

x
 is 512 in the expansion 
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, where a < 0. 

 

(i) Find the value of a. 

(ii) Hence, using the value of a found in (i), show that the term in 
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 does not exist in the 
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10. The first two non-zero terms in the expansion of 9)1)(1( bxax   in ascending powers of x  are 

1 and 25x . Given that a > 0 and b < 0, find the values of a and b. 
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12. In the expansion of )()21( pxx n  , the coefficient of x  and 2x  are 37 and 306  

respectively. Given that 2n  and 0p , find the values of the constants n and p.  
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13. Given that the expansion of 
nxxa )31)((   in ascending powers of x is ...1345 2  bxx  find 
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14. Given that the first three terms in the expansion of npx)2(  , where n > 0, are 254032 rxx  . 

Find the values of n, p and r. 
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15. (a) Find the coefficient of x in the expansion of .
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(b) In the expansion of 
nxx )31()41( 6  , where n is a positive integer, the coefficient of 2x  is 

–84. Find the value of n.  
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Revision 9: Coordinate Geometry of Circles 
 
1. Deriving the equation of a circle from the coordinates of its centre and its radius 
 The equation of a circle with centre ) ,( baC  and radius r units is  

 222 )()( rbyax  . 

 

2. Deriving the coordinates of the centre and radius of a circle from its equation  

 If the equation of a circle is 02222  cfygxyx ,  

 the coordinates of the centre are ) ,( fgC   

 the radius is  cbar  22
units 

 

Note: The coordinates of the centre and the radius of the circle could also be found by 

completing the square.  

 

3. The Perpendicular Bisector of a Chord 
The perpendicular bisector of any chord AB of a 

circle centred O passes through the centre. 

i.e. AM = MB and AB  OB 

 

4. The Tangent of a Circle 
A tangent to a circle is perpendicular to the radius 

at the point of contact. 

 

 

5. Intersection of Circles 
C1 and C2 are the centres of two circles with radius R1 units and R2 respectively, where 

.21 RR   

 The two circles intersects at two points if .2121 RRCC   

 The two circles touch at a point if 2121 RRCC   or .2121 RRCC   

 The two circles do not intersect if 2121 RRCC  . 
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Example  

1. Show that the point A(1, 2) lies inside the circle .096422  yxyx  

 

Solution  

Let the centre of the circle be C.  

C(2, 3) 

 

units 2

9)3(2 Radius 22




 

Radiusunits 2

)23()12( 22



AC
 

Hence, A lies inside the circle.  

 

 If AC < Radius, A lies inside the circle.  

 If AC = Radius, A lies on the circle.  

 If AC > Radius, A lies outside the circle.  

 

 

 

 

2. The points (1, 5) and (15, 5) are on the circumference of a circle whose centre, C, lies above 

the x-axis. The line 17x  is a tangent to the circle. Find 

(i) the radius of the circle, 

(ii) the coordinates of C, 

(iii) the equation of the circle in the form ,022  rqypxyx  where p, q and r are 

integers, 

(iv) the equations of the tangents to the circle parallel to the x-axis.  

 

 

3. The equation of a circle, C, is .0168622  yxyx  

(i) Find the coordinates of the centre of C and find the radius of C. 

(ii) Show that C touches the y-axis. 

(iii) Find the equation of the circle which is a reflection of C in the y-axis. 

  

Solution  

(i) Centre of the circle, (3, 4)  

 
units 3

1643 Radius 22




 

 

(ii) The centre C is 3 units away from the y-axis. 

Hence, C touches y-axis.  

 

 The centres of the two circles are 

equidistant from the mirror line. 

 The image has the same radius as 

the original circle. 

 

 

(iii) New centre, (3, 4) 

 Equation of the circle, 9)4()3( 22  yx  

 

 

  

C 
A 

A 
A 
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Parabolas 
Graphs of y = xn 

 

 

 
 

nxy   where 0x  and 

1n   

 
nxy   where 0x  and 

10  n   

 
nxy   where 0x and 

0n   
 
Graphs of y2 = kx 

 

  
 kxy 2

 where 0x  and 0k    kxy 2
 where 0x  and 0k   

 
Example  

1. (i) Sketch the graph of 2

5

5

1
xy   for x > 0.   

(ii) On the same diagram, sketch the graph of 5

2
 

5


 xy . 

Solution  
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Exercise  
 

1. A circle with centre C passes through the points A(–6, 2) and B(10, 2).  

Given that C lies above the x – axis and the line x = –8 is a tangent to the circle, 

 

(i) show that the radius of the circle is 10 units.  

(ii) find the coordinates of C.  

(iii) find the equation of the circle in the form .022  rqypxyx  

(iv) find the equations of the tangents to the circle parallel to the x-axis. 

 

(i) x-coordinates of C )106(
2

1
  

    2  
 Radiu of circle )8(2   

    units 10  

  

(ii)  Let C(2, y)  

 

)8 ,2(

8 (NA), 4

62

36)2(

100)2(64

10)2()62(

2

2

222

C

y

y

y

y

y













 

 

(iii) Equation of the circle, 100)8()2( 22  yx  

   
032164

100641644

22

22





yxyx

yyxx
 

 

(v) The equations of the tangents to the circle 2y  and 18y . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 



5 

 

 

2. The circle C1 has centre (3, –2) and radius 4. 

 

(a) State the equation of C1. 

 

(b) The circle C2 has equation 0126422  yxyx . 

(i) Find the coordinates of the centre of C2 and the radius of C2. 

(ii) Calculate the exact distance between the centre of the circle C1 and the centre of the 

circle C2.  
 

(c) The circle C3 has equation 012822 22  kyxyx , where k is a constant. 

(i) Show that C3 is concentric with C2 for all values of k.  

(ii) Find the range of values of k such that C3 is smaller than C2, but larger than
 
C1. 

 

(a) Equation of the circle, 16)2()3( 22  yx  

  

(b) (i) Centre of C2 = (2, 3) 

  Radius )12()3(2 22   

   unit 5  

 

(ii) Distance between the centre of the two circle 

 
22 )32()23(    

 unit 2   

 

(c) 012822 22  kyxyx  

 0
2

6422 
k

yxyx  

 

(i) Centre of C3 = (2, 3). 

  Since C2 and C3 share a common ccentre, C3 is concentric with C2 for all values of k. 

 

(ii) 4 < Radius of C3 < 5 

 

246

12
2

3

25
2

1316

5
2

)3(24 22
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k

k

k
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y 

x O

y 

C(–1, 2) 

B(0, 5) 

A(–7, 6)  

C1 

3.  

 

 

 

 

 

 

 

 

 

 

 

 

In the diagram, which is not drawn to scale, A, B and C are points on the circle C1. 
 

(i) Show that AC is the diameter of the circle C1 and hence find the centre of C1. 

(ii) Find the equation of C1 in the form 022  rqypxyx , where p, q and r are integers. 

(iii) Given that C2 is a reflection of the circle C1 in the line  x = 2, find the centre of C2 and the 

equation of C2. 

(iv) Determine whether C lies inside or outside the circle C2. 

 

(i) If AC is the diameter of the circle C1, 1 BCAB mm   

 

7

1

7

56






ABm

 

 

7

1

25




BCm

 

 

1

7
7

1



 BCAB mm
 

 AC is the diameter of the circle C1. 

 

(ii) Centre of circle  = Midpoint of AC 

 = (4, 2) 

 Radius of circle 
22 86

2

1
   

   unit 5  

 Equation of circle,  25)2()4( 22  yx  

   054822  yxyx   

  

(iii) New centre = (8, 2) 

Equation of C2,  25)2()8( 22  yx  

 

(iv) Distance between C and centre of C2  unit 85.949 22    

C lies outside C2.   
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4. The equation of a circle, C, is 0202422  yxyx . 

 

(i) Find the coordinates of the centre of the circle, C and find the radius of the circle, C. 

(ii) Show that the centre of the circle, C, lies on the line 157  xy .  

(iii) The circle, C, is reflected on the y-axis. Find the equation of the image of C.  

 

  

(i) Centre of C  = (2, 1) 

 Radius )20(1)2( 22   

   unit 5  

 

(ii) When ,2x  115)2(7 y  

  (2, 1) lies on the line 157  xy . 

 

(iii) Centre of the image = (2, 1) 

 Equation of the image of C,  25)1()2( 22  yx  

 

 

5. A circle, centre C(4, 1), has a radius of 5 units and a diameter PQ, where  Q has coordinates  

(8, 4). 

 

(a) Write down the equation of the circle. 

(b) Find the coordinates of P. 

(c) If the circle is reflected in the line x = 1, find the equation that represents the reflected 

circle. 

 

(a) Equation of the image of C,  25)1()4( 22  yx  

 

(b) Midpoint of PQ = (4, 1) 

 Let P(x, y) . 

 

)2 ,0(

21
2

4

04
2

8









P

y
y

x
x

 

 

(c) Centre of the image = (2, 1) 

 Equation of the image of C,  25)1()2( 22  yx  
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6. The equation of a circle, C1, is given by 0118422  yxyx . 

(i) Find the centre P and the radius of the circle. 

(ii) Show that the point A(4, 6) is inside the circle C1. 

(iii) Another circle, C2, has the point A as its centre. Find the equation of C2 if C1 and C2 have the 

same radius.  

(iv) C1 intersects the y-axis at two points. Find the y-coordinates of the two points in the form 

of 5ba  .  

 

(i) P(2, 4) 

 Radius 1142 22   

   unit 3  

 

(ii) AP 
22 22   

  unit 3unit 22   

  A lies inside the circle. 

 

(iii) Equation of C2, 9)6()4( 22  yx  or 04312822  yxyx  

 

(iv) When ,0x   01182  yy  

    

54

2

528

2

44648







y
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7. A circle, centre C, passes through the points P(1, 2), Q(9, 2) and R(5, 6). 

 

(i) Show that the coordinates of C is (5, 1). 

(ii) Find the radius of the circle. 

(iii) Find the equation of the circle in the form 022  hgyfxyx , where f, g and h are 

integers. 

(iv) Does the point (10, 4) lie outside, inside or on the circle? Justify your answer. 

 

(i) Midpoint of PQ = (5, 2) 

 Equation of  bisector of PQ, 5x   

  

 Midpoint of QR = (7, 2) 

 

2

95

26






QRm

 

 Equation of  bisector of PQ,  )7(
2

1
2  xy   

    
2

3

2


x
y  

 At the centre,  ,5x  1
2

3
)5(

2

1
y  

 Centre (5, 1) 

 

(ii) Radius 
22 )21()15(   

   unit 5  

  

(iii) Equation of the circle, 25)1()5( 22  yx  

    
01210

025125210

22

22





yxyx

yxyx
 

 

(iv) Distance between (10, 4) and centre (5, 1) 
22 35   

      unit 5unit 34   

 (10, 4) lies outside the circle. 
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8. A circle, C1, has equation .366422  yxyx  

(i) Find the radius and the coordinates of the centre of C1. 

 

A second circle, C2 has a diameter AB. The point A has coordinates (5, 5) and the equation of 

the tangent to C2 is .1543  xy   

(ii) Find the equation of the diameter AB and hence the coordinates of B.  

(iii) Find the radius and the coordinates of the centre of C2. 

(iv) Explain why the point (4, 6) lies within only one of the circles C1 and C2. 

 

(i) Centre of circle = (2, 3) 

 Radius )36(3)2( 22   

   unit 7  

 

(ii) 5
3

4
1543 

x
yxy   

4

3
ABm  

Equation of the diameter AB, )5(
4

3
5  xy  

  
4

5

4

3
 xy  

 

At B,  
4

5

4

3
5

3

4
 x

x
 

  

1

3

7525

1596016









y

x

x

xx

 

)1 ,3( B . 

 

(iii) Radius 
22 )15()35(

2

1
  

   unit 5  

 

2) ,1(

 
2

15
 ,

2

35

 ofMidpoint Centre










 


 AB

 

 

(iv) Distance between (4, 6) and the centre of circle C1 
22 )36()24(   

  unit 7unit 45    

 Distance between (4, 6) and the centre of circle C2 
22 )26()14(   

  unit 5 unit 41    

 

 The point (4, 6) lies inside C1 but outside C2. 
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Worksheet 1: Limits and Differentiation 
 

The Limit of a Function 
If the values of )(f x  get close to some fixed number m when x approaches a value a, m is known as  

the limit of f(x) as x tends to a. 

Mathematically, it is written as mx
ax




)(flim  

 

Example 1 
Find the limit of xx 2)(f   when 2x . 

 

)(flim
2

x
x

 )2(lim
2

x
x

  

 4  

Example 2 
Find the limit of 2)(f xx   as x . 

 

)(flim x
x 

 )(lim
2x

x 

  

    

Example 3 

Find the limit of 
3

4
)(f

x
x   as 3x . 

 

)(flim
3

x
x

 










3

3

4
lim

xx

 

 
27

4
  

Example 4 

Find the limit of 
x

x
3

)(f   as x . 

 

)(flim x
x 

 









 xx

3
lim  

 0  

Example 5 

Find the limit of 
2

4
)(f

2






x

x
x  when 2x . 

 

)(flim
2

x
x

 



















 2

4
lim

2

2 x

x

x

 

 4  
 

Example 6 

Find the limit of 
x

x
x

21

43
)(f




  as x . 

 

)(flim x
x 

 













 x

x

x 21

43
lim  

 2  

 

s
m
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The Gradient of a Curve at a Point 
In the diagram, P(x1, y1) and Q(x2, y2) are two points 

on the curve 2xy  . 

Therefore, the gradient of the straight line PQ 

12

12

xx

yy




 .  

 

 

 

Find the gradient of the line segment PQ in each of 

the figure below. 
 

 

 

 

 

Gradient of PQ  
21.2

441.4




  

 1.4  

Gradient of PQ  
201.2

4041.4




  

 01.4   

 

 

 

 

Gradient of PQ  
2001.2

4004001.4




   

 001.4  

Gradient of PQ  
20001.2

400040001.4




   

 0001.4  

 

The above results shows that as the point Q gets closer to the point P, the gradient of the line 

segment PQ gets closer to (tends to) a value of 4 which is the gradient of the tangent at P. 

In general, the gradient of the tangent at any point 













 12

12
lim

12 xx

yy
P

xx
 

s
m
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The Gradient Function of a Curve 
A function is defined by 2)(f xx   for all real values of x. In the diagram, ))(f  ,( xxP  and 

))(f  ,( hxhxQ  are two points on the curve )(f xy   where Q is just a little further along the 

graph. 

 

From the diagram, 

QR )(f)(f xhx   

 22)( xhx   

 222 2 xhxhx   

 22 hxh  

 

PR  xhx  )(  

 h  

  

Gradient of the line PQ segment 
x

y

in  change

 in  change
  

 
PR

QR 
  

 
h

hxh 22 
  

 hx  2  

 

As Q gets closer and closer to P, the line segment PQ will get closer and closer to the tangent at P. 

Hence, the gradient of the line segment PQ gets closer to the tangent at P. If Q goes all the way to 

touch P (i.e. h = 0), then we would have the exact slope of the tangent at P. 

i.e. Gradient of the tangent at P ) of(Gradient lim
0

PQ
h

  (denoted by 
x

y

d

d
)  

   )2(lim
0

hx
h




  

   x2   

 

This process of obtaining the gradient function of a curve is known as differentiation from the first 
principles. It gives the instantaneous rate of change of y with respect to x. 

 

Differentiation 

The process of obtaining 
x

y

d

d
 (or )(f x ) of a given function )(f xy   is called differentiation. 

By the first principles, the gradient of the tangent at a point P on any curve, )(f xy   is  

h

xhx

x

y

h

 )f()f(
lim

d

d

0





 

The function 
x

y

d

d
 is also known as  

 the gradient function 

 the derived function  

 the (first) derivative  

 the differential coefficient of y with respect x. 

 

x 

y 

 

.  

 . 
tangent at P 

O  

 

 

R 

 

 

s
m
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Some Results Obtained From First Principles 

1. If ay   and a is a constant, then 0
d

d


x

y
. 

 

2. The Power Rule 

 If naxy  , where a is a constant and n is a rational number, then 
1

d

d  nanx
x

y
 . 

 

3. The Sum Rule and Difference Rule  

 If nm bxaxy  , where a and b are constants and n is a rational number, then 

.
d

d 11   nm bnxamx
x

y
  

 

4. The Constant Multiple Rule  

 If f(x) is a function and k is a constant, then )].f([
d

d
)]f([

d

d
x

x
kxk

x
   

 

Example 7 
 

Find the following. 

 

(a) 
xd

d
( 54x ) 

4

4

20

)5(4

x

x




  

 

(b) 







 5

5

4

d

d
x

x
 

4

4

4 

5

4
5

x

x













 

(c) )3(
d

d 7x
x

 

8

8

8

21
or   21 

)3(7

x
x

x









 

(d) )5(
d

d

x
 

0  

(e) 







416

7

d

d

xx
 









 4

16

7

d

d
x

x
 









 5

16

7
4 x  

5

4

7  x or 
54

7

x
  

(f) )2(
d

d
x

x
 

)2(
d

d
2

1

x
x

  

2

1
 

 x  or 
x

1
 

s
m
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(g) )(
d

d 3 2x
x

 

)(
d

d
3

2

x
x

  

3

1
 

3

2 

 x  or 
33

2

x
 

 

(h) )3(
d

d 2 xx
x

 

)3(
d

d
2

5

x
x

  

2

3
 

2

15
x  or xx

2

15
 

(i) )143(
d

d 2  xx
x

 

46  x  

 

(j) )1254(
d

d 23  xx
x

 

xx 1012 2   

 

(k) 

















5

2

3d

d 422 xx

x
 

5

8

3

2 32 xx



  

 

(l) 












 


1120

3

d

d 98 xx

x
 

11

9

5

6 87 xx 
  

 

(m) 









x
x

x

2
4

d

d
 

)24(
d

d 1 xx
x

 

224  x  or 
2

2
4

x
  

 

(n) 









2

2 3
9

d

d

x
x

x
 

)39(
d

d 22  xx
x

 

-3)2(318 xx   

3618  xx  or 
3

6
18

x
x   

(o) )]143([
d

d 22  xxx
x

 

)43(
d

d 234 xxx
x

  

xxx 21212 23   

 

 

 

(p) 











 

x

xx

x 2

1254

d

d 23

 









 12 6

2

5
2

d

d
xxx

x
 

)6(
2

5
4 2 xx  

or 
2

6

2

5
4

x
x   

s
m
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Example 8 

(a) For each of the expression of y , obtain an expression for 
x

y

d

d
. 

(i) 
x

xx
y

42 2
  

2

)42(
d

d

42

d

d

d

d 2

















 


x
x

x

xx

xx

y

 

(ii) 
x

xx
y

462 
  

2

2

1

4
1or   41

)46(
d

d

d

d

x
x

xx
xx

y









 

(iii) )12)(1(  xxy  

14

)12(
d

d

d

d 2





x

xx
xx

y

 

(iv) )2(  xxy  

2
2

3
or   2

2

3

2
d

d

d

d

2

1

2

3


















xx

xx
xx

y

 

 

 

 

(b) For each of the expression of )(f x , obtain an expression for ).(f x  

 

(i) )3)(3()(f xxx   

1

)9(
d

d
)(f



 x
x

x
 

(ii) )(f x  
x

xx

2

)1)(12(5 
  

 
1

2

2

5

2

5
5

2

)12(5






xx

x

xx

 

2

2

1

2

5
5or    

2

5
5

2

5

2

5
5

d

d
)(f

x
x

xx
x

x

















 

(iii) )3(4)(f 2 xxx   

2

3

2

5

2

1024

)412(
d

d
)(f

xx

xx
x

x




 

(iv) )(f x  
x

xx

2

)12)(12(3 
  

 
1

2

3
6

2

)14(3






x

x

x

 

 

2

2

1

2

3
or   

2

3

2

3
6

d

d
)(f

x
x

x
x

x

















 

s
m
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Assignment 2: Derivative of y = axn and y = axm + bxn 

1. Find 
x

y

d

d
 of each of the following :  

 

(a) 
12

4

3
xy   

   

 
x

y

d

d
 

11

4

3
12 x  

 119x  

  

 

 

 

(b) 
3

4

x
y   

   

 
x

y

d

d
 )4(

d

d 3 x
x

 

 412  x  

  

 

 

 

(c) 
3 23

2

x
y   

 
x

y

d

d
 

















3

2

3

2

d

d
x

x
 

 
















3

5

3

2

3

2
x  

 3

5

9

4 

 x or 
3 59

4

x  
 

 

 

(d) 
x

xxxx
y

9452 234 
   

9452 23  xxxy  

x

y

d

d
 4106 2  xx  

  

 

(e) )243(2 2  xxxy   

x

y

d

d
 )486(

d

d
2

3

3 xxx
x

  

 41218 2

1

2  xx  

 41218 2  xx  

 

 

(f) 
2

2

2

4

x

x
y


  

 
x

y

d

d
 








 22

2

1

d

d
x

x
 

 34  x  

  

  

s
m
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(g) 
x

xx
y

3

352 2 
  

x

y

d

d
 

















2

1

2

1

2

3

3

5

3

2

d

d
xxx

x
 

 2

3

2

1

2

1

2

1

6

5 

 xxx  

 
xx

xx

6

356 2 
  (optional) 

(h) )2( xxy   

 2

3

2

1

2 xxy   

 
x

y

d

d
 














 2

3

2

1

2
d

d
xx

x
 

 2

1

2

1

2

3
2

2

1
xx 












 

 2

1

2

1

2

3
xx 



 or x
x 2

31
  

 

(i) 
x

xx
y

3

)32)(1( 
  

 
1

2

3

1

3

2

3

32






xx

x

xx
y

 

 

2

2

1

3

2

3

2

d

d

x

x
x

y



 

 

(j) x
x

y
5

42
1   

 
x

y

d

d
 








  xx

x 5

4
21(

d

d 1
 

 
5

4
2 2  x  or 

5

42
2


x
 

 

(k) 
x

x
y

3

2



 2

1

2

1

3
2






 xx  

 

xxx

xx

xx
x

y

2

3

4

2

3

4

3
2

1

22

1

d

d

2

3

2

1

2

3

2

1














































 






 

(l) y  )31)(21( xx   

 

xx

xx

61

61

2

1




 

 

6
2

1

6
2

1

d

d
2

1






x

x
x

y

 

(m) * y  )1)(1)(1( 23  xxx  

   
12

)1)(1(

23456

235





xxxxxx

xxxx
 

126456
d

d 2345  xxxxx
x

y
 

 

  

s
m
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2* Given that naxy  . Find 
x

y

d

d
 from the first principles. 

 

 Let naxx )f(  

 

 
x

y

d

d
 

h

xhx

h

 )f()f(
lim

0






 

  
h

axhxa nn

h

 )(
lim

0






 

  
h

 axhhx
n

hx
n

xa nnnnn

h



































221

0

21
lim

 

  h

 axahhx
n

ahx
n

aax nnnnn

h



































221

0

21
lim

 

  h

 ahhx
n

ahx
n

a nnn

h


































221

0

21
lim  

  

























 



121

0 21
lim

nnn

h

ahhx
n

ax
n

a   

  1

1











 nx

n
a  

  1 nanx  

  

s
m
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Worksheet 3: Gradient Function  
 
Gradient of a Curve at Any Point 
For a curve )(f xy  ,  

(a)  the value of 
x

y

d

d
 at A(x1, y1) 

 represents the gradient of the tangent at the point A.  

 measures the rate of change of y with respect to x at the point A. 

(b)  the value of 











x

y

d

d

1
 at A(x1, y1) 

 represents the gradient of the normal at the point A.  

 

 

Example 1 

Calculate the gradient of the tangent to the curve 143 2  xxy  at the point (1, 0). 

 

46
d

d
 x

x

y
 

At (1, 0),  
x

y

d

d
 4)1(6   

  2    

Example 2  

Calculate the gradient of the tangent to the curve 
5

2 x
xy  , at the given point where 3x . 

 

5

1
2

d

d
 x

x

y
 

When 3x ,  
x

y

d

d
 

5

1
)3(2   

  
5

29
   

s
m
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Example 3  

Find the gradient of the point where the curve 
x

x
y

4
  crosses the axis-x . 

y  
x

x 4
  

 141  x  

 

2

4

d

d

xx

y
  

On the axis-x , 0y , 0
4




x

x
 

   4x  

When 4x  , 
x

y

d

d
 

24

4
  

  
4

1
  

 Gradient of the tangent at (4, 0) 
4

1
  

 

 

 

 
Example 4  

Find the coordinates of the points on the curve 
x

x
y

19 2 
  where the tangent to the curve is 

parallel to the x-axis. (Pg 358 Ex14.1 Q14) 
 

19  xxy  

2

1
9

d

d

xx

y
  

When 0
d

d


x

y
 ,  0

1
9

2


x
 

  

3

1

9

12





x

x

 

 The required point is 







 6  ,

3

1
 and 








6  ,

3

1
. 

 

s
m
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Example 5 

Find the gradient of the curve at the point(s) where the curve 
x

x
y

2

1
  intersects the line xy  . 

 

1

2

1

2

1

2

1 


 x
x

x
y  

22

1

d

d

xx

y
  

At point of intersection,  
x

x
x

2

1
  

   12 2  xx  

   012 2  xx  

   0)1)(12(  xx  

   1   ,
2

1
x  

When
2

1
x  , 

x

y

d

d
 

2

2

1
2

1











  

  2  

When 1x  ,  
x

y

d

d
 

2)1(2

1
  

  
2

1
  

Example 6 

A curve that has 3
d

d
 kx

x

y
, where k is a constant, passes through the point  (1, 9). At ,5x  the 

gradient of the normal to the curve is 
13

1
 . Find  

(a) the value of k,  

(b) the equation of the tangent at (1, 9). 

 

Gradient of the normal to the curve 
13

1
   Gradient of the tangent 13  

  

(a) When 5x , 13
d

d


x

y
, 1335 k  

    105 k  

    2k  

 

(b) At (1, 9),  
x

y

d

d
53)1(2   

 Equation of tangent,  )1(59  xy  

     45  xy  

 

 

s
m
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Name:  ( ) Date: ________________ 

Class: Sec 4_____  

 

Assignment 4: Gradient Function  
 

1. Calculate the gradient of the tangent to the curve 164 2  xxy  at the point (2, 5).  

68
d

d
 x

x

y
 

At (2, 5), 
x

y

d

d
 6)2(8    

   10  

 

2. Find the coordinates of the point on the curve 263 23  xxxy  at which the gradient is 3. 

    

663
d

d 2  xx
x

y
 

When 3
d

d


x

y
,  3663 2  xx  

  0363 2  xx  

  0122  xx  

  0)1( 2 x  

  1x  

  6y  

Coordinates of the required point is (1, 6) 

 

3. The curve 
x

b
axy  2

 has gradients 2 and 1 at 1x  and 4x  respectively. Find the value 

of a and of b. (Pg358Q10(b)) 
 

2
2

d

d

x

b
ax

x

y
  

When 1x , 
x

y

d

d
= 2, 22 ba  ……(1) 

When 4x , 
x

y

d

d
= 1, 1

16
8 

b
a   

  16128 ba  ……(2) 

(2)  (1)  18126 a  

  
7

1
a  

  
7

16
b  

s
m
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4. Find the coordinates of the points on the curve 
x

x
y

19 2 
 where the tangent is parallel to the 

x-axis.   (Pg358Q13)
  

19  xxy  

2

2

1
9

9
d

d

x

x
x

y



 

 

 

When ,0
d

d


x

y
  0

1
9

2


x
 

   

3

1

9
1
2





x

x
 

    

When 
3

1
x ,  y  3

3

1
9 








  

    6  

When 
3

1
x ,  y  3

3

1
9 








  

    6  

 

The points are 







6  ,

3

1
 and 








 6  ,

3

1
. 

 

5. The equation of a curve is
x

x
y

3

2



 .  Find gradient of the tangent to the curve at 1x . 

  (Pg358Q14)  

2

1

2

1

3
2






 xxy  

xxx

xx
x

y

2

3

4

2

1
3

22

1

d

d
2

3

2

1



















 

 

When ,1x    
x

y

d

d
 

2

3

4



  or 

4

6
 or 0.715    

  

s
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6. Given that xxxy 43 23  , find 
x

y

d

d
. Hence, show that the gradient of the curve is positive 

for all values of x. 

 

1)1(3

1)12(3

1363

463
d

d

2

2

2

2









x

xx

xx

xx
x

y

 

Since ,0)1( 2 x  01)1(3 2 x  

  0
d

d


x

y
 for all values of x. 

Alternative Method 

463
d

d 2  xx
x

y
 

Discriminant )4)(3(4)6( 2   

  12   

Since the coefficient of ,032 x  0463 2  xx for all x. 

0
d

d


x

y
 for all values of x. 

 

7. Show that the tangent to the curve 
2

43

xx
y   at the point 









2

1
 ,2  passes through the origin. 

21

2

43

43

 



xx

xx
y

 

32

32

83

)2(4)1(3
d

d

xx

xx
x

y



 

 

When ,2x  
x

y

d

d
 

32 2

8

2

3
  

    
4

1
  

   

2

1

4

4

2

3



y

 

Equation of the tangent, )2(
4

1

2

1
 xy  

     
4

x
y   

     The y-intercept is y = 0. 

 Hence, the tangent at the point 








2

1
 ,2  passes through the origin.  

s
m
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8. A curve has the equation ,3 qpxxy  where p and q are constants. The gradient of the 

curve at the point (3, 16) is 20. 

(i) Find the value of p and of q. 

(ii) Find the coordinates of the other point on the curve where the gradient is 20.  

 

 
px

x

y

qpxxy





2

3

3
d

d  

 

(i) At (3, 16), ,20
d

d


x

y
 20)3(3 2  p  

  7p  

 

At (3, 16), ,16y  q )3(7316 3  

  10q  

 

(ii) When ,20
d

d


x

y
  2073 2 x  

  

3

9

273

2

2







x

x

x

 

When ,3x   y  10)3(7)3( 3   

   4  

The other point is (3, 4). 

 

 

 

 

 

 

  

s
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9. The diagram shows part of the curve 24102  xxy  cutting the x-axis at Q(4, 0). The 

tangent to the curve at the point P on the curve meets the coordinate axes at S(0, 15)
 
and at  

T(3.75, 0). 

 
(i)  Find the coordinates of P. 

The normal to the curve at P meets the x-axis at R. 

(ii)  Find the coordinates of R.   (N2005)  
   

 

(i) Gradient of tangent at P  = Gradient of tangent at ST   

       = 
75.3

15


 

     =  4 

 When 4
d

d


x

y
,   4102 x  

     3x  

     y  24)3(1032   

      3  

 )3 ,3(P  

 

(ii) Gradient of normal at P  
4

1
  

 Equation of normal,  )3(
4

1
3  xy  

        
4

1
2

4

1
 xy  

 At R, 0y ,   0
4

1
2

4

1
x   

      9x  

 R (9, 0) 

  

s
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Worksheet 5: Chain Rule - Derivative of a Composite Function  
 

Differentiation of a Composite Function 

If nauy  where u is a function of x and a and n are constants, then  

x

u
anu

x

u

u

y

x

y

n

d

d

d

d

d

d

d

d

1



 

Example 1 

Differentiate the following with respect to x. 

(a) 3)1(4  xy  

 
2

2

)1(12

)1)(3(4
d

d





x

x
x

y

 

 

(b) 32)31( xy   

 
22

22

)31(18

)6()31(3
d

d

xx

xx
x

y




 

(c) 
72

4




x
y  

 

2

2

1

)72(

8

)2()72)(1(4

])72(4[
d

d

d

d












x

x

x
xx

y

 

(d) 

4

2

2
2 










x
y  

 

3

23

332

42

2
2

16

)4()22(4

])22[(
d

d

d

d



















xx

xx

x
xx

y

 

 

(e) 
2

2

2 


x
y  

 

2

3

2

2

3

2

2

1

2

)2(

2

)2()2(
2

1
2

])2(2[
d

d

d

d























x

x

xx

x
xx

y

 

 

 

(f) 323  xxy  

 

322

23

)23()32(
2

1

d

d

3

2

22

1
 

3









xx

x

xxx
x

y
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(g) 55 )31()31( xxy   

 
x

y

d

d
  55 )31()31(

d

d
xx

x


 

  

52 )91(
d

d
x

x


 

  

)18()91(5 42 xx 

 

  

42)91(90 xx   

 

(h) 

10
22













 


x

xx
y  

 
x

y

d

d
 

102

1

2

3

)2(
d

d
xx

x
   

  

9
2

2

1

2

1
2

2

1
)2(

2

3
10 












 


















x

xx
xx  

  

9
22

2

1
310 












 










x

xx

x
x

  

Or  

9
2216

5 











 







 

x

xx

x

x
 

 

(i) y  2)2( 2  xx  

  2

5

)2(  x  

 

2

3

2

5

)2(
2

5

)2(
d

d

d

d





x

x
xx

y

 

Example 2 

(i) Show that .
1

1
1

1 xx

x





 

(ii) Hence differentiate 
x

x

1
 with respect to x.  

 

(i) 
x

x

1
 

x

x






1

11
 

  
x


1

1
1  

(ii) 








 x

x

x 1d

d
 

2)1)(1)(1(  x  

  
2)1(

1

x
  

s
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Example 3 

Find the gradient of the tangent to the curve

6

1
2











x
y at the point where the curve meets the

axis.-x           

 
6

1
2











x
y  

x

y

d

d
 


















2

1
1

2
6

5
x

 

 

5

1
2

2 









x
 

When ,0y  01
2

6











x
 

    2x   

When ,2x  
x

y

d

d
0  

  

 

Example 4 
The diagram shows part of the curve ,45 xy   meeting the x-axis at the point A and the line 

1x  at the point B. The normal to the curve at B meets the x-axis at the point C. Find the 

coordinates of C. 

 

xy 45  

 

x

x
x

y

45

2

)4()45(
2

1

d

d
2

1







 

When ,1x  3y  

    
3

2

d

d


x

y
  

Equation of BC,  )1(
2

3
3  xy

 

    2

9

2

3
 xy

 

At C, 
  

0
2

9

2

3
 x

 

    3

93





x

x

 
).0  ,3(C
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Name:  ( ) Date: ________________ 

Class: Sec 4_____  

 

Assignment 6: Chain Rule - Derivative of a Composite Function  

 
1. Differentiate the following with respect to x, leaving your as a single fraction with positive 

indices where applicable. 

 

(a)    

5

23 2
5

3








 xxy  

 x

y

d

d

















 xxxx 4

5

9
2

5

3
5 2

4

23

  

 or 

4

232 2
5

3
)209( 








 xxxx  

 

(b)  
23 )43(2

3

x
y


  

 

33

2

233

23

)43(

36

)12()43)(2(
2

3

)43(
2

3

d

d

d

d

x

x

xx

x
xx

y




















  

(c)   13 3  xy  

  
x

y

d

d
 2

1

3 )13(
d

d
 x

x
  

~   

132

9

)9()13(
2

1

3

2

22

1

3







x

x

xx

  

(d)   3 2
72  xy  

 
x

y

d

d
 3

2

)72(
d

d
 x

x
  

  

3

3

1

3

1

723

4

)72(
3

4

)2()72(
3

2












x

x

x

  

 

(e)  2

3

2 )25(  xy  

 
x

y

d

d
 2

3

2 )25(
d

d
 x

x
  

  

2515

  )25(15

)10()25(
2

3

2

2

1

2

2

1

2







xx

xx

xx

  

(f) 4)2( xxy   

 
x

y

d

d
 

4)2(
d

d
xx

x
   

  

x

xxx

x
xx

xxx

)82()2(

8
2

)2(

2
2

1
)2(4

3

3

2

1

3
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2. Find the coordinates of the point on the curve 3 2 52  xxy  at which .0
d

d


x

y
  

    

 (Pg363Q11) 
 

 3

1

2 )52(  xxy  

 

3 22

3

2

2

)52(3

)1(2

)22()52(
3

1

d

d









xx

x

xxx
x

y

  

When 0
d

d


x

y
,  0

)52(3

)1(2

3 22






xx

x
 

  
1

0)1(2





x

x
 

  
3

3

1

4

)521(



y  

The required point is 1.59) (1,or  )4  ,1( 3  

  

 

3. The curve 3)( xay   has a gradient of 
3

1
  at 2x . Find the value of a. (Pg362Q12) 

 

2

3

)( xay   

xa

xa
x

y





2

3

)1()(
2

3

d

d
2

1

  

 

When 2x , 
3

1

d

d


x

y
, 

3

1
2

2

3
 a  

   

81

166

81

4
2

9

1
)2(

4

9







a

a

a

 

 

 

  

s
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4. The diagram shows part of the curve 
2)23(

12




x
y , intersecting the y-axis at A. The tangent to 

the curve at A meets the x-axis at B. The point C lies on the curve and BC is parallel to the y-

axis. 

 Find the x-coordinate of B. (N05) 
 

 
2

2

)23(12

)23(

12






x

x
y

 

   

 x

y

d

d
 )3()23(24 3 x   

 
3)23(

72




x
  

 

At A, 0x ,   
x

y

d

d
 

8

72


 
    9  

   3
4

12
y  

Equation of AB,  39  xy  

 

At B, ,0y   039  x  

   
3

1
x  

 

5. The diagram shows part of the curve ,1
)5(

16
2





x
y cutting the x-axis at Q. The tangent at the 

point P on the curve cuts the x-axis at A. Given that the gradient of this tangent is 4, calculate 

the coordinates of P.   (N07) 
 

1)5(16 2  xy  

3

3

)5(

32

)1()5)(2(16
d

d

x

x
x

y




 

 

At P, ,4
d

d


x

y
 4

)5(

32
3


 x
 

 

3

3

25

8)5( 3









y

x

x

x

 

)3  ,3(P  

  

s
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6* Given that ,
3

1

2 


x
y  Show that .0

d

d
)3( 2  xy

x

y
x   (Pg363Q14) 

 

2

1

2

2

)3(

3

1








x

x
y

 

 

3

3)3(

)3(

)2()3(
2

1

d

d

2

22

32

2

3

2













x

xy

xx

x

x

x

xx
x

y

 

0
d

d
)3(

d

d
)3(

2

2





xy
x

y
x

xy
x

y
x

 

 

 

7* Given that ,1)(f xx   where ,0x  show that .
4

1
)(f

xxx
x


   (Pg363Q17) 

 

 )(f x  x 1    

 2

1

2

1

)1( x    

 

)(f x 2

1

2

1

)1(
d

d
x

x
  

 















2

1

2

1

2

1

2

1
]1[

2

1
xx  

 xx 2

1

1

1

2

1



   

 
xxx 


4

1
 

  

s
m



Differentiation  25 

 
 

Singapore Chinese Girls’ School 
Secondary 4(IP) 

Integrated Mathematics II 
Differentiation and its Techniques 

 

 

Name:  ( ) Date: ________________ 

Class: Sec 4_____  

 
Worksheet 7: Product Rule  
 

Differentiation of Products 
Sometimes a function y is given as the product of two other functions u and v. The derivative of the 

derivative of y could be found by using the following rule: 

 

Product Rule 
If uvy   where u  and v  are two differentiable functions, then 

x

v
u

x

u
v

x

y

d

d

d

d

d

d
 . 

 
Example 1 
Differentiate the following expressions of y with respect to x . 

(a) )52)(1(  xxy  

 

 

34

2252

)1(2)1)(52(

)52(
d

d
)1()1(

d

d
)52(

d

d









x

xx

xx

x
x

xx
x

x
x

y

 

 

(b) )1)(2( 2  xxy  

 

143

421

)2)(2()1)(1(

)1(
d

d
)2()2(

d

d
)1(

d

d

2

22

2

22









xx

xxx

xxx

x
x

xx
x

x
x

y

 

  

(c) 32 )53()12(  xxy  

 

)2930()53)(12(

)9182012()53)(12(

)53()12(9)12()53(4

)3()53)(3()12()2)(12)(2()53(

)53(
d

d
)12()12(

d

d
)53(

d

d

2

2

223

223

3223











xxx

xxxx

xxxx

xxxx

x
x

xx
x

x
x

y
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(d) 52)1(  xxy  (Express 
x

y

d

d
 as a single fraction) 

52

43
or    )43()52(

)152()52(

)2()52)(1(
2

1
)52(

)52(
d

d
)1()1(

d

d
)52(

d

d

2

1
 

2

1
 

2

1
 

2

1

2

1

2

1


















x

x
xx

xxx

xxx

x
x

xx
x

x
x

y

 

 

(e) 34)32(  xxy  (Express 
x

y

d

d
 as a single fraction) 

34

12
or    )34(12

)]32(2)34(2[)34(

)4()34)(32(
2

1
)34(2

)34(
d

d
)32()32(

d

d
)34(

d

d

2

1
 

2

1
 

2

1
 

2

1

2

1

2

1
















x

x
xx

xxx

xxx

x
x

xx
x

x
x

y

 

 

(f) 122  xxy (Express 
x

y

d

d
 as a single fraction) 

 
x

y

d

d
 












)2()12(
2

1
)12(2 2

1
 

22

1

xxxx   

 ])12(2[)12( 22

1
 

xxxx 


  

  
12

25
or   )25()12(

2
22

1
 








x

xx
xxx  

 
  

(g) 3)1( xxy   

 
x

y

d

d

 
















2

1

23

2

1
)1(3)1( xxxx  

  
23 )1(

2

3
)1( x

x
x    

 















2

3
1)1( 2 x

xx  

 















2

5
1)1( 2 x

x  or 
2)1)(52(

2

1
xx   

 

 
 
 
 

s
m
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Example 2 
Find   

(i) the gradient of the curve 3)2( 2  xxy  at the point (2, 3), 

(ii) the coordinates of the points on the curve at which the gradient is 1. 

 

x

y

d

d
 )2(2)2( 2  xxx  

 )23)(2(  xx  

(i) When 2x , gradient,  
x

y

d

d
  2622  = 0 

(ii) When gradient, 1
d

d


x

y
, 1)23)(2(  xx  

      0583 2  xx  

  0)1)(53(  xx   

  1,
3

5
x   

  4,
27

5
3y  

 

Coordinates of points are  








27

5
3,

3

2
1  and )4,1( or 









27

86
,

3

5
 and )4,1( . 

  

s
m



Differentiation  28 

 
 

Singapore Chinese Girls’ School 
Secondary 4(IP) 

Integrated Mathematics II 
Differentiation and its Techniques 

 

 

Name:  ( ) Date: ________________ 

Class: Sec 4_____  

 

Assignment 8: Product Rule  

1. Differentiate the following expressions of y with respect to x. For (b) to (f), express 
x

y

d

d
 as a 

single fraction.  (Pg365Q2-4) 

(a)   32 )41( xxy   

  

)101()41(2

)641()41(2

)41(12)41(2

)4()41(3)41(2

)41(
d

d
)(

d

d
)41(

d

d

2

2

223

223

3223

xxx

xxxx

xxxx

xxxx

x
x

xx
x

x
x

y











 

 

 (b)  y  1)1( 2  xx   

   2

1

2 )1)(1(  xx  

  
x

y

d

d

 

2

1

222

1

)1(
d

d
)1()1(

d

d
)1(  x

x
xx

x
x  

   )1()1)(1(
2

1
)1(2 2

1
 

22

1


 xxxx  

   )]1()1(4[)1(
2

1 22

1
 




xxxx  

   
12

145
or  )145()1(

2

1 2
22

1
 








x

xx
xxx  

 

(c)   y  xx 21  

  2

1

)21( xx   

  
x

y

d

d

 

2

1

2

1

)21(
d

d
)(

d

d
)21( x

x
xx

x
x   

   )2()21(
2

1
)21( 2

1

2

1


 xxx  

   )21()21( 2

1

xxx   

   
x

x
xx

21

31
or    )31()21( 2

1
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(d) 13)14( 2  xxy  

  2

1

2 )13)(14(  xxy  

  
x

y

d

d

 

2

1

22

1

2 )13(
d

d
)14()14(

d

d
)13(  x

x
xx

x
x  

   )6()13)(14(
2

1
)4()13( 2

1
 

22

1

2 xxxx


  

   

13

4324
or    )4324()13(

)]14(3)13(4[)13(4

2

2
22

1
 

2

22

1
 

2












x

xx
xxx

xxxx
 

 

 

(e) 1)1( 2

3

 xxy   

 2

1

2

3

)1)(1(  xxy  

 

 

12

134
or   )134()1(

2

1

)1(
2

1
)1(

2

3
)1(

)1(
2

1
)1(

2

3
)1(

)1(
d

d
)1()1(

d

d
)1(

d

d

2

1

2

3

2

1
 

2

3

2

1

2

1
 

2

1
 

2

3

2

1

2

1

2

1

2

3

2

3

2

1







































x

xxx
xxx

xxxx

xxxx

x
x

xx
x

x
x

y

 

 

 

(f) 23 xxy   

  2

1

2)3( xxy   

 

 

2

2
22

1
 

2

222

1
 

2

2

1
 

22

1

2

2

1

22

1

2

3

23
or   )23()3(

)3()3(

)2()3(
2

1
)1()3(

)3(
d

d
)(

d

d
)3(

d

d

x

x
xx

xxx

xxxx

x
x

xx
x

x
x

y
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 (g)* y  
3)2)(1(

1
 xx

x
  

   
31 )2)(1(   xx  

 

2

22
212

1212

122

2123

)223()2(
or    )223()2(

)332()2(

)]1(3))(2[()2(

)2)(3)(1()()2(
d

d

x

xxx
xxx

xxxx

xxxx

xxxx
x

y


















 

 

(h)* y  xxx 65)1(2   

  2

1

23 )65)(( xxx   

 

x

xx
xxx

xxxxxxxx

xxxxxx

xxxxxx
x

y

65

1021
or    )1021()65(

)33212181015()65(

)](3)23)(65[()65(

)6()65(
2

1
)()23()65(

d

d

3
32

1

232322

1

2322

1

2

1

2322

1




























 

 

 

2. Calculate the gradients of the curve )1()12( 3  xxy  at the points where it crosses the x-axis. 

 
x

y

d

d

 

32 )12()]2()12(3)[1(  xxx  

  32 )12()12)(1(6  xxx  

  )1266()12( 2  xxx  

  )58()12( 2  xx  

 

 When ,0y  0)1()12( 3  xx  

    1  ,
2

1
x  

 When ,
2

1
x  

x

y

d

d

 

0  

 When ,1x  
x

y

d

d

 

)58()3( 2   

     27  
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3. Find the gradients of the curve 24 xxy   at the points where it crosses the straight line 

xy  .   (Pg366Q9) 

At point of intersection,  24 xxx   

   )4( 222 xxx   

   0)14( 22  xx  

   0)3( 22  xx  

   3,0  ,3x  

 

x

y

d

d
 2

1

22

1

2 )4(
d

d
)(

d

d
)4( x

x
xx

x
x   

2

1
 

22

1

2 )4)(2(
2

1
)4(



 xxxx  

)4()4( 222

1
 

2 xxx 


 

2

2
22

1
 

2

4

24
or   )24()4(

x

x
xx








 

 When 3x , 
x

y

d

d
 

34

)3(24




  

     2  

 When 0x , 
x

y

d

d
 

4

4
  

     2  

 When 3x , 
x

y

d

d
 

34

)3(24




  

     2  
 

 

4. The equation of the curve is 253 xxy  . Find the x-coordinates of the points where 0
d

d


x

y
. 

 
x

y

d

d
 2

1

22

1

2 )5(
d

d
3)3(

d

d
)5( x

x
xx

x
x   

 

2

2

2

22

2

2
2

2

1
 

22

5

615

5

3)5(3

5

3
53

)2()5)(3(
2

1
53

x

x

x

xx

x

x
x

xxxx

















 

 

When 0
d

d


x

y
,  0

5

615

2

2






x

x
 

 

2

10
or    58.1

5.2

52

0615

2

2

2









x

x

x

x
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5*. Given that 1)(  xbxay  and ,
1

3

d

d




x

x

x

y
find the value of a and of b. 

12

)2(3

12

)()1(2

12

)(
1

)1(
2

1
)(1

d

d
2

1




























x

abaax

x

bxaxa

x

bxa
xa

xbxaxa
x

y

 

 

xabaax

x

x

x

abaax

3)2(3

1

3

12

)2(3










 

Comparing coefficient of x,  

2

3
2

3





a

a

 

 

Comparing constant term, 

2

02)2(2

0
2

2








b

b
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Worksheet 9: Quotient Rule  
 
If a function y  is given as the quotient of two other differentiable functions u and v where 0v  

for all values of x, the derivative of the derivative of y could be found by using the following rule: 

Quotient Rule 

If 
v

u
y   where u and v  are two differentiable functions and 0v  for all values of x, then 

2

d

d

d

d

d

d

v

x

v
u

x

u
v

x

y


 . 

 
Example 1  
 
Differentiate the following expressions of y with respect to x . 

(a) 
12

5




x

x
y , 

2

1
x  

 

 

2

2

2

)12(

5

)12(

)2(5)12(5

)12(

)12(
d

d
5)5(

d

d
)12(

d

d















x

x

xx

x

x
x

xx
x

x

x

y

 

  

(b) 
x

x
y

21

1




 , 

2

1
x  

 

2

2

2

2

)21(

1

)21(

2221

)21(

)2)(1()21(

)21(

)21(
d

d
)1()1(

d

d
)21(

d

d

x

x

xx

x

xx

x

x
x

xx
x

x

x

y
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(c) 5  ,
5

32





 x

x

x
y

 
 

 

x

y

d

d

 
2)5(

)5(
d

d
)32()32(

d

d
)5(






x

x
x

xx
x

x

 

 

2

2

2

)5(

13

)5(

32102

)5(

)1)(32()5(2














x

x

xx

x

xx

 

  

 

(d) ,
3

2




x

x
y

 
3x  

 

x

y

d

d

 
2

22

)3(

)3(
d

d
)(

d

d
)3(






x

x
x

xx
x

x

 

 

2

2

2

2

)3(

6

)3(

)1()3(2











x

xx

x

xxx

 

  

 

(e) 
2

2

1

1

x

x
y




  

 

x

y

d

d

 
2

2222

)32(

)1(
d

d
)1()1(

d

d
)1(

x

x
x

xx
x

x





  

 
22

22

)1(

)2)(1()2)(1(

x

xxxx




  

 
22

33

)1(

2222

x

xxxx




  

  
22 )1(

4

x

x


  

 

s
m



Differentiation  35 

(f) 
x

x
y






1

31
, 1x  

x

y

d

d

 
2

2

1
 

2

1

)1(

)1(
2

1
)31()1(3

x

xxx

















 

 )]31()1(6[)1(
2

1
2

3
 

xxx 


 

 
2

3
2

3
 

)1(2

37
or    )37()1(

2

1

x

x
xx








 

 

(g) 
x

x
y




1
, 1x  

x

y

d

d
2

2

1

2

1

)1(

)1(
d

d
)(

d

d
)1(

x

x
x

xx
x

x





  

 
2

2

1

2

1
 

)1(

2

1
)1(

x

xxx























 

 
2

2

1
 

)1(

)21(
2

1

x

xxx








 

 
2)1(2

1

xx

x




  

 

Example 2 

Calculate the x-coordinates of the points on the curve 
24

23

x

x
y




 for which 0

d

d


x

y
. 

 

x

y

d

d

 
)4(

)4(
d

d
)23()23(

d

d
)4(

2

2

1

22

1

2

x

x
x

xx
x

x







 

 
)4(

)2()4(
2

1
)23()4(3

2

2

1
 

22

1

2

x

xxxx

















 

 
)4(

)]23()4(3[)4(3
2

22

1
 

2

x

xxxx








 

 

2

3

2)4(

212

x

x




  

When ,0
d

d


x

y

 

0212  x  

   6x  
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Assignment 10: Quotient Rule  

 
1. Differentiate the following expressions of y with respect to x. (Pg368Q1-2, TYS) 

(a) 
5

12






x

x
y ; 5x  

 

2

2

2

2

)5(

11

)5(

12102

)5(

)1)(12()2)(5(

)5(

)5(
d

d
)12()12(

d

d
)5(

d

d




















x

x

xx

x

xx

x

x
x

xx
x

x

x

y

 

 

(b) 
4

32






x

x
y ; 4x  

2

2

2

2

)4(

11

)4(

3282

)4(

)1)(32()2)(4(

)4(

)4(
d

d
)32()32(

d

d
)4(

d

d




















x

x

xx

x

xx

x

x
x

xx
x

x

x

y
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(c) 
32 


x

x
y ; 32 x  

22

2

22

22

22

2

22

22

)3(

3

)3(

23

)3(

)2()1)(3(

)3(

)3(
d

d
)(

d

d
)3(

d

d






















x

x

x

xx

x

xxx

x

x
x

xx
x

x

x

y

 

 

(d) 
x

x
y

21

3 2


 ; 

2

1
x  

 

2

2

2

2

2

22

)21(

66

)21(

)2(3)6)(21(

)21(

)21(
d

d
3)3(

d

d
)21(

d

d

x

xx

x

xxx

x

x
x

xx
x

x

x

y

















 

 

(e) 
12

12






x

x
y ; 

2

1
x  

 

2

2

2

22

2

2

2

22

)12(

222

)12(

2224

)12(

)2)(1()2)(12(

)12(

)12(
d

d
)1()1(

d

d
)12(

d

d






















x
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x
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x
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x

x
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x
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x
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(f) 
x

x
y




1

2 3

; 1x  

2

32

2

332

2

32

2

33

)1(

46

)1(

266

)1(

)1(2)6)(1(

)1(

)1(
d

d
2)2(

d

d
)1(

d

d

x

xx

x

xxx

x

xxx

x

x
x

xx
x

x

x

y






















 

 

(g) 
x

x
y




1
; 1x  

2

3

2

1
 

2

1
 

2

1

2

2

1

2

1

)1(2

2
or  

1)1(2

2

)1(

)22()1(
2

1

)1(

)1()1(
2

1
)1(

)1(

)1(
d

d
)(

d

d
)1(

d

d

x

x

xx

x

x

xxx

x

xxx

x

x
x

xx
x

x

x
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(h) 
21

5

x

x
y


 ; 12 x  

 

2

3

2
22

22

22

22

222

1
 

2

22

2

1
 

22

1

2

22

2

1

22

1

2

)1(

5
or 

1)1(

5

1)1(

555

)1(

]5)1(5[)1(

)1(

)2()1(
2

1
5)1(5

)1(

)1(
d

d
5)5(

d

d
)1(

d

d

x
xx

xx

xx

x

xxx

x

xxxx

x

x
x

xx
x

x

x
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2. Calculate the x-coordinate of the point on the curve 
3

1
2 




x

x
y  for which 0

d

d


x

y
.  

   (Pg321Q7) 

2

1

2 3

1














x

x
y  

 
x

y

d

d
 22

2

1
 

22

1
 

2

1
 

2

1
 

2

)3(

)2()3(
2

1
)1()1()1(

2

1
)3(








x

xxxxx

 

 

2

3

22

1
 

22

1
 

22

1
 

22

22

1
 

22

1
 

)3()1(2

)32()3()1(

)3(

)]1(2)3([)3()1(
2

1















xx

xxxx

x

xxxxx

 

  

When 0
d

d


x

y
,  0

)3)(1(

1

)3(2

32
222

2






xxx

xx
                   

    0322  xx   

    0)1)(3(  xx  

    (NA) 3  ,1x   

 

3. Find the coordinates of the point on the curve 
23

43
2

2






x

x
y  at which the tangent is parallel to 

the line .5y  

 

12

2

2

)23(61

23

623








x

x

x
y

 

22

22

)23(

36

)6()23)(1(6
d

d




 

x

x

xx
x

y

  

 

22

22

22

22

22

)23(

36

)23(

24181218

)23(

)6)(43()6)(23(

d

d














x

x

x

xxxx

x

xxxx

x

y

 

 When ,0
d

d


x

y
 0

)23(

36
22


x

x
 

   0x  

   2y  

 The required point is (0, 2) 

  

s
m



Differentiation  41 

4. The diagram shows part of the curve 
2

62






x

x
y   crossing the x-axis at P and the y-axis at Q. 

The normal to the curve at P meets the y-axis at R. 

 

 
 

(i)  Given that 
2)2(d

d




x

k

x

y
, evaluate k. 

(ii)  Find the length of RQ.  (N02) 
 

 (i) 
x

y

d

d
 

2)2(

)62()2)(2(






x

xx
 

 
2)2(

10




x
 

 10k  

 

(ii) At P, 0y ,  062 x  

  3x  

 

 When 3x ,  0y , 
5

2

d

d


x

y
 

  Gradient of normal 
2

5
  

 Equation of tangent,   )3(
2

5
 xy  

    
2

15

2

5
 xy   

 









2

15
  ,0R  

 

 At Q, ,0x    3y  

 
2

1
10RQ  unit  
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5*.  A curve has the equation 
xb

ax
y




 , where ,bxa   and a and b are constants. Show that 

the gradient of the curve at 
2

ba
x


  is 

ab 

2
.   (Pg369Q8) 

 

2

1















xb

ax
y  

 

3

2

2

2

1

))((2

)(

)(

)(

2

1

)(

)1)(()1)((

2

1

d

d

xbax

ab

xb

ab

ax

xb

xb

axxb

xb

ax

x

y




















































 

 

 When 
2

ba
x


 ,  ax  a

ba





2
 

    
2

ab 
  

  xb 
2

ba
b


  

    
2

ab 
  

  
x

y

d

d
 

3

22
2

)(








 







 




abab

ab
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ab
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Worksheet 11 : Equations of Tangent and Normal  
 

Consider a point A (x1, y1) on a curve defined by )(f xy  , 

(a) the gradient at A, m = value of 
x

y

d

d
 at (x1, y1), 

(b) the equation of the tangent at A is )( 11 xxmyy   

(c) the equation of the normal at A is )(
1

11 xx
m

yy   

 

Example 1 

Find the equations of the tangent and the normal to the curve 
x

xy
2

  at 1x .   

x

y

d

d
 

2

2
1

x
  

When 1x , 
x

y

d

d
 

1

2
1  

   1   

  3y  

 

Equation of tangent,  )1(3  xy   

   xy  4  

 

Equation of normal,  13  xy  

   2 xy  
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 Example 2 

Find the equation of the normal to the curve 
x

x
y






1

13
 for ,1x  at the point where the curve 

crosses the x-axis. (Pg377Q5) 
 

2

2

2

2

)1(

4

)1(

1333

)1(

)1)(13()1(3

)1(

)1(
d

d
)13()13(

d

d
)1(

d

d

x

x

xx

x

xx

x

x
x

xx
x

x

x

y




















 

When ,0y  0
1

13






x

x
  

  
3

1
x   

At ,0 ,
3

1








  

x

y

d

d
 

2

3

1
1

4











  

   
4

9
  

Equation of normal, 









3

1

9

4
xy  

   
27

4

9

4
 xy  

 

Example 3 

Find the equation of the tangent to the curve 
9

)6( 2






x

x
y  at the point where the curve crosses the y-

axis.    

 

x

y

d

d
 

2

2

)9(

)6()9)(6(2






x

xxx
 

 
2)9(

)6182)(6(






x

xxx
 

 
2)9(

)24)(6(






x

xx
 

When 0x ,  
x

y

d

d
 

2

2

)9(

6)9)(6(2






9

16
   

    y = −4 

Equation of tangent,  4
9

16
 xy  
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Example 4 

Given that ,5axy   where ,0a  and 
2

3

d

d


x

y
 at (1, b), find   

(i) the value of a and of b, 

(ii) the equation of the tangent to the curve at the origin. (Pg377Q8) 
 

x

y

d

d
 45ax  

(i) At (1, b), 
2

3

d

d


x

y
,  

2

3
5 a   

     
10

3
a  

 At (1, b), by  ,  
10

3
b    

(ii) At (0, 0),    0
d

d


x

y
 

 Equation of tangent at the origin is .0y  

 

Example 5 

Find the equation of the normal to the curve 
2)1(

4
3




x
xy  which is parallel to the line 

034  xy . 

 
2)1(43  xxy  

3

3

)1(

8
3

)1)(2(43
d

d




 

x

x
x

y

 

034  xy    
4

3

4


x
y  

   gradient of normal = 
4

1
  

   gradient of tangent = 4 

When 4
d

d


x

y
, 4

)1(

8
3

3





x
 

  

21

8)1(

1
)1(

8

3

3








x

x

x

 

  3x  

When 3x ,  8y  

Equation of normal,  )3(
4

1
8  xy  

    
44

3
8

x
y   
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Assignment 12: Equations of Tangent and Normal  
 

1. Find the equations of the tangents to the curve 
1

52






x

x
y  at 1x  and 3x . Find the 

coordinates of the points where these tangents meet.      
   

x

y

d

d
 

2

2

)1(

)5()1(2






x

xxx
 

 
2

2

)1(

52






x

xx
 

 

 When 1x , 
x

y

d

d
 

2

2

2

521 
  

   
2

1
   

  3y  

 Equation of tangent,  )1(
2

1
3  xy   

    
2

7

2

1
 xy  

 When 3x , 
x

y

d

d
 

2

2

4

563 
  

   
8

5
   

  
2

7

4

532




y  

 Equation of tangent,  )3(
8

5

2

7
 xy  

    
8

13

8

5
 xy  

 

At point of intersection, 
8

13

8

5

2

7

2

1
 xx  

   
8

13

2

7

2

1

8

5
 xx  

   
8

15

8

9
x  

  
3

5
x  

  

3

8

2

7

3

5

2

1











y

 

 The point of intersection is 








3

8
  ,

3

5
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2. In the diagram, the line 23  xy  is tangent to the curve 

kxxy  2  at the point A. Find  

(a)   the coordinates of A, 

(b)   the value of the constant k.          

 

(a)   23  xy
3

2

3


x
y  

 12
d

d
 x

x

y
 

 At A, ,
3

1

d

d


x

y
 

3

1
12 x  

   
3

4
2 x  

   
3

2
x  

   
9

8
y  

 









9

8
  ,

3

2
A  

 

(b)   At 








9

8
  ,

3

2
A , k










3

2

3

2

9

8
2

     

  k  
3

2

3

2

9

8
2









      

   
9

10
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3. The tangent and the normal to the curve 24  xy  at the point P(7,12) cut the x-axis at the       

point M and N respectively. Calculate the area of the triangle PMN.   

 

2

1

)2(4  xy  

x

y

d

d
 2

1

)2(2


 x  

 
2

2




x
 

 

At P(7,12), 
x

y

d

d
 

27

2


  

    
3

2
  

 Equation of tangent,  )7(
3

2
12  xy  

    
3

22

3

2
 xy  

 At M, ,0y    0
3

22

3

2
x  

    11x  

 M(11,0).     

 Equation of normal,  )7(
2

3
12  xy  

    
2

45

2

3
 xy  

 At N, ,0y    0
2

45

2

3
 x  

    15x  

 N(0,15). 

 Area of the triangle PMN 1226
2

1
  

     
2unit 156  
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4. The diagram shows part of the curve 
13

2




x

x
y . The normal to the curve at the point A(1,1) 

meets the curve again at point B.  

 Find  

(a) the equation of the normal 

(b) the coordinates of B.             

 

(a) 
x

y

d

d
 

2)13(

)3(2)13(2






x

xx
 

  
2)13(

2




x
 

 At A(1,1),  
x

y

d

d
 

2)13(

2


  

     
2

1
  

 

 Equation of the normal, )1(21  xy  

       12  xy  

 

 (b) At B, 
13

2
12




x

x
x    

   xxx 2)13)(12(    

   xxx 2156 2    

   0176 2  xx   

   0)1)(16(  xx   

   (NA) 1  ,
6

1
x   

   
3

2
y   

 









3

2
 ,

6

1
B  

 

 

 

  

s
m



Differentiation  50 

5. The diagram shows part of the curve 
x

b
axy  . The line 112  xy

 
is the normal to the 

curve at the point P(2, 7) and this normal meets the curve again at point Q.  

 Find  

(a) the value of a and of b. 

(b) the coordinates of Q.             

 

(a) 
2d

d

x

b
a

x

y
  

 112  xy xy 211
 

 Gradient of tangent at P 
2

1
    

 

 At P(2, 7),  
2

27
b

a   

  
ab 414    ……(1) 

 

 At P(2, 7), ,
2

1

d

d


x

y

 2

1

4


b
a

 
……(2) 

 

 Sub (1) into (2) 
2

1

4

)414(





a
a

 

 
24144  aa

 

 
168 a

  2a  

 6b  

 

(b) At Q,  
x

xx
6

2211       

 
62211 22  xxx   

 
06114 2  xx   

 
0)2)(34(  xx    

 
(NA) 2 ,

4

3
x   

 
2

19
y  

 .
2

19
 ,

4

3








Q  

 

  

s
m



Differentiation  51 

6. The diagram, not drawn to scale, shows part of the curve .1272  xxy  The tangent to the 

curve at the point A meets the coordinate axes at B(2.2, 0) and at D(0, 11). 

 

(i)  Find the coordinates of A. 

 

The normal to the curve at A meets the x-axis at C. Find 

(ii)  the coordinates of C, 

(iii) the area of the triangle ABC.   (P378Q14) 
 

 (i) At A, ,1x  y  1271   

    6  

  )6 ,1(A  

  

 (ii) 72
d

d
 x

x

y
 

  At A, ,1x  5
2.2

11

d

d


x

y
 

  Gradient of normal at A 
5

1
  

 

  Equation of AC,  )1(
5

1
6  xy  

    
5

29

5


x
y  

  At C, 0y ,  0
5

29

5


x
 

    29x  

  )0 ,29(C  

 

 (iii) Area of triangle ABC 6)2.229(
2

1
  

    2unit 6.93  

  

s
m



Differentiation  52 

7*.  The tangent at the point P(a, b) on the curve 
x

ab
y   meets the x-axis and the y-axis at points at 

Q and R respectively. Show that RPPQ .    

 

2d

d

x

ab

x

y
  

Gradient of tangent at P 
2a

ab
  

  
a

b
    

Equation of tangent at P,  )( ax
a

b
by   

   

bx
a

b
y

bbx
a

b
y

2



 

At Q, ,0y    bx
a

b
2  

   ax 2   

  0  ,2aQ   

 

At R, ,0x    )( a
a

b
by 

 

   
by 2  

  bR 2 ,0    

 

P

ba

ba
QR

 of sCoordinate

)  ,(

2

20
,

2

02
 ofMidpoint 












 


 

Hence, RPPQ . 

 

 

Alternative Method 
 

unit 22 baPQ   

unit 22 baRP 

 

Hence, RPPQ . 

 

s
m
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Revision 12 Techniques of Differentiation  
 

1. Differentiate the following with respect to x.  

 

(a) 
22

5

5

2

x
xy 

 
 

3

3 2

1
 

3 2

1
 

5

5

1
or    5

5

1

)2(
2

5

2

1

5

2

d

d

xx
xx

xx
x

y



















 

 

(b) 
x

y
21

6




 
 

2 

2 

2 

)21(

12
or   )21(12

)2()21)(1(6
d

d

x
x

x
x

y










 

 

(c) 10)23( xy    

 
9

9

)23(20

)2()23(10
d

d

x

x
x

y




 

 

(d) 
3)31(

8

x
y




 

 

 

4 

4 

4 

)31(

72
or  )31(72

)3()31)(3(8
d

d

x
x

x
x

y










 

 

(e) 
21

21

x
y




 
 

 

22

22

22

)1(

42
or    )1(42

)2()1)(1(21
d

d

x

x
xx

xx
x

y










 

 

s
m



2 

 

(f) 

15

1
5

2

4

3










x
y

 

 

14

14

1
5

2

2

9

5

2
1

5

2
)15(

4

3

d

d





























x

x

x

y

 

 

(g) 32)4(3 xxy    

)74()4(3

)4(18)4(3

)2()4)(3(3)4(3
d

d

222

22232

2232

xx

xxx

xxxx
x

y







 

 

(h) 
x

x
y






1

12

 
 

 

2

2

)1(

3

)1(

)12()1(2

d

d

x

x

xx

x

y









 

 

(i) 
x

x
y






1

27

 
 

 

2

2

)1(

9

)1(

)27()1(7

d

d

x

x

xx

x

y









 

 

(j) 
2

2

1

12

x

x
y






 
 

 

22

22

22

)1(

6

)1(

)12(2)1(4

d

d

x

x

x

xxxx

x

y









 

 

(k) 4)2(  xxy   

 

42

63

)63()4(
2

1

)4(
2

1
)2()4(

d

d

2

1
 

2

1
 

2

1
 






















x

x

xx

xxx
x

y

 

 

 

s
m
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(l) 12)23(  xxy   

 

12

59

)19()12(

)2336()12(

)2()12(
2

1
)23()12(3

d

d

2

1
 

2

1
 

2

1
 

2

1
 


























x

x

xx

xxx

xxx
x

y

 

 

(m) xy  1   

 

xxxxx

xx

xx
x

y




















4

1
or    

14

1

)1(
4

1

2

1
)1(

2

1

d

d

2

1
 

2

1

2

1
 

2

1
 

2

1
 

2

1

 

 

(n) 
73

72






x

x
y   

 

2

3
 

2

1

2

1
 

2

1
 

2

1
 

2

1

2

1
 

2

1

)73()72(2

35

73

)216146()73()72(
2

1

73

)3()73()72(
2

1
)2()72()73(

2

1

d

d





















xx

x

xxxx

x

xxxx

x

y

 

 

(o) )(tan  xxy   

 

)(sec)(tan
d

d 2   xxxx
x

y
 

 

(p) 
x

xx
y




1

3sin
  

 

2)1(

3sin)cos33)(sin1(

d

d

x

xxxxxx

x

y




  

 

  

s
m



4 

 

(q) 









3
4cos2 

xy   

 













































3
4sin

3
4cos8

)4(
3

4sin
3

4cos2
d

d





xx

xx
x

y

 

 

(r) xxy 3cossin   

 xxx

xxxxx
x

y

224

23

cossin3cos

)sin(cos)3(sincoscos
d

d




 

 

(s) 
x

x
y

cos1

sin


   

 

x

x

x

x

xxx

x

xxxx

x

y

cos1

1

)cos1(

cos1

)cos1(

sincoscos

)cos1(

)sin(sin)cos1(cos

d

d

2

2

22

2



















 

 

(t) x
x

ey

12 

   

 













2

1
1

2
d

d
2

x
xe

x

y
x

x

 

 

(u) 
x

e
y

x3

   

 2

3

2

33

)13(

3

d

d

x

xe

x

exe

x

y

x

xx







 

 

(v) )32ln(
2

1
ln

2

1
6ln

2

1

32

6
ln 


 xx

x

x
y   

 










)32(2

3
or    

32

1

2

1

)32(2

2

2

1

d

d

xxxx

xxx

y

 

 

 

s
m



5 

 

(w) )45ln(3 2 xxy    

 )45(

)25(6

45

)410(3

d

d
2











xx

x

xx

x

x

y

 

 

(x) )12ln(3  xxy   

 
12

2
)12ln(3

12

2
)12ln(3

d

d

3
2

32
















x

x
xx

x
xxx

x

y

 

 

(y) )32ln()1ln(
32

1
ln 












 xx

x

x
y   

 )32)(1(

5

32

2

1

1

d

d










xx

xxx

y

 

 

(z) )3( 313 xxe x 

  

 )13(3

)33()3(3
d

d

2313

213313









xxxe

xexxe
x

y

x

xx

 

 

2. A curve has the equation 
2

4

x
xy  . Find 

(i) an expression for 
x

y

d

d
,  

(ii) the value of k for which y = 2x + k is a tangent to the curve. 

 

Solution 

(i) 
3

8
1

d

d

xx

y
  

  

(ii) When ,2
d

d


x

y
 2

8
1

3


x
 

    

1

2

8

1
8

3

3









y

x

x

x

 

 On the line y = 2x + k, k 41  

    3k  

 

 

s
m
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3. The equation of a curve is .
32 x

x
y


  Find an expression for 

x

y

d

d
.  

Hence, find the equation of the normal to the curve at the point .1x  

 

Solution 

2

2

)32(

2

)32(

)3()32(

d

d

x

x

xx

x

y









 

  

When ,1x  2
d

d


x

y
 

    1y  

Equation of normal, )1(
2

1
1  xy  On  

   
2

1

2


x
y  

 

 

4. P is the point (4, 7) on the curve 1562  xxy . 

Find the equation of the normal at P. 

The tangent at another point Q is parallel to the normal at P.  

Calculate the x-coordinate of Q. [5] 

 

Solution 

62
d

d
 x

x

y
 

  

When ,4x  2
d

d


x

y
 

Equation of normal, )4(
2

1
7  xy  On  

   
2

9
x

y   

 

 At Q, ,
2

1

d

d


x

y
 

2

1
62 x  

  
2

11
2 x  

  
4

11
x  

 

 

  

s
m
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5. The diagram shows part of the curve 
2)3(

12
3




x
y  intersecting the y-axis at the point A and 

intersecting the x-axis at the points B and C. The point D lies on the curve and AD is parallel to 

the x-axis.  

 

(i) Find the coordinates of A and D. 

(ii) Find the equation of the tangent at D. 

 

Solution 

(i) At A, ,0x   
3

5

9

12
3 y  

 









3

5
 ,0A  

 

 At D, ,
3

5
y   

3

5

)3(

12
3

2





x
 

  

(NA) 0 ,6

33

9)3(

3

4

)3(

12

2

2










x

x

x

x

 

 









3

5
 ,6D  

 

(ii) 
3)3(

24

d

d




xx

y
 

 At 









3

5
 ,6D ,  

9

8

3

24

d

d
3





x

y
 

 Equation of tangent at D, )6(
9

8

3

5
 xy  

   
3

11

9

8


x
y  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

s
m
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6. (i) Express 
)3)(2–(

105






xx

x
y  in partial fractions. 

(ii) Hence, find the gradient of the normal to the curve  
)3)(2–(

105






xx

x
y  at the point 









6

25
 ,3 . 

 

Solution 

(i) Let 
32)3)(2–(

105











x

B

x

A

xx

x
 

 )2()3(105  xBxAx  

 Let ,2x  A520   

  4A  
 Let ,3x  B55   

  1B  

 
3

1

2

4

)3)(2–(

105












xxxx

x
 

 

(ii) 
22 )3(

1

)2(

4

d

d







xxx

y
 

 At 








6

25
 ,3 , 

x

y

d

d

36

1
4   

    
36

145
  

 Gradient of the normal 
145

36
  

 

 

7. The equation of a curve is xxy 2cos22sin  . Find the x-coordinate, where 


 x
2

, of the 

point at which the tangent to the curve is parallel to the x-axis.  

 

xx
x

y
2sin42cos2

d

d
  

When ,0x  ,0
d

d


x

y
 02sin42cos2  xx  

  

80.1

46364.02

46364.0 Basic

2

1
2tan

2cos22sin4











x

x

x

xx



 

 

 

  

s
m
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8. The equation of a curve is .2
2

2
x

x

e
e

y   Find the x-coordinate of the point on the curve where 

the gradient of the tangent is 15.  

 

xx ee
x

y
2

d

d 2   

When ,15
d

d


x

y
  1522  xx ee  

  

(NA) 3  5,

0)3)(5(

01522







x

xx

xx

e

ee

ee

 

  
61.1

ln5



x
 

 

 

9. The diagram shows part of the curve ,ln)2( xcxy   crossing the x-

axis at P(1, 0). The tangent to the curve at P is parallel to the line 

.0782  xy  Find the value of c.  

 

2

7
40782  xyxy  

x

cx
x

x

y 


2
ln2

d

d
 

At P(1, 0), ,4
d

d


x

y
 42  c  

  6c  

 

s
m
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Revision 16: Application of Integration  
 

1. The area of the region bounded by the curve 

)(f xy  , from ax   to bx   is given by 


b

a
xy

 

 
d  

 
 

2. The area of the region bounded by the curve 

)(f xy  , from bx   to cx   is given by 


b

a
xy

 

 
d  or 

b

a
xy

 

 
d  

 
 

3. The area of the region bounded by the curve 

)(f xy  , from ay   to by   is given by  


b

a
yx

 

 
d  

 

 

4. The area of the region bounded by the curve 

)(f xy  , from bx   to cx   is given by  


b

a
yx

 

 
d  or 

b

a
yx

 

 
d  

 
 

 
 
  

s
m



2 

 

Example  
1. The diagram shows part of the curve ,cos21 xy   

meeting the x-axis at the points A and B.  

(i) Show that the x-coordinate of A is 
3

2
and find the 

x-coordinate of B. 

(ii) Find the total area of the shaded regions. 

 

Solution 
(i) At A, 0cos21  x  

  
2

1
cos x  

  Basic  
3


  

  x
3

2
 , 

3

4
 

x -coordinates of A 
3

2
   

x -coordinates of B 
3

4
  

(ii) Area of shaded region 

  
3

4

3

2

3

2

0

d)cos21(d)cos21(







xxxx  

     3

4

3

2
3

2

0 sin2sin2







 xxxx  

 






 

















3

2
sin2

3

2

3

4
sin2

3

4

3

2
sin2

3

2
 

 3697.18264.3   

 
2unit 20.5  

 

 

2. The diagram shows part of the curve 52  xy  

passing through the point P and meeting the x-axis at 

the point Q. The line 2x  passes through P and 

intersects the x-axis at the point S. Lines from Q meet 

2x at the points R and T such that QR is parallel to 

the tangent to the curve at P, and STRS  . Find  

(i) the equation of QR, 

(ii) the area of the shaded region. 

 

Solution 

(i) At Q, y = 0, 2 5 0x         
5

2
x    

 5
,  0

2
Q
 

  
 

 

 
d

d

y

x
 

1

2
1

(2 5) (2)
2

x


   

  1

2 5x



 

 

 At P, x = 2, 
d

d

y

x
 1

2(2) 5




 

     1

3
  

 Equation of QR, 1 5

3 2
y x

 
  

 

 

     5

3 6

x
y    

(ii) At R, x = 2, 
2 5 3

3 6 2
y     

 Area of shaded region 

 
 2

 2.5

1 5 3
2 5 d 2

2 2 2
x x



 
      

   

 

 2
3

2

2.5

(2 5) 3
3

3 8
2

2

x



 
 

  
 
 

  

 

3

29 3
3

3 8
    

 23
12  unit

8
  

 

s
m
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Exercise 

1. The diagram below shows part of the curve 23 155 xxy  . The line ABO cuts the curve at the 

maximum point of the curve ) ,( qpA  at B where 1x , and at the origin. 

 

(a) Find 

(i) the coordinates of the maximum point A(p, q),  

(ii) the area of the shaded region.  

 

(b) A point (x, y) such that p < x < 0 moves along the curve 23 155 xxy  . Find the value(s) 

of y when the rate of decrease of y is 10 times the rate of increase of x. 

 

Solution 

 (a) (i) xx
x

y
3015

d

d 2          
5

2
x    

   At A, ,0x ,0
d

d
 

x

y
 03015 2  xx  

        
2 ,0

0)2(15





x

xx
 

        02 ,0y  

   ).20 ,2(A  

 

  (ii) At B, 10y  

   ).10 ,1(B  

 

   Area of shaded region 

    






0

1

23
1

2

23 d)155(110
2

1
1)1020(

2

1
d)155( xxxxxx  

     

0

1

3
4

1

2

3
4

5
4

5
5155

4

5
























 x

x
x

x
 

     
2unit 

2

5

5
4

5
10)4020(5

4

5













 

 

 (b) 10
d

d

d

d
10

d

d


x

y

t

x

t

y
     

  When 10
d

d


x

y
,  103015 2  xx    

       0263 2  xx  

       

3

33

6

)2)(3(466 2





x

  

       17.7 ,30.2y  

 

 

s
m
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2. The diagram shows part of the curve 

3

8


ye
x intersecting the horizontal line MN 

at point Q with x-coordinate = 10. The point 

P lies on the curve and the tangent at P is 

parallel to the line .65  xy  

(i) Find the x-coordinate of P.  

(ii) Find the area of the shaded region. 

 

 
 

Solution 

 (i) 
3

8


ye
x  

  

)83ln(

83

83







xy

xe

ex

y

y

 

  
83

3

d

d




xx

y
       

  At P, ,
5

1

d

d


x

y
 

5

1

83

3


x
 

      

3

23

1583





x

x

 

 

 (ii) At Q, ,10x  22lny  

  Area of shaded region 

  

2

22ln

22ln

0

22ln

0

unit 7.17

3

1

3

22ln8
22ln10

3

8
22ln10

d
3

8
22ln10























 









 
 

e

ye

y
e

y

y

 

 

 

  

s
m
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3. The diagram shows part of the curve 2)3(  xy  

intersecting the line ,2 cxy   where c is a constant, at 

points A and B. The tangent at B is perpendicular to the line 

.2 cxy   

(i) Find the x-coordinate of B. 

(ii) Hence show that c = 6. 

(iii) Using your answer to part (ii), find the area of the 

shaded region. 

  

Solution 

 (i) )3(2
d

d
 x

x

y
 

  At B, ,2
d

d


x

y
 2)3(2 x  

      
4

82





x

x
 

 

 (ii) At B, ,4x   1)34( 2 y  

      
6

42



c
    

  

 (iii) At A,  6)3(2 2  xx  

    

1  ,
4

9

4  ,
2

3

0)4)(32(

012112

0618122

2

2











y

x

xx

xx

xxx

   

 

 Area of shaded region 

  

2

3

4

2

3

3

4

2

3

2

unit 60.2or   
48

29
2

2

3
1

3

1

16

65

)3(
3

1

16

65

d3)(
2

3
41

4

9

2

1



















































 

x

xx

 

 

 

 

  

s
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4. The diagram shows part of the curve kxxy  23 5  which cuts the x-axis at (1, 0). The 

tangent to the curve at A where x = 3 cuts the y-axis at B. 

Find 

(i) the value of k,  

(ii) the coordinates of B, 

(iii) the area of the shaded region. 
 
Solution 

 (i) At (1, 0),  k 510  2)3(2 x  

     4k  

 

 (ii) 45 23  xxy  

  xx
x

y
103

d

d 2   

  At A, ,3x   
x

y

d

d
 )3(10)3(3 2   

       3  

      
14

4)3(53 23



y
 

  Equation of AB,  )3(314  xy  

      53  xy   

  5). (0,B    

   

 (iii) Area of shaded region 

  

2

3

0

34

3

0

23

3

1

23
1

0

23

unit 5.751or   
4

63

1245
4

81

2

57

4
3

5

42

57

)d45(
2

57

)d45()d45(3)145(
2

1































x
xx

xxx

xxxxxx

 

  

s
m
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5. (i) Sketch the curve 
xe

y
2

4
 . 

(ii) Find the equation of the tangent to the curve at point x = 0.  

(iii) Hence, find the exact area of the region bounded by the curve,
xe

y
2

4
 , the tangent at 

,0x  the line x = 1 and the x-axis.  

 

Solution 
 (i)  

 
 

 (ii) xe
x

y 28
d

d   

  When ,0x   8
d

d


x

y
 

  Equation of tangent,  48  xy  

  

 (iii) At A, ,0y   048  x  

      
2

1
x  

  Area of bounded region 

  
 

2

2

1

1

0

2

1

0

2

unit 
2

1

122e

12e

4
2

1

2

1
de4

























e

x

x

x

  

s
m
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6. The diagram shows part of the curve 
2

3

x
y  . The line xy 3  intersects the curve at P and the 

line 
9

x
y    intersects at Q. Find 

(i) the coordinates of P and Q. 

(ii) the area of the shaded region.  

 
Solution 

 (i) At P, 
2

3
3

x
x   

    

3

1

13







y

x

x

 

  P(1, 3). 

 

  At Q, 
2

3

9 x

x
  

    

3

1

3

273







y

x

x

 

  .
3

1
 3, 







B  

 

 (ii) Area of bounded region 

  

2

3

1

3

1

2

unit 3

)31(1

2

13

2

3

3

1
3

2

1
d331

2

1















 


x

xx

 

 

 

 

  

s
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7. (a) The figure shows part of the curve 92  xy  and part of the line xy  62 . 

Find 

(i) the coordinates of A, B and C, 

(ii) the area of the shaded region.  

 

(b) Sketch the graph of y = 
x

10
 and hence briefly explain why  .15d 

10

2

15 5

2

  x
x

  

 

Solution 

 (a) (i) At A and B, 92 y  

      3y  

A(0, 3) and B(0, 3). 

At C, 9
2

6
2








 
x

x
 

  

5

16 ,0 since

0)16(

016

3641236

2

2











y

xx

xx

xx

xxx

 

C(16, 5) 

 

  (ii) Area of bounded region  510
2

1
d)9(36

2

1 16

0

2

1
 

  xx    

         

2

16

0

2

3
 

16

0

2

1
 

unit 
3

1
49

16)27125(
3

2

16)9(
3

2

25d)9(9















 

x

xx

 

  

 (b)  

   

 

   

 

 

 

 

 

 

  Area of triangle ABD < Area of region ABCEA  < Area of rectangle ABCD 

  

15d 
10

2

15

53d 
10

53
2

1

5

2

5

2








x

x

x
x

  

s
m
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8. (a) Given that 4d )(f
2

0

 xx  and 11d )(f
4

0

 xx ,  evaluate .d ]tan3)([f
4

2

2 xxx   

 

Solution 

97.2

)22tan44(tan37

]tan[3411

d )1(sec3d )(fd )(fd ]tan3)([f

4

2

4

2

2
2

0

4

0

4

2

2







 
xx

xxxxxxxxx

   

 

(b) The diagram shows part of the graphs of xey 4  and .2cos xy   

 

Find 

(i) the coordinates of A,  

(ii) the area of the shaded region. 

 

Solution 
(i) At A, 02cos x  

   

4

2
2









x

x

 

  







 0 ,

4


A  

 

(ii) Area of the shaded region  

 xxxe x d 2cosd 4

0

4

0

4

 


  

 

2

4

0

4

unit 04.5

4

1

2
sin

2

1

4

1

2

2sin

4



















e

xe x

 

 

  

s
m
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9. The diagram shows part of the curve 13  xy . The tangent at A(–1, 0) meets the curve again 

at B. 

 

Find 

(i) the equation of AB,  

(ii) the coordinates of B,  

(iii) the area of the triangle ABC.  

(iv) the area of the shaded region in the figure.  

 

Solution 

(i) 23
d

d
x

x

y
  

At A, 3
d

d


x

y
 

 Equation of AB, )1(3  xy  

   33  xy  

(ii) At B, 3313  xx  

 0233  xx  

Let 23)(f 3  xxx  

0268)2(f   

2x  is a factor of )(f x . 

Let )1)(2()(f 2  bxxxx  

Comparing coefficient of x , 312  b  

    
2

42





b

b
 

 
2

2

)1)(2(

)12)(2()(f





xx

xxxx
 

 0)(f x  1 ,2  x  

   1 ,9 y  

B(2, 9) 

 

(iii) Area of triangle ABC  

 
2unit 5.13

93
2

1




  

 

(iv) Area of shaded region 

 

2

2

1

4

2

1-

3

unit 75.6

1
4

1
245.13

4
5.13

d )1(5.13





































x
x

xx
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Revision 15: Integration  
 

1. Integration of algebraic functions  
 If 1m , 1n , a, b, m and n are constants, then 

(a) C
n

ax
xax

n
n 






 1
d

1

, 

(b) C
n

bx

m

ax
xbxax

nm
nm 









 11
d)(

11

,  

(c) C
na

bax
xbax

n
n 








 )1(

)(
d)(

1

 where C is an arbitrary constant, 

(d)     xxxxxxx d)(gd)(fd)(g)(f . 

 
Note 
An indefinite integral represents a family of identical curves with different y-intercepts. 

 

2. Integration of Trigonometric Functions  

(a)   Cxxx cosdsin , (b)   Cxxx sindcos , 

(c)   Cxxx tandsec2
, (d)   Cbax

a
xbax )cos(

1
d)sin( , 

(e)   Cbax
a

xbax )sin(
1

d)cos(  (f)   Cbax
a

xbax )tan(
1

d)(sec2  

where C is an arbitrary constant. 

 
3. Integral of Exponential and Reciprocal Functions 

(a)   Cexe xxd , (b)    Ce
a

xe baxbax 1
d , 

(c)   Cxx
x

lnd
1

, (d)  


Cbax
a

x
bax

)ln(
1

d
)(

1
, 

(e)  









C
na

bax
x

bax

n

n )1(

)(
d

)(

1 1

 where C is an arbitrary constant. 

 
4. Integral – the Reverse Process of Differentiation 

If )(f)(F
d

d
xx

x
 , then Cxxx  )(Fd )(f , where C is an arbitrary constant. 

 
  

s
m



2 

 

Example  
 

1. (i) Differentiate xx ln3  with respect to x.  

 (ii) Hence find xxx d ln5 2

 .

  
Solution 

(i) )ln(
d

d 3 xx
x

 









x
xxx

1
ln3 32

 

   22 ln3 xxx   
  

 

(ii)  1

322 lnd )ln3( Cxxxxxx   

 

1

3
3

1

232

3
ln

d lnd ln3

C
x

xx

Cxxxxxxx



 
 

39
ln

3
d ln 1

33
2 Cx

x
x

xxx   

C
x

x
x

xxx  9

5
ln

3

5
d ln5

33
2    

 Apply the concept integration is the 

reverse process of differentiation. i.e. if 

)(f)(F
d

d
xx

x
 , then Cxxx  )(Fd )(f . 

 Apply the unitary method, i.e. find the 

value of a single unit ( xxx d ln2

 ) and 

then derive the value of the required 

multiple ( xxx d ln5 2

 ). 

 

 

2. (i) Prove the identity  )4cos1(
8

1
cossin 22   . 

 (ii) Hence find the exact value of   


d cossin3

0

22

 . 

 

Solution 

(i) LHS  22 cossin  

  

RHS

)4cos1(
8

1

)4cos1(
2

1

4

1

2sin
4

1

)cossin2(
4

1

2

2



















  

    

(ii)  


d cossin3

0

22

  


d )4cos1(
8

1
3

0   

    

158.0

3

4
sin

4

1

38

1

)4sin
4

1
(

8

1 3

0





























 

 
    

 Apply  cossin22sin  . 

 Apply  2sin212cos  .  

s
m



3 

 

 

3. (i) Express 
2

2

)12(

138





xx

xx
 in partial fractions.    

 (ii) Hence find  


x

xx

xx
d

)12(

138
2

2

. 

 

Solution 

(i) Let 
22

2

)12(12)12(

138











x

C

x

B

x

A

xx

xx
 

 CxxBxxAxx  )12()12(138 22

 
 

 Let ,0x   1A   

 Let ,
2

1
x   C




























2

1
1

2

1
3

2

1
8

2

  

    
22

3 C
  

    3C  

 Comparing coefficient of 2x , 824  BA  
     2B  

 
22

2

)12(

3

12

21

)12(

138












xxxxx

xx
 

 

 

(ii)  


x

xx

xx
d

)12(

138
2

2

  












 x

xxx
d

)12(

3

12

21
2  

 C
xx

x 










)2)(1(

)12(3

2

)12ln(2
ln

1

 

C
x

xx 



)12(2

3
)12ln(ln  

 There is a repeated factor in 

the denominator of one on the 

terms; its integral is not a ln 
function. 

 C
x

x
x











 12

)12(3
d

)12(

3 12

2
 

 

 

 

  

s
m
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Exercise 
 
1. Integrate each of the following. 

 

(a)  







 x

x
xx d 

3
2

2

4
C

x

xx


3

25

2 25

 

 

(b)   xx d)12( 2
 C

x





)2(3

)12( 3

 

 C
x





6

)12( 3

 

 

(c)  







 x

x
x d

2
 Cx

x
 ln2

2

2

 

 

(d)   xx d 24  C
x








4
2

3

)24( 2

3

 

  C
x





6

)24( 2

3

 

 

(e)  
x

x
d

322

3
 C

x









2
2

1

)32(
2

3
2

1

 

  Cx  2

1

)32(
2

3
 

 

(f)  












x

xx
d

)1(

3

)1(

1
2

 C
x

x 







1

)13(
)1ln(

1

 

  C
x

x 



1

3
)1ln(  

 

(g)   xxx d )cos42sin3(  Cx
x

 sin4
2

2cos3
  

 

(h)  







 xx d 

4
3sin6


Cx 










4
3cos2


 

 

(i)   xx d)54(sec2 Cx  )54tan(
4

1
 

 

(j)  xx d tan2
   xx )d1sec( 2

 

  Cxx  tan  

 

s
m



5 

 

(k)  xx d sin 2
   xx d )2cos1(

2

1
 

  

C
xx

C
x

x













4

2sin

2

2

2sin

2

1

 

 

(l)  xx d cos2    xx d )12(cos
2

1
 

  

C
xx

Cx
x













24

2sin

2

2sin

2

1

 

 

(m) Ceexee xxxx  

 d )(  

 

(n) 


 xee

xx

d )3( 2
 

2 C
ee

xx









2

1

3

2

1

2
 

2

 

   Ce

xx




2
  

2 62   

 

2. The gradient of a curve, at any point (x, y) on it, is given by .
25

1

d

d

xx

y


  Given that the curve 

passes through the point A(2, 7), find the equation of the curve.  

 

Solution 

 

Cx

C
x

x
x

y










 

)25ln(
2

1

2

)25ln(

d
25

1

 

 

 At A(2, 7), 71ln
2

1
C  

    7C  

 7)25ln(
2

1
 xy  

 

  

s
m
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3. The gradient function of the normal to a curve is given as 
3

2

2–9 x

x
.  

If the curve passes through the point (3, 5), find the equation of the curve.  

 

Solution 

xx

x

x

x

y

29

2–9

d

d

2

2

3







 

C
x

x

Cxx

xxxy













9

9

d)92(

2

12

2

 

At A(3, 5), C 9
3

9
5  

  7C  

7
92 
x

xy  

 

 
4. (i) Differentiate )ln(sin x  with respect to x. 

(ii) Using your result from part (i), evaluate 
2

6

d cot2




xx . 

Solution 

(i) )][ln(sin
d

d
x

x
 

x

x

sin

cos
  

   xcot  

 

(ii) 
2

6

d cot2




xx   

  2

6

)ln(sin2


x  

 

39.1

6
sinln2

2
sinln2
























 

 

 

5. It is given that .)32)(1( 2

3

 xxy   

 (i) Show that 
x

y

d

d
 can be written in the form 32 xkx  and state the value of k. 

 Hence  

 (ii) evaluate  
6

2

d 32 xxx . 

 

Solution 

(i) 
x

y

d

d
 )2()32)(1(

2

3
)32( 2

1

2

3

 xxx  

   

325

)1(3)32()32( 2

1





xx

xxx  

 5k  

 

(ii)  
6

2

d 32 xxx  

6

2

2

3

)32)(1(
5

1














 xx  

     

5

186
or   2.37

)1)(3(
5

1
)9)(7(

5

1
2

3

2

3




 

 

s
m



7 

 

 

6. (i) Show that 








 x

x

x sin1

cos

d

d
 can be written in the form 

x

k

sin1
 and state the value of k. 

 (ii) Hence evaluate  















4

0

d 
sin1

2


x
x

. 

 
Solution 

(i) 
x

y

d

d
 

2)sin1(

)cos(cos)sin1(sin

x

xxxx




  

  

x

x

x

x

xxx

sin1

1

)sin1(

sin1

)sin1(

cossinsin

2

2

22














 

 1k  

(ii)  















4

0

d 
sin1

2


x
x

  

 
4

0sin1

cos
2















x

x
  

 

2

0sin1

0cos

4
sin1

4
cos

2































 

 

 

7. Find 








 249

1

d

d

xx
 and hence evaluate  

1

0
22

d 
)49(

x
x

x
. 

Solution 
 










 249

1

d

d

xx
 )8()49( 22 xx   

  
22 )49(

8

x

x


  

 
90

1

72

1

)5(8

1

)49(8

1
d 

)49(

1

0

2

1

0
22

















 x
x

x

x

 

 

 

8. (i) Differentiate )1ln()1( 22  xx ee  with respect to x. 

(ii) Hence, evaluate  
1

0

22 d)1ln( xee xx . 

 
Solution 

(i) )]1ln()1([
d

d 22  xx ee
x

 
1

)2)(1(
)1ln(2

2

22
22






x

xx
xx

e

ee
ee  

   )1ln(22 222  xxx eee  

 

 (ii)  
1

0

222 d)]1ln(22[ xeee xxx  1 0 22 )1ln()1(  xx ee   

  
 

)1(2ln2)1ln()1(d)]1ln(2

2ln2)1ln()1(d)]1ln(2

2221

0

22

221

0

221 

0 
2









eeexee

eexeee

xx

xxx

 

s
m
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03.5

)]1(2ln2)1ln()1[(
2

1
d)]1ln( 2221

0

22



 eeexee xx

    

9. (i) Differentiate xxsin

 

with respect to x.  

(ii) Hence evaluate .d cos
2

 

0 

xxx


 
Solution 

(i) )sin(
d

d
xx

x
xxx cossin   (ii) 2

0
2

 

0 
]sin[d )cos(sin



xxxxxx    

 
2

sin
2

d cos]cos[
2

 

0 

2
0




  xxxx  

 
2

d cos1
2

 

0 




  xxx  

 

571.0

1
2

d cos
2

 

0 








xxx  

 

  

10. (i) Given that ,34)32(  xxy show that 
x

y

d

d

 

can be written in the form 
34 x

kx
 and 

state the value of k.  

(ii) Hence evaluate .d 
34

7 

1 

x
x

x

   
 

(i) 
x

y

d

d
 )4()34)(32(

2

1
)34(2 2

1
 

2

1


 xxx  

  

 

34

12

)34(12

)32(2)34(2)34(

2

1
 

2

1
 












x

x

xxx

 

 12k  

 

 (ii) x
x

x
d 

34

127 

1  
  7134)32(  xx  

      7134)32(  xx  

   

5

186
or   2.37

)1)(3(
5

1
)9)(7(

5

1
d 

34

2

3

2

37 

1 




 x

x

x

 

 

 

 

11. (i) Differentiate xxe5  with respect to x.  

s
m



9 

 

(ii) Hence evaluate .d4
1 

0 

5 xxe x


 

 

(i) )(
d

d 5xxe
x

 xx xee 55 5  

    

 (ii)  1
0

5
1 

0 

55 ][d)5( xxx xexxee   

  

25

14
d

5

1

5
d5

d5
5

51 

0 

5

5
5

1 

0 

5

5
1 

0 

5

1

0

5


































e
xxe

e
exxe

exxe
e

x

x

x
x

 

  

1.95

25

14
4d4

51 

0 

5










 


e
xxe x

  

12. (i) Given that ,36 2xxy   show that 
2

2

36

66

d

d

x

x

x

y




 . 

(ii) Hence, evaluate x
x

x
d

36

15

1
2

2

 


.  

 

(i) )36(
d

d 2xx
x

  )6()36(
2

1
)36( 2

1

22

1

2 xxxx










  

    

2

2

222

1

2

36

66

)336()36(

x

x

xxx









 

    

 (ii)  
5
1

2
5

1 2

2

]36[d
36

66
xxx

x

x






  

  

7

)9815(
6

1
d

36

15

1 2

2








 x
x

x

 

   

 

13. (i) Express 
8103

5
2 



xx

x
 in partial fractions.  

(ii) Hence, evaluate x
xx

x
d

16206

58

6
2 


. 

 

(i) 
)4)(23(

5

8103

5
2 








xx

x

xx

x
 

s
m
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 Let 
4238103

5
2 









x

B

x

A

xx

x
.  

 )23()4(5  xBxAx  

 Let  ,4x  114 B  

    
14

1
B  

 Let  ,
3

2
x  

3

17

3

14


A
 

    
14

17
A  

 
)4(14

1

)23(14

17

8103

5
2 









xxxx

x
   

  

  

s
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 (ii)  x
xx

x
d

16206

58

6
2 


 x

xx

x
d

)8103(2

58

6
2 


  

        

0283.0

2ln
14

1
20ln

42

17
4ln

14

1
26ln

42

17

2

1

)4ln(
14

1
)23ln(

)3(14

17

2

1

d
)4(14

1

)23(14

17

2

1

8

6

8

6












































 

xx

x
xx

 

   

 

14. (i) Express 
2)1(

21





xx

x
 in the form 

2)1(1 





x

C

x

B

x

A
 where A, B and C are constants.  

(ii) Hence or otherwise find the exact value of x
xx

x
d

)1(

213

2
2 


. Express your answer in the form 

ba ln , where a and b are real numbers.  

 

(i) Let 
22 )1(1)1(

21











x

C

x

B

x

A

xx

x
.  

 CxxBxxAx  )1()1(21 2
 

 Let  ,0x  1A  

 Let  ,1x  3C  

    3C  

 Comparing coefficient of x,  0 BA  

      1 AB  

 
22 )1(

3

1

11

)1(

21












xxxxx

x
   

  

 (ii)  x
xx

x
d

)1(

213

2
2 


 x

xxx
d

)1(

3

1

113

2
2 












  

       

4

1

8

9
ln

4

1

2

3

4

3
ln

1
3

2
ln

4

3

4

3
ln

1

3

1
ln

1

3
)1ln(ln

3

2

3

2











































































xx

x

x
xx
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15. Given that 
x

x
y

2sin1

2cos


 . Show that 

x

y

d

d
 can be written in the form 

x

k

2sin1
 and state the 

value of k. 

 

 
x

y

d

d
 

2)2sin1(

)2cos2(2cos)2sin1(2sin2

x

xxxx




  

  

x

x

x

x

x

x

xxx

2sin1

2

)2sin1(

)2sin1(2

)2sin1(

22sin2

)2sin1(

2cos22sin22sin2

2

2

2

22





















 

 2k  

 

 

16. (i) Given that ,
412)4)(12(

2043
22

2













x

CBx

x

A

xx

xx
 where A, B and C are constants, find the 

value of  A, of B and show that .0C  

 

(i) Differentiate )4ln( 2 x  with respect to x. 

(ii) Using the results from parts (i) and (ii), find  


x

xx

xx
d 

)4)(12(

2043
2

2

. 

 

(i) 
412)4)(12(

2043
22

2













x

CBx

x

A

xx

xx
 

 )12)(()4(2043 22  xCBxxAxx  

 Let  ,
2

1
x  







































 4

2

1
20

2

1
4

2

1
3

22

A  

    

5

4

17

4

85





A

A

 

 Let  ,0x  CA 420  

    0C  

 Comparing coefficient of 
2x ,  32  BA  

       
4

82





B

B
 

 
4

4

12

5

)4)(12(

2043
22

2












x

x

xxx

xx
   

  

 

 

 

s
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 (ii)  
4

2
)]4[ln(

d

d
2

2




x

x
x

x
 

 

(ii)  


x

xx

xx
d 

)4)(12(

2043
2

2

  












 x

x

x

x
d 

4

4

12

5
2
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Revision 17: Kinematics 
 
1. If the displacement of a particle moving in a straight line from a fixed point is s m after time t s, 

and its velocity and acceleration are v ms
1

 and a ms
2

 respectively, then 

(a) the velocity function, , 

(b) the displacement function, , 

(c) the displacement after t seconds, , 

(d) the distance travelled in the n
th

 seconds,  if  throughout the n
th 

second. 

 

2. When  the particle  

(a) is instantaneously at rest and attempting to change its direction of motion (making a U-

turn), 

(b) has a maximum or minimum displacement. 

 

3. When  the particle has a maximum or minimum velocity. 

 

4. When two particles collide into each other, they share a common displacement. 

 

  

 tav d 

 tvs d 


t

tvs
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Example  
 
1. Two particles, P and Q, leaves a point O at the same time and travel in the same direction along 

the same straight line. Particle P starts with a velocity of 9 m/s and moves with a constant 

acceleration of . Particle Q starts from rest and moves with an acceleration of , 

where  and t seconds is the time since leaving O. Find  

(i) the velocity of each particle in terms of t, 

(ii) the distance travelled by each particle in terms of t. 

Hence find 

(iii) the distance from O at which Q collides with P, 

 
Solution 

 (i)   

  

  When   

 

 

  

   

(ii)  

   

  When   

  

  

   

  When   

  

(iii) When  

 

  

   

    

 Since     

 When    

 P and Q collide at a point 216 m away from O. 

 

2m/s 5.1 2m/s a

2
1

t
a 

 5.19 tVP 

C
t

t

t
t

VQ



 

4

d)
2

1(

2

,0t ,0v 0C

4

2t
tVQ 

Ps   tt d)5.19(

 
4

3
9

2

C
t

t 

,0t ,0Ps 0C

4

3
9

2t
tsP 

C
tt

t
t

tsQ



 

122

d)
4

(

32

2

,0t ,0Qs 0C

122

32 tt
sQ 

,QP ss 
1224

3
9

322 ttt
t 

322 69108 tttt 

0)9)(12(  ttt



,0t 12t

,12t Ps
4

)12(3
)12(9
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 216
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Exercise 

 

1. A particle travels in a straight line, so that, t seconds after passing a fixed point A on the line, its 

acceleration, , is given by  It comes to rest at a point B when  

(i) Find the velocity of the particle at A. 

(ii) Find the distance AB. 

Solution 

(i)  v    dtt)22(  

    Ctt  22  

When 4t , v = 0, C 1680  

   24C  

2422  ttv  

 

   When 0t , v = 24 

   Velocity of particle at A = 24 ms
1

 

   

(ii) Distance AB  
4

0

2 d)242( ttt   

     

m 
3

2
58

9616
3

64

24
3

4

0

4

0

2
3





















 tt

t

  

      

(iii)  

 
 

  

2ms a .22 ta  .4t

v (ms
-1

) 

t (s) 

24 

4 

s
m
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2. A particle moves in a straight line, so that, t seconds after leaving a fixed point O, its velocity, 

, is given by  

  

where p and q are constants. When t = 1 the acceleration of the particle is 2ms 8  . When t = 2, the 

displacement of the particle from O is 22 m. Find the value of p and of q. 
 

Solution 

 

qpt

t

v
a





2

d

d

 

 When 1t , 8a , 82  qp  

     pq 28  ……(1) 

  

 
Ct

qtpt

tqtpts



 

4
23

d)4(

23

2

 

  

When 0t , s = 0, 0C  

t
qtpt

s 4
23

23

  

 

When 2t , 22s ,  2282
3

8
 q

p
  

   142
3

8
 q

p
 ……(2) 

Sub (1) into (2)   14282
3

8
 )( p

p
 

    14416
3

8
 p

p

 

    
2

3

4


 p
 

    
2

3
p  

    5q  

 

 

 

 
  

1ms v

,42  qtptv
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3. A particle, moving in a straight line, passes through a fixed point O with velocity 1ms 41  . The 

acceleration, , of the particle, t seconds after passing through O, is given by 92  ta . The 

particle subsequently comes to instantaneous rest, firstly at A and later at B. Find 

(i)  the acceleration of the particle at A and at B,  

(ii)  the greatest speed of the particle as it travels from A to B,  

(iii) the distance AB. 

June 2007 
Solution 

(i)  v    dtt )92(  

    Ctt  92  

   When 0t , 14v , 14C  

   1492  ttv  

   When 0v , 01492  tt  

     0)7)(2(  tt  

     7 ,2t  

   At A, 2t ,  Acceleration  9)2(2   

       5 ms
2 

   At B, 7t ,  Acceleration  9)7(2   

       5 ms
2

 

  

(ii) v  

22

2

2

9
14

2

9
9 

















 tt  

    
4

1
6

2

9
2









 t  

   Greatest speed = 
4

1
6  ms

1 

 

(iii) s    dttt )149( 2
 

    Ct
tt

 14
2

9

3

23

 

  When 0t , 0s , 0C  

t
tt

s 14
2

9

3

23

  

When 2t , 
3

2
1228

2

36

3

8
s

 

When 7t , 
6

1
898

2

441

3

343
s  

 

Distance AB  
7

2

2 d)149(or      
6

1
8

3

2
12 ttt   

  m 
6

5
20  

 
  

2ms a

s
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4. A particle moves in a straight line such that its displacement, s m, from a fixed point O at a time t s, 

is given by  

.0for    16ln)1ln()2ln(
2

1

,30for    )1ln(





ttts

tts

 

Find 

(i)  the initial velocity of the particle,  

(ii)  the velocity of the particle when t = 4,  

(iii) the acceleration of the particle when t = 4,  

(iv) the value of t when the particle is instantaneously at rest,  

(v) the distance travelled by the particle in the 4th second.  
 

Solution 

(i) For 30  t , v  )]1[ln(
d

d
 t

t  

     1

1




t  

  
When 0t , initial 1v  ms

1 

 
 

(ii)  For 3t ,  v  







 ]16ln)1ln()2ln(

2

1

d

d
tt

t  

     1

1

)2(2

1







tt  

  
When 4t ,  v  

5

1

4

1
  

     
20

1
  ms

1 

 

(iii) For 3t ,  a  














1

1

)2(2

1

d

d

ttt  

     22 )1(

1

)2(2

1







tt  

  When 4t ,  a  
22 5

1

)2(2

1
  

     
200

17
  ms

2 

 

(iv) When 0v , 0
1

1

)2(2

1





 tt
 

 

    
0)2(21  tt

  

    
5t  

 

(iv) When 3t , 3862.14ln s  
 

  
When 4t ,  5097.116ln5ln2ln

2

1
s

 

  Distance travelled in the 4
th

 seconds  = 1.5097  1.3862 

      
= 0.124 m 
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5. A particle moves in a straight line such that t s after passing through a fixed point O, its 

velocity, , is given by v = k cos 4t, where k is a positive constant.  

Find 

(i)  the value of t when the particle is first instantaneously at rest,  

(ii)  an expression for the acceleration of the particle t s after passing through O.  

 

Given that the acceleration of the particle is 2ms 12   when 
8

3
t , 

(iii) find the value of k.  

 

Using your value for k, 

(iv) sketch the velocity-time curve for the particle for  t0 . 

(v) find the displacement of the particle from O when .
24


t  

 

Solution 
(i) When 0v , 04cos t

 

   2
4


t

  

   8


t

 

 
 

 

(ii)  a  )4cos(
d

d
tk

t


 

    
tk 4sin4
 

  
 

(iii) When 
8

3
t ,  12a , 12

2

3
sin4 


 k   

        12)1(4  k  

        3k   

(iv)  

    

(v) s   tt d 4cos3  

   Ct  4sin
4

3
 

   
When 0t , ,0s  0C  

   ts 4sin
4

3
  

 

   
When 

24


t , s

6
sin

4

3 


 

     
8

3
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1ms v
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6. A motorcycle is driven along a straight horizontal road. As it passes a point A the brakes are 

applied and the motorcycle slows down, coming to rest at a point B. For the journey from A to 

B, the distance, s metres, of the motorcycle from A, t seconds after passing A, is given by 

.16)1(400 10
 

tes

t




 

 

(i) Find an expression, in terms of t, for the velocity of the motorcycle during the journey 

from A to B. 

(ii) Find an expression, in terms of t, for the acceleration of the motorcycle during the journey 

from A to B. 

(iii) Find the velocity of the motorcycle at A. 

(iv) Show that the time taken for the journey from A to B is approximately 9.163 seconds. 

(v) Find the average speed of the motorcycle for the journey from A to B 

2009 
 
.Solution 

 (i) Velocity of the motorcycle, v  16
10

1
400 10 


























t

e  

     
110 ms 1640 





t

e   

 

(ii) Acceleration of the motorcycle, a  10

10

1
40

t

e










  

      
210 ms 4 





t

e  

 

(iii) At A, 0t , Velocity of the motorcycle at A 1ms 1640   

        1ms 24   

 

(iv) At B, 0v , 0 1640 10 


t

e  

    4.010 


t

e  

    4.0ln
10


t

 

    t  4.0ln10  

     163.9  

 The motorcycle took about 9.163 s to reach B. 

 

(v) At B, 4.0ln10t , 4.010 


t

e , s  )4.0ln10(16)4.01(400   

       
m 93.393

m 4.0ln160240




 

 Average speed  
4.0ln10

4.0ln160240




    

    1ms 2.10      

  

s
m
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7. A particle P leaves a fixed point O and moves in a straight line so that, t s after leaving O, its 

displacement, s m, from O is given by  

.)1ln( ttts   

Find, when ,20t  

 (i) the displacement of P from O,  

 (ii) the velocity of P, 

 (iii) the acceleration of P. 

2011 
Solution 
(i) When ,20t  s  2021ln20   

     9.40  m  

(ii) v
t

s

d

d
  

    1
1

)1ln( 



t

t
t  

   When ,20t  v  1
21

20
21ln   

     00.3  ms
1

  

 

 (iii) a  
t

v

d

d
  

    
2)1(

1

1

1









t

tt

t
 

    
2)1(

1

1

1







tt
 

 

   When ,20t  a  
221

1

21

1
  

   
441

22
  or 0.0499 ms

2 
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8. A particle moves in a straight line, so that, t seconds after leaving a fixed point O, its velocity,  

,ms 1v  is given by .3
)1(

12
2





t
v  Find 

(i) an expression for the acceleration of the particle in terms of t,  

(ii) the distance travelled by the particle before it comes to instantaneous rest. 

2012 
Solution 

(i) Acceleration, a
t

v

d

d
  

     3)1(12
d

d 2  t
t  

    
)1()1)(2(12 3 t  

    2

3
ms 

)1(

24 




t
 

(ii) When ,0v  03
)1(

12
2


t

 

   

1 ,0  Since

21

4)1(

)1(312

2

2









tt

t

t

t

 

 

 Distance travelled    1

0

2 d]3)1(12[ tt  

    

m 3

)12(36

3
1

12

3
)1(

)1(12

1

0

1

0

1

































t
t

t
t

 

 
Alternatively 

s    tt d]3)1(12[ 2
 

 

Ct
t

Ct
t














3
1

12

3
)1(

)1(12 1

 

When ,0  ,0  st 12120  CC  

123
)1(

)1(12 1









t
t
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When  ,1t  s  123
2

12
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9. A particle, moving in a straight line, passes through a fixed point O with a speed of 1ms 28  . 

The acceleration, ,ms 2a of the particle, t seconds after passing through O, is given by 

.16 50 t.ea    

(i) Find the value of t when the particle is at instantaneous rest.  

(ii) Find the distance of the particle from O when it is at instantaneous rest. 

2013 
Solution 

(i) v  te td16 5.0


  

Ce

C
e

t

t













5.0

5.0

32

5.0

16
 

 

  When ,0t  ,28v  C 3228  

     4C  

  432 5.0   tev  

 

  When ,0v  0432 5.0  te  

     













8

1
ln5.0

8

15.0

t

e t

 

     

16.4

5.0

8

1
ln














t  

 

 

(ii) s     te t d )432( 5.0  

Cte

Ct
e

t

t












464

4
5.0

32

5.0

5.0

 

 

When ,0t  ,0s  C 640  

     64C  

 64464 5.0   tes t
 

 

 When 1588.4t , s 64)1588.4(464 )1588.4(5.0  e  

   m 4.39  

  

s
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10. A particle travels in a straight line, so that, t seconds after passing through a fixed point O, its 

acceleration, ,ms 2a  is given by .
)2(

8
2


t

a  The particle comes to rest when .2t  

Find 

(i) an expression for the velocity of the particle in terms of t,  

(ii) the distance from O at which the particle comes to rest. 

Specimen 
Solution 

(i) v  tt d)2(8 2


  

C
t

Ct






 

2

8

)2(8 1

 

 

  When ,2t  ,0v  C 20  

     2C  

  2
2

8





t
v  

 

(ii) s  tt ]d)2(82[ 1


  

Dtt  )2ln(82  

 

  When ,0t  ,0s  02ln8  D  

     2ln8D  
  2ln8)2ln(82  tts  

 

  When ,2t   s 2ln84ln84   

      55.1  

  Distance from O = 1.55 m 

 
Alternatively 

 

55.1

2ln84ln84

)2ln(82

]d)2(82[

2
0

2

0

1







 


tt

tts

  

  Distance from O = 1.55 m 

s
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Revision 2: Surds, Indices and Logarithms 
 
Solving of Surd Equations 

 Isolate the surd or unknown. 
 Square both sides if necessary. 
 Simplify and solve equation. 
 Verify your answers. 
 

Example  
1. Without using a calculator, find the values of the integers a and b for which the solution of the 

equation 6324  xx  is .
7

ba 
 2009 

  

2)18(

28

6324

6324









x

xx

xx

xx

 

 Solve by making x the 

subject. 

 

 Squaring both sides will 

introduce an additional 

solution which is invalid. 
7

24

18

18

18

2










x

 

2

4





b

a
 

 

 

Laws of Indices 
The following rules are used for dividing and multiplying numbers written in index form.  

 
nmnm aaa   

 nm

n

m
nm a

a

a
aa   

 
mnnm aa )(  

 
nnn abba )(  

 
n

n

n

b

a

b

a








  

 
 
 
 
 
 
 
 
 

s
m
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Example  

1. Simplify .
82

)4(2016
23

21



 
xx

xx

 

 

2

9

)16(8

)16(36

)16(
8

64

)16(20)16(16

82

)4(2016
23

21













x

x

x

xx

xx

xx

 

 Look for common factor between the 

numerator and denominator. 

 

 In this case, the common factor is x24 or 
x16 . 

 

 

2. Without using a calculator, find the value of ,6x
given that .123 22 xx     

 
xx   22 123  

x

x

12

144
)3(9   

9

144
)3)(12( xx

 

1636 x

 
16)6( 2 x

 

 46  ,06  ,Since  xx
 

 Make x6 the subject. 

 

 06 x  

 

 

Solving Exponential Equations 
Three types of exponential equations 

1. yx aa   yx    Compare indices  

2. bax   bax lglg   
a

b
x

lg

lg
   Taking log on both sides 

3. 02  cbpap xx
  Apply method of substitution 

 0xp  

 
Example  
3. Solve the following equations.  

(a) )4(32)16(2 xx   (b) 372  xx ee  

 

Solution  

(a) )4(32)16(2 xx   

 02)4(3)16(2  xx
 

Let 
xy 4  

0232 2  yy  

0)2)(12(  yy  

2  ,
2

1
y  

 This is a trinomial of 

degree 2.  

 

 Solve by method of 

substitution 

 

 04 x
. 

(NA) 2  ,
2

1
4 x

 

 
2

1

12

22 12





 

x

x

x

 

 

 
  

s
m
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Solving Logarithmic Equations 

 Simplify the given equation by applying the appropriate Laws of Logarithm. 

 Express the equation in the form .loglog NM aa   

 Solve the equation NM  . 

 Apply the method of substitution when none of the Laws of Logarithm are applicable.  

  

Example  
4. Solve the following equation. 

(a) 
2

3
)4(log)2(log 44  xx  (b) xx 393 log81log)8(log   

(c) 27log4log 3 xx    

  

(a) 
2

3
)4(log)2(log 44  xx  

 4log
2

3
)4)(2(log 44  xx  

 

2  ,0

0)2(

02

828

4log)28(log

2

2

2

3

4

2

4











x

xx

xx

xx

xx

 

  

 4log
2

3

2

3
4   

 

 Express the equation in the form 

.loglog NM aa 
 

 

 Verify your answers. 

(b) xx 393 log81log)8(log   

 

9 ,(NA) 1

0)9)(1(

098

98

9log3log2)]8([log

9log2log)8(log

2

2

333

933













x

xx

xx

xx

xx

xx

 

 

 Express all the logarithmic terms in a 

common base.  

 

 Simplify the expression. 

 

 log3 x is undefined when x = 1 

 

 Verify your answers. 

(c) 227loglog 3  xx   

 

.logLet 

2
log

3log3
log

3

3

3
3

xt

x
x




 

 

3 ,1log

3 ,1

0)3)(1(

032

2
3

3

2











x

t

tt

tt

t
t

 

 

27

1
  ,3

3  ,3 31



 x

 

 Express all the logarithmic terms in a 

common base.  

 

 Simplify the expression. 

 

 None of the laws of logarithms could be 

applied, use the method of substitution. 

 

 Solve the equation. 

 

 Verify your answers. 
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Graphs of Logarithmic Functions  
 
Consider the graph of ),ln( baxy   

 the asymptote by solving ,0bax   

 the x-intercept by solving ,1bax  

 the y-intercept (if any).  
)ln( xy   

 
)ln( xy   

 
Note 
You might be provided with graph paper for rough work during the O Level Exam. However, you 

should sketch you graph on the writing paper provided. 

 

Example  

1. (i) Sketch the graph of ),1ln(  xy  for .1x    

(ii) In order to solve the equation ,142  xex  a suitable straight line is drawn on the same set 

of axes as the graph of ).1ln(  xy  Find the equation of this straight line. 

 

(i)  

  

 Solve 01x  to obtain the asymptote.  

 

 Solve 11x  to obtain the x-intercept.    

 

 

 

42)1ln(

1

1

42

42











xx

ex

ex

x

x

 

 Insert 42  xy . 

 

 Make  )1ln( x  the subject of the 

equation 142  xex . 

 

 

Graphs of Logarithmic Exponential Functions 
 

Note 

Consider the graph of ,axey   

 the asymptote is the x-axis and y = 0, 

 the y-intercept = 1. 

 
xey   

 
xey   

Consider the graph of 
axey  , 

 the asymptote is the x-axis and y = 0, 

 the y-intercept 1 . 

 
xey   

 
xey   

s
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Exercise 

1. Without using a calculator, find the integers a and b such that 
32

325

325

3








 ba
. 2012 

 
32

325

325

3








ba
 

 

3314

6033734074

)32)(32037(

)32)(32(

)32)(1232025(

32

)325(
3

2















 ba

 

  
3

14





b

a
 

 

 

2. Given that  ,
223

2
2


 qp where p and q are integers, without using a calculator, find 

the value of p and of q. 

 

 

89

)223(2
 

223

2
2







 qp

 

 

24868

)82129(4

)223(42 2





 qp

 

 

 

3. The curve ,naxy   where a and n are constants, passes through the points (2, 40), (3, 135) and 

(4, k). Find the values of n, a and k. 

 

At (2, 40), )2(40 na  ……(1) 

At (3, 135), )3(135 na  ……(2) 

At (4, k), )4( nak   ……(3) 

(2)(1) 
)2(

)3(

40

135
n

n

a

a
  

 

n











2

3

8

27
  

 3n  

Sub 3n  into (1) a840   

 5a  

Sub 5a , 3n  into (3) k  )64(5  

  320  

s
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4. Baby food is heated in a microwave to a temperature of 80°C. It subsequently cools in such a 

way that its temperature CT ,  t minutes after removal from the microwave, is given by 
ktAeT  20 , where A and k are constants. 

 

(i)    Explain why A = 60. 

 

When t = 1, the temperature of the food is 65 °C. 

(ii)   Find the value of k correct to 3 significant figures. 

 

A baby should only be given this food when the temperature of the food is less than 40 °C. 

(iii)  Determine, with working, whether it is safe to give the food 4 minutes after removal from 

the microwave. 2014 
 
(i)    At t = 0, T = 80°C, A 2080  60A  

 

 (ii)   When t = 1, 
ke 602065  

  

4

3

4560









k

k

e

e

 

  









4

3
lnk  

  288.0k  

 

(iii)  When t = 4, T  75.0ln46020 e  

   0.39  < 40 

It is safe to give the food to the baby. 

 

 

 

5. The curve xey 25  intersects the coordinate axes at the points A and B. 

(i) Given that the line AB passes through the point with coordinates (ln 5, k), find the value of 

k.   

(ii) In order to solve the equation xx  9ln , a graph of a suitable straight line is drawn on 

the same set of axes as the graph of xey 25 . Find the equation of this straight line.  

 

(i) When ,0x

 

4y  

 When ,0y

 

05 2  xe  

    
5ln

2

1

52





x

e x

 

 5ln

8

5ln
2

1

4




ABm
  

Equation of AB, xy
5ln

8
4    

    xy
5ln

8
4 

 

 
At

 
(ln 5, k), k  )5(ln

5ln

8
4   

     4  
 

 

(ii) x  x 9ln  

  )9ln(
2

1
x   

 

4Insert 

45

9

9

)9ln(2

2

2

2











xy

xe

xe

xe

xx

x

x

x
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6. Without using a calculator, find the fractions p and q, for which 
312

62




 can be expressed as 

.62 qp    

 

 

2
3

1
6

9

1

9

236

3

3

33

)62(

332

62

312

62




















 

 

 

7. (a) A triangle has a base )753(  cm and an area )37355(   cm
2
. 

Find the height of the triangle in the form )75( ba  cm, where a and b are integers.  

 

(b) Given that 
325

1
cos


 , where   is acute, express 2sec  in the form 3nm   where 

m and n are integers.  

 

(a) Height   
Base

2Area
  

  

cm )5472(

38

)576738(2

745

)7375111535775(2

753

753

753

)37355(2





















  

 

(b) 2sec  
2cos

1
  

  

32037

1232025

)325( 2







  

 

 

  

s
m



8 

 

8. In PQR  shown below, sides PQ and QR are )23(   cm and )28( b  cm respectively and 

 45PQR . 

 Given that the area of PQR  is )18213(   cm
2
, 

(i) show that 12b ,  

(ii) find the perpendicular distance from R to PQ, leaving your answer in the form qp 2 . 

 

(i) Area of PQR  45sin)23)(28(
2

1
b   

 















2

2
)23)(28(

2

1
)18213( b  

 

2812

14

)3625422678(4

223

223

223

)18213(4

223

)18213(4
28



















b

 

 12b  

 

 

 

(ii) find the perpendicular distance from R to PQ, leaving your answer in the form qp 2 . 

 

 Perpendicular distance 
23

)18213(2




  

  
23

23

23

)18213(2









  

  

cm )826(

7

)28221(2

7

)2185426239(2









 

 

 

9. Simplify 
)()(3

27
152

3

2

213



 
nn

n

yx

yx
.  

 

nn

nn

n

nn

n

yx

yx

yx

yx

yx

5112

15

2213

152

3

2

213

3

3

3

)()(3

27

















 

 

 

 

 

 

 

45° 

P 

R Q 

s
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10. Without using a calculator, 

(i) find the value of r and of n, given that 
2

26

2 27

)(23
nx

x

r

r

x rr




, 

(ii) simplify 
122

23





 

in the form 2ba  . 

 

(i) 
2

26

2 27

)(23
nx

x

r

r

x rr




 

 
22101

9

2
nxrx rr 

 

 Comparing indices and coefficient, 21r  

   3r  

   

18

)3(
9

2

9

2

4

210





  rrn

   

 

(ii) simplify 
122

23





 

in the form 2ba  . 

 

 

12

7

727

7

24326

122

122

122

23

122

23























 

 

 

11. Given that )26()26(  x , 

(i) find x in the form of 6ba  , 

(ii) evaluate 
x

x
1

  without using your calculator. 

(i) x  
26

26




  

 

625

2

4646

26

26

26

26
















 
 

(ii) 
x

x
1

   
625

1
625


  

  

10

625625

625

625

625

1
625
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12. Simplify 
112

121








nnn

nnn

abb

aba
. 

 

n

n

nnn

nnn

nnn

nnn

b

a

abb

aba

abb

aba



















)(

)(
11

11

112

121

 

 

 

13. Simplify 
23

21

273

)9(1681







xx

xx

.   

 

27

97

3

)3(97

33

)3(16)3(81

273

)9(1681

34

4

633

44

23

21




















x

x

xx

xx

xx

xx

 

 

 

14. Find the solutions to the equation 031)23()132( 2  xx , expressing your answers 

in the form
11

3 ba 
, where a and b are integers, when necessary.  

 

 

)132(2

33)23(

)132(2

27)23(

)132(2

)136(44343)23(

)132(2

)31)(132(4)23()23( 2



















x

 

 x    
)132(2

234




 or x    

)132(2

322




  

  1  
132

132

132

31
 









  

   

11

733

11

36132
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15. Show that if n is a positive integer, 
3221 3)3(6)9(7   nnn
 is exactly divisible by 14.  

 

 

)3)(6(14

)3(84

)27663)(3(

3)27()3(6)3)(9(7

3)3(6)9(7

2

2

2

222

3221

n

n

n

nnn

nnn









 

 

 Since 
3221 3)3(6)9(7   nnn
 is a multiple of 4, it is exactly divisible by 14. 

 

16. The equation 8)2(
2

3
)2(722   ababa

 has a solution 1a . 

(i) Find the value of b. 

(ii) Hence, find the other solution of a. 

 

(i) 8)2(
2

3
)2(722   ababa

 

 

1

2

1
2

5)2(10

5)2)(2(7)2(4

8)2(
2

3
)2(72 12









 

b

b

b

bb

bb

 

(ii) 8)2(
2

3
)2(72 112   aaa

   

1  ,3

2  ,22

2  ,8

0)2)(8(

01610

.2Let 

016)2(10)2(

16)2(3)2(72

13

2

2

2

















a

t

tt

tt

t

a

a

aa

aaa

 

The other solution is 3a . 

 

 

 

17. Solve the equation 

(i) 1
297

5






x

x
 

 

1  ,4

0)1)(4(

043

2972510

297)5(

2

2

2











x

xx

xx

xxx

xx

 

(ii) 025)5(225 1  xx
   

1

55

0)55(

025)5(10)5(

2

2









x

x

x

xx

 

 

  

s
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(iii) 372  xx ee  

 

3  ,
2

1

0)3)(12(

0372

372

.Let 

372

2

2

2

2













t

tt

tt

tt

et

ee

x

x

x

 

3ln  ,
2

1
ln

2

3  ,
2

1
2





x

e

x

 

18.2 ,38.1

32ln  ,
2

1
ln2



x
 

 

 

18. Solve the equation 1213  xx .  

 

2  ,(NA) 6

0)2)(6(

0124

12213

)1(213

1213

1213

2

2

2















x

xx

xx

xxx

xx

xx

xx

 

 

 

19. Solve the following equations. 

 

(a) xx  122  

5  ,(NA) 1

0)5)(1(

056

4412

)2(12

212

2

2

2













x

xx

xx

xxx

xx

xx

 

 

(b) 333)81( 1   xxx  

03)3(4)3(

033)3(39

2 



xx

xxx

 

1  ,0

3  ,13

3  ,1

0)3)(1(

034

.3Let 

2













x

t

tt

tt

t

x

x
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20. (i) On the same axes, sketch the graphs of 2

3

4xy   and .2 2

3


 xy   

 

(ii) Determine, with explanation, the number of solutions of x for the equation 

.024 2

3

2

3




xx  

 

 (i) On the same axes, sketch the graphs of 2

3

4xy   and .2 2

3


 xy   

 

 
 

(ii) Determine, with explanation, the number of solutions of x for the equation 

.024 2

3

2

3




xx  

 

 2

3

2

3

2

3

2

3

24024


 xxxx  

 No solution. 

 

 

21. Show that yxxy 339 log
2

1
log

2

1
log  .  

 

 

yx

yx

yx

yx

xyxy

33

33

3

3

3

3

99

99

log
2

1
log

2

1

2

log

2

log

9log

log

9log

log

loglog

loglog











 

 

 

  

s
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22. (a) Given that )(logloglog 131313 yxyx  , express x in terms of y. [3] 

 

y

y
x

yyx

yxyx

yxxy

yxxy

yxyx














1

)1(

)(loglog

)(logloglog

1313

131313

 

 

 

(b) Given that zu 3log , find, in terms of u, 

(i) 
z

3
log 3  z33 log3log   

  u1  

 

(ii) z27log 3  z33 log3log3   

   u 3  

 

(iii) 9log z  
z3

3

log

9log
  

  
u

2
  

 

 

23. (i) Evaluate x2log  given that 
3

2
8log x .  

2

9
log

3

2

log

3

3

2

log

8log

3

2
8log

2

2

2

2









x

x

x

x

 

 

(ii) Given that 35 t , find the value of 
t

t
2

 . 

32

)35(35

35

35

35

2
35

2













t
t

 

 

 

24. A certain virus grows from an initial population of 1000 to size S at the end of t days. 

s
m
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It is given that ),2(1000 ktS   where k is a constant, and that the population doubles at the end 

of 20 days. 

(i) Show that the value of .
20

1
k  

(ii) Find the size of the population of the virus, to the nearest integer, at the end of 30 days.  

(iii) Find the number of days taken for the virus to reach a population of 8000. 

 

(i) When ,20t  )2(10002000 20k  

   

20

1

120

22







k

kt

kt

 

 

(ii) When ,30t  S  )2(1000 20

1
30

  

    2820  

 

(iii) When ,8000S  )2(10008000 20

t

  

   

60

3
20

282 320







k

k

t

 

 It takes 60 days. 

 

 

25. Food ordered from a particular caterer is delivered at a temperature of 75°C. It subsequently 

cools in such a way that its temperature, T°C, t hours after delivery, is given by 
ktAeT  25 , where A and t are constants. 

(i) Find the value of A.  
When 2t , the temperature of the food is 40°C. 

(ii) Find the value of k correct to 3 significant figures.  

(iii) State, with explanations, the temperature of the room where the food is placed. 

 

(i) When ,0t  ,75T  A 2575  

    50A  

 

(ii) When ,2t  ,40T  ke 2502540   

     

3.0ln2

3.0

1550

2

2











k

e

e

k

k

 

     

602.0

2

3.0ln



k
 

 

(iii) As ,t ,25T   

 room temperature = 25C. 

 

 

  

s
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26. A biologist conducted a research on a particular type of bacteria. 

At the start of the experiment, there were 100 bacteria in the growth medium. 

After 6 hours, there were 450 bacteria. 

Assume that the growth of bacteria follows the equation kteAA 0 , where A is the number of 

bacteria, A0 is the initial number of bacteria, t is the time of growth in hours and k is the growth 

constant. 

(i) Show that 1000 A  and 251.0k . 

(ii) Determine the number of hours for the number of bacteria to be 10 times the original 

number. 

 (iii) Determine the number of bacteria present after 1 day of growth. 

(iv) Find the rate of change of A after 2 hours. 

 

(i) When ,0t  ,100A  1000 A  

 When ,6t  ,450A  
ke6100450  

    5.4ke  

   

 

251.0

25067.0

6

5.4ln

5.4ln6









k

k

 

     

 

 

(ii) When ,10 0AA    1025067.0 te  

    10ln25067.0 t  

    

19.9

25067.0

10ln



t
 

 

(iii) When ,24t   A  
25067.024100  e  

     41000  

  

(iv) ,
d

d
0

ktkeA
t

A
   

 When ,2t   
t

A

d

d
 

)25067.0(225067.0100 e  

      4.41  bacteria per hour 

 

 

 

27. The population, x, of a certain micro-organism, present at t hours after the initial observation, is 

given by the formula )e1(200 2.0 tx  . 

 

(i) Find the initial population of the micro-organism. 

(ii) Find, to the nearest hundred, the population of the micro-organism, one day after the initial 

observation.  

(iii) Estimate the population of the micro-organism several years after the initial observation.  

(iv) Sketch the graph of )e1(200 2.0 tx  .  

 

 

(i) When ,0t   x  )11(200   

   400  

 

(ii) When ,24t   x  )1(200 8.4 e  

   200  

  

(iii) As ,t ,0e 2.0  t 200x  

Population of the micro-organism 

200  

 

(iv)   
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28. The temperature, CT , of a liquid after x minutes is given by formula 
xT )9.0( 100 . 

 

(i) Find the initial temperature of the liquid. 

(ii) Find its temperature after 6 minutes. 

(iii) The temperature decreases from its initial temperature by 19°C in m minutes. Find the 

value of m. 

(iv) Find the temperature as x becomes very large. 

(v) Sketch the graph of T against x. 

 

(i) When ,0x    100T  

 

(ii) When ,6x   T  )9.0(100  

   1.53  

  

(iii) When ,81T   )9.0(10081 m  

  
81.0lg9.0lg

81.09.0





m

m

 

   

2

9.0lg

81.0lg



m
 

 

(iv) When ,x   C.0T  

   

(v)   

 
 

 

 

29. (i) Sketch the graph of  xy  2ln  for x  2, showing clearly the asymptote and the axis 

intercepts. 

 (ii) By adding a suitable straight line to your sketch, determine the number of solution(s) of the 

equation xxx e27e  .   

 

(i)  

 

(ii) xxx e27e   

  

xy

xx

xx

x

x

x

xx












7lnInsert 

7ln)2ln(

)2ln(7ln

2

7
e

7e2e

 

 

 

 

  

s
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30. The equation of a curve is ,loglog 22 bxay   where a and b are constants. 

(a) (i) Given that the curve passes through the points (2, 8) and 







32 ,

2

1
, find the value of a 

and of b, 

(ii) Show that the relationship of x and y can be expressed in the form of 
nkxy   

and state 

the value of k and n. 

 

(b) Given that ,loglog 9
3

27 ux   express u in terms of x. 

 

(a) (i) At (2, 8),  ba  2log8log 22  

    ba 3   …….(1) 

  At 







32 ,

2

1
,  ba 










2

1
log32log 22   

    ba 5  …….(2) 

(1)  (2)  a22   

  1a  

    4b  

 

(ii) Show that the relationship of x and y can be expressed in the form of 
nkxy   

and state 

the value of k and n. 

 

  

1

16

16

16

16
loglog

2log4loglog

4loglog

1

22

222

22

















n

k

xy

x
y

x
y

xy

xy

 

 

(b) Given that ,loglog 9
3

27 ux   express u in terms of x. 

 

2

2
33

33

3
3

3

3

3

3

3

3

3

3
3

9
3

27

loglog

log2log

2

log
log

3log2

log

3log3

log3

9log

log

27log

log

loglog

xu

xu

xu

u
x

ux

ux

ux















 

 

 

s
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31. Solve the equation 3lg2lg)104(lg  xx
. 

 

010)2(3)2(

)2(3104

)]2(3lg[)104(lg

2lg3lg)104(lg

3lg2lg)104(lg

2 









xx

xx

xx

xx

x x

 

(NA) 2  ,52

2  ,5

0)2)(5(

0103

.2Let 

2











x

x

t

tt

tt

t

 

32.2

2lg

5lg



x
 

 

 

32. (i) Show that 
x

p
p

x
log

1
log   where 0>p . Hence solve the equation .log42log4 2 xx    

(ii) Solve the equation ))(log(logloglog 9393 xxxx  . 

 

(i) pxlog  
x

p

p

p

log

log
  

  
xplog

1
  

 

 

42

2log

2

0)2(

044

44

4
4

.logLet 

log4
log

4

log42log4

2

2

2

2

2

2

2

2

2





















x

x

t

t

tt

tt

t
t

xt

x
x

xx

 

(ii) ))(log(logloglog 9393 xxxx  . 

 
3  ,1

1  ,0log

1  ,0

0)1(
2

0
22

22

22

.logLet 

2

log
log

2

log
log

9log

log
log

9log

log
log

3

3

3
3

3
3

3

3
3

3

3
3





























































x

x

t

t
t

t
t

t

t
t

t

t
t

t
t

xt

x
x

x
x

x
x

x
x
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33. Solve the equation: 

 

(i)  5.13(0.9) x  

  5.00.9 x  

  

58.6

9.0lg

5.0lg



x
 

 

(ii) 12log6log2 2  xx  

 

2  ,
2

3
log

2  ,
2

3

0)2)(32(

062

1
6

2

.log Let 

1
log

2log6
log2

2

2

2

2

2
2















x

t

tt

tt

t
t

xt

x
x

 

4  ,354.0

2  ,2 22

3






x  

 

 

34. Solve the following equations. 

 

(i) 05393  xx  

 

6

366

45993

)5(993

5393











x

x

xx

xx

xx

 

  

 (ii) 20)392( xx ee  

  

20  ,(NA) 
2

1

20  ,
2

1

0)20)(12(

020392

20)392(

.Let 

2













x

x

e

t

tt

tt

tt

et

 

  
00.3

20ln



x
 

(iii) 3log16log 3 xx   

 
x

x
3

3
3

log

3log16
log   

 

4  ,4

16

16

.logLet 

2

3









t

t

t
t

xt

 

 4  ,4log 3 x  

 
18  ,

81

1

3  ,3 44



 x

 

 

(iv) xx 22 log21)32(log   

)2(log

log22log)32(log

2
2

222

x

xx




 

0)2)(12(

0232

232

2

2







xx

xx

xx

 

(NA) 2  ,
2

1
x  
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Maximum and Minimum Problems 1 

 
 

Singapore Chinese Girls’ School 
Secondary 4(IP) 

Integrated Mathematics II 
Second Derivatives and Application  

 

Name:  ( ) Date: ________________ 

Class: Sec 4_____  

 

Learning Objectives 
At the end of the lesson, you will learn to  

 find the coordinates of a stationary or turning point  of a given curves at using 0
d

d


x

y
.  

 observe the changes in gradients at a stationary point (or a turning point) to determine whether 

the point is a maximum point, minimum point or point of inflexion. 

 

Worksheet 21: Nature of Stationary Points 
 
Determination of Maximum and Minimum Points 
Consider the graph of )(f xy   in the diagram below. 

 
 

 Gradient of the curve  Gradient of the curve 

Along 

AB 
0

d

d


x

y
  y increases as x increases At D 0

d

d


x

y
  D is a stationary points 

At B 0
d

d


x

y
  B is a stationary points 

Along  

DE 
0

d

d


x

y
  y decreases as x increases 

Along 

BC 

0
d

d


x

y
  y decreases as x 

increases 

At E  0
d

d


x

y
  is a stationary points 

At C  0
d

d


x

y
  C is a stationary points 

Along  

EF 
0

d

d


x

y
  y increases as x increases 

Along 

CD 
0

d

d


x

y
  y increases as x increases 

  

 

Stationary points 

Points B, C, D and E where 0
d

d


x

y
 are called stationary points. 
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Maximum and Minimum Problems 2 

 
Minimum points 
Point C (or E) is called a minimum point because )(f xy   has a minimum value as compared to 

the points along BC and CD (along DE and EF). 

 

Points C and E are also known as local minimums as they do not represent the minimum value of 

the whole curve. 

 
Maximum points 
Point B (or D) is called a maximum point because )(f xy   has a maximum value as compared to 

the points along AB and BC (along CD and DE). 

 

Points B and D are also known as local maximums as they do not represent the maximum value 
of the whole curve. 

 
Points of Inflexion 
Consider the graphs of )(f xy   and )(g xy   in the diagram below. 

 

 

At points A and B, 0
d

d


x

y
, but they are both 

neither maximum nor minimum points.  

 

We call these points the stationary points of 
inflexion. 
 

 

Summary  
 

Given a curve )(f xy  , 

(a) When 0
d

d


x

y
 at ax  , then ))(f,( aa  is a stationary point. ))(f,( aa  is a turning point if it is 

either a maximum point or a minimum point. 
 

(b) If 
x

y

d

d
 changes sign from positive to negative as it passes through ax  , then it a maximum 

point. 

 

(c)  If 
x

y

d

d
 changes sign from negative to positive as it passes through ax  , then it is a minimum 

point. 

 

(d) If 
x

y

d

d
 does not change sign as it passes through ax  , then it is a stationary point of inflexion. 
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Maximum and Minimum Problems 3 

Example 1 

Find, by calculus, the stationary point of the curve x
x

y 
3

3

.  

Observe the changes in the sign of the gradient of the curve and determine the nature of the point. 

Hence, sketch the graph of x
x

y 
3

3

. 

x
x

y 
3

3

  

1
d

d 2  x
x

y
  

When 0
d

d


x

y
,  012 x  

 1  ,1 x  

 
3

2
 ,

3

2
y  

The stationary point are 









3

2
 ,1  and 










3

2
 ,1 . 

 

At 









3

2
 ,1 , x 1


 1 1

+
 

 
x

y

d

d
  0 + 

 Slope \  / 

  

As x increases through x = 1, 
x

y

d

d
 changes sign from negative to positive, 










3

2
 ,1  is a minimum 

point. 

 

 

At 









3

2
 ,1 , x 1


 1 1

+
 

 
x

y

d

d
  0 + 

 Slope /  \ 

  

As x increases through x = 1, 
x

y

d

d
 changes sign positive to negative, 










3

2
 ,1  is a maximum point. 
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Maximum and Minimum Problems 4 

Example 2 

Given that curve 
3)2(  xy , find the coordinates of the stationary point and determine its nature. 

2)2(3
d

d
 x

x

y
 

When 0
d

d


x

y
, 0)2(3 2 x  

 2x  

 2y  

 

x 2

 2 2

+
 

x

y

d

d
 + 0 + 

Slope /  / 

 
 (2, 0) is a point of inflexion. 

 
 
Example 3  

A curve has the equation ,
1

12






x

x
y  where 1x . 

(a) Find 
x

y

d

d
. 

(b) State whether this curve has a stationary point. Justify your answer. (Pg409Q2) 
 

(a) 
x

y

d

d
 

2)1(

)1)(12()2)(1(






x

xx
 

  

2

2

)1(

3

)1(

1222









x

x

xx

 

 

(b) Since ,0)1( 2 x  for 1x ,  0
)1(

3
2





x
 

  ,0
d

d


x

y
 

 Hence, y is a decreasing function without any stationary points. 

 
 
 
 
 
 
 

s
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Example 4 

The equation of a curve is 3)1(  xxy . 

(i) Show that 
x

y

d

d
can be expressed in the form )()1( 2 baxx   where a and b are integers.  

(ii) Find the coordinates of the stationary points on the curve. 

(iii) Observe the change in sign of 
x

y

d

d
 as x increases through each of the stationary points. Hence, 

deduce the nature of the points. 

(iv) Sketch the graph of 3)1(  xxy . 

 

(i) 3)1(  xxy  

)14()1(

)31()1(

)1)(3()1()1(
d

d

2

2

23







xx

xxx

xxx
x

y

 

 

(ii) When 0
d

d


x

y
,  0)14()1( 2  xx   

  
4

1
  ,1x  

When 0x ,  0y  

When 
4

1
x ,  y  

3

4

3

4

1








  

  
256

27
  

The stationary points are (1, 0) and 









256

27
 ,

4

1
. 

 

(iii)  x 1

 1 1

+
 



4

1
 

4

1
 



4

1
 

 
x

y

d

d
 + 0 +  0 + 

 Slope /  / \  / 

(1, 0) is appoint of inflexion. 











256

27
 ,

4

1
 is a minimum point.    

 

  

(iv) 

s
m
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Example 5 

Given that ,36 23  xxy  find 

(a) an expression for 
x

y

d

d
, 

(b) the x coordinates of the stationary points. 

 

Show that the gradient of the curve between the stationary points is always negative.  (Pg409Q9) 
 

(a) 4  ,1  xx  
x

y

d

d
xx 123 2   

  

(b) When 0
d

d


x

y
,  0123 2  xx  

  0)4(3 xx  

  4  ,0  xx  

 

 

)4(3

123
d

d 2





xx

xx
x

y

 

 

 For 40  x , 1230  x  

    044  x  

    0)4(3  xx  

    0
d

d


x

y
 

 Hence, the gradient of the curve between the stationary points is always negative. 
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Maximum and Minimum Problems 7 

 
 

Singapore Chinese Girls’ School 
Secondary 4(IP) 

Integrated Mathematics II 
Second Derivatives and Application  

 

Name:  ( ) Date: ________________ 

Class: Sec 4_____  

 

Assignment 22: Nature of Stationary Points 
 

1. Given that 3)1(2 xxy  ,  

(i)   show that 
x

y

d

d
can be expressed in the form ),()1( 2 baxx   

(ii)  find the coordinates of the stationary points,       

(iii) by considering the sign of 
x

y

d

d
, determine the nature of the stationary points.    

  
Solution 

 (i) 
x

y

d

d
 23 )1(6)1(2 xxx   

   
)82()1(

)31()1(2

2

2

xx

xxx




 

  

 (ii) When 0
d

d


x

y
,  0)41()1(2 2  xx  

  
4

1
  ,1x  

  
128

27
   ,0y  

  The two points are (1, 0) and 








128

27
   ,

4

1
 are stationary point. 

 

 (iii)  

x 


4

1
 

4

1
 



4

1
 1


 1 1

+
 

x

y

d

d
 + 0   0  

Slope /  \ \  \ 










128

27
   ,

4

1
is a maximum point. 

(1, 0) is a point of inflexion. 

  

s
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2. Given that xxy  7)5( ,  

(i)   find an expression for 
x

y

d

d
, 

(ii)  find the x-coordinate of the stationary point.       

(iii) by considering the sign of 
x

y

d

d
, determine the nature of the stationary points.  (Pg409Q5)  

 

Solution 

 (i) 
x

y

d

d
 

x
xx




72

1
)5(7  

   
x

xx






72

5)7(2
 

   
x

x






72

93
 

  

 (ii) When 0
d

d


x

y
,  093 x  

  3x  

  
16

37)53(



y  

  (3, 16) is a stationary point. 

 

 (iii) At (3, 16), 

x 3

 3 3

+
 

x

y

d

d
  0 + 

Slope \  / 

(3, 16) is a minimum point. 

 

  

s
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3. Given that ,
2

12
2 




x

x
y   

(i)   find an expression for 
x

y

d

d
, 

(ii)  find the x-coordinate of the stationary point.       

 

(iii) show that y increases as x increases between the stationary points.  (Pg409Q10)  
 

Solution 

(i) 
x

y

d

d
 

22

2

)2(

)12(2)2(2






x

xxx
 

  
22

22

)2(

2442






x

xxx
 

  
22

2

)2(

422






x

xx
 

  
22 )2(

)1)(2(2






x

xx
 

  

(ii) When 0
d

d


x

y
,  0)2)(1(2  xx  

    2  ,1  xx  

 

(iii) 
x

y

d

d
 

22 )2(

)2)(1(2






x

xx
  

    

  For 21  x , 3)1(0  x  

     0)2(3  x  

     2)2( 22 x  

     0
)2(

)2)(1(2

d

d
22







x

xx

x

y
 

 

 Hence for 21  x , y  increases as x increases between the stationary points.  

 

 
 

  

s
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4. Find the coordinates of the stationary point on the curve defined by 
x

x
y

1
 . Determine the 

nature of this point.     

 

x

y

d

d
 

2

2

1

1)1(
2

1

x

xxx 



















 

 
2

1
12

x

x
x

x



  

 
12

)1(2
2 




xx

xx
 

 
12

2
2 




xx

x
 

 

When ,0
d

d


x

y
 02  x  

   2x  

   
2

1
y  

The stationary point is 








2

1
  ,2 . 

 

x 2
 2 2

+
 

x

y

d

d
 + 0  

Slope /  \ 

 Hence 








2

1
  ,2  is a maximum point. 

 

  

s
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5. A curve has an equation of the form 
2x

b
axy  , where a and b are constants. Given that the 

curve has a stationary point at (3, 5). Find the value of a and of b.  (Pg409Q12) 
 

3

2

d

d

x

b
a

x

y
  

At (3, 5), 0
d

d


x

y
, 0

27

2


b
a   

   
27

2b
a   ……(1) 

   5y , 
9

35
b

a   ……(2) 

Sub (1) into (2) 
927

2
35

bb








  

    155
3

 b
b

 

    
9

10
a  

 

  

s
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6. The curve ,)( 22 kxxy  where k is a non-zero constant, has three stationary points. 

(i)  Find 
x

y

d

d
 in terms of k. 

(ii)  Given that the curve passes through the point (1, 1), find the coordinates of each stationary 

point. 

(iii) Determine the nature of the points. 

 (iv) Sketch the curve for .31  x  (Pg410Q16) 
 

(i)  
x

y

d

d
 )(2)(2 22 kxxkxx    

  
)2)((2

))((2

kxkxx

xkxkxx




 

 

(ii) At (1, 1),  2)1(1 k  

   
2 ,(NA) 0

1 ,11





k

k
 

 

)1)(2(4

)22)(2(2
d

d





xxx

xxx
x

y

 

 

 When ,0
d

d


x

y
 0)1)(2(4  xxx  

   1 ,2 ,0x  

   1 ,0 ,0y  

 The three points are (0, 0), (1, 1) and (2, 0).  

 

(iii)  

x 0
 0 0

+
 1

 1 1
+
 2

 2 2
+
 

x

y

d

d
  0 + + 0   0 + 

Slope \  / /  \ \  / 

 (0, 0) and (2, 0) are minimum points 

 (1, 1) is a maximum point. 

 

 (iv)  

 

s
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7*. The curve ,23 cbxaxxy   where a, b and c are constants, touches the x-axis at x = 1 and 

crosses the x -axis at x = 4. Find 

(i) the values of a, b and c, 

(ii)  the coordinates of all the stationary points on the curve, and state the nature of each point, 

(iii) the equation of the tangent to the curve at x = 0.  (Pg410Q18) 
 

(i) At (1, 0), cba 10   ……(1) 

  At (4, 0), cba  416640  ……(2) 

  (2)(1) ba 315630   

    ba  5210  

    ab 521   ……(3) 

 

baxx
x

y
 23

d

d 2  

At (1, 0), ,0
d

d


x

y  023  ba  ……(4) 

Sub (3) into (4) 052123  aa  

   

4

9

6

183









c

b

a

a

 

 

(ii) 496 23  xxxy  

  9123
d

d 2  xx
x

y
 

When ,0
d

d


x

y
   09123 2  xx  

   

0 ,4

1 ,3

0)1)(3(

0342









y

x

xx

xx

 

The stationary points are (3, 4) and (1, 0). 

 

(iii) 

x 1
 1 1

+
 3

 3 3
+
 

x

y

d

d
 + 0   0 + 

Slope /  \ \  / 

 (1, 0) is a maximum point. 

 (3, 4) is a minimum point. 

 

(iv) When x = 0,  y = 4 

    9
d

d


x

y
 

 The equation of tangent is y = 9x  4  

  

s
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Singapore Chinese Girls’ School 
Secondary 4(IP) 

Integrated Mathematics II 
Second Derivatives and Application  

 

Name:  ( ) Date: ________________ 

Class: Sec 4_____  

 

Learning Objectives 
At the end of the lesson, you will learn to  

 use the value of 
2

2

d

d

x

y
 at a stationary point ))(f ,( aaA to determine whether A is a maximum or a 

minimum point. 

 

Worksheet 23: Second Derivative 
 
Determining Maximum and Minimum Points Using the Second Derivative of y 

The diagrams below shows the curve )(f xy   and the graph of 
x

y

d

d
 against x. 

  

From the graph of 
x

y

d

d
 against x, it is observed that  

(a) 
x

y

d

d
 decreases as x increases through A,  

 

(b) the rate of change of 
x

y

d

d
at A, i.e. 0

d

d

d

d

d

d
2

2










x

y

x

y

x
  at A. 

 

 Thus a turning point is a maximum when 0
d

d


x

y
 and  0

d

d
2

2


x

y
 . 

 

(c) 
x

y

d

d
 increases as x increases through B,  

 

(d) the rate of change of 
x

y

d

d
at B, i.e. 0

d

d

d

d

d

d
2

2










x

y

x

y

x
 at B. 

 Thus a turning point is a minimum when 0
d

d


x

y
 and  0

d

d
2

2


x

y
 . 

s
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Summary  
Given a curve )(f xy  , 

(a) When 0
d

d


x

y
 and 0

d

d
2

2


x

y
 at ax  , then ))(f  ,( aa  is a turning point. 

 

(b) If 
2

2

d

d

x

y
 > 0, then ))(f  ,( aa  is a minimum point. 

 

(c)  If 
2

2

d

d

x

y
 < 0, then ))(f  ,( aa  is a maximum point. 

 

 

Example 1 

Given that )2()1( 2  xxy , find  

(a) 
x

y

d

d
 and 

2

2

d

d

x

y
, 

(b) the stationary values of y  and determine the nature of these values.  

 

(a) 
x

y

d

d
 2)1()2)(1(2  xxx   

  12422 22  xxxx  

  33 2  x  

 

 
2

2

d

d

x

y
 )33(

d

d 2  x
x

  

  x6  

 

(b) When 
x

y

d

d
= 0,   1  ,1x  

 When 1x ,  4y  

    
2

2

d

d

x

y
< 0 

  y is a maximum value. 

  

 When 1x ,  0y  

    
2

2

d

d

x

y
> 0 

  y is a minimum value. 

 

 

 

 

 

 

 

 

 

s
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Example 2  

Find the coordinates of the turning point of the curve 
22

1
8

x
xy   and determine whether this point 

is a maximum or minimum point.            (Pg409Q8) 
 

x

y

d

d
 








 2

2

1
8

d

d
xx

x
 

 38  x  

 

2

2

d

d

x

y
 )8(

d

d 3 x
x

 

 43  x  

 

When 
x

y

d

d
 = 0,  08 3  x  

 
2

1
x  

 y  
2

2

1
2

1

2

1
8

















  

  6  

 

When 
2

1
x , 

2

2

d

d

x

y
 = 

4

2

1
3











  

  = 48 > 0 

 









6  ,

2

1
 is a minimum point.  
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Example 3  

Show that the curve 
3

2






x

x
y  where 3x  has neither a maximum nor a minimum point.  

 

x

y

d

d
 

2)3(

)2()3(






x

xx
  

 
2)3(

5




x
  

 

Since 3x , 2)3( x  > 0 ,  0
)3(

5
2





x
. 

Hence, 
x

y

d

d
  0. 

 


3

2






x

x
y  does not have any turning points. 

 

Example 4 

Show that the curve 
x

x
y






1

12
 where 1x  has neither a maximum nor a minimum point.  

 

x

y

d

d
 

2)1(

)12()1(2

x

xx




   

 
2)1(

1

x
   

 

Since 2)1( x  > 0 ,  0
)1(

1
2


 x
. 

Hence, 
x

y

d

d
  0. 

 


x

x
y






1

12
 does not have any turning points. 
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Example 5 

Given that curve 
4)1(  xy , find  

(a) an expression for 
x

y

d

d
, 

(b) the coordinates of the stationary point and determine its nature. 

 

(a) 
x

y

d

d 3)1(4  x  

 

(b) When 
x

y

d

d
= 0, 0)1(4 3 x   

   1x  

   0y  

 
2

2

d

d

x

y 2)1(12  x  

 When 1x , 
2

2

d

d

x

y
= 0 (inconclusive). 

 

x 1

 1 1

+
 

x

y

d

d
 < 0 0 > 0 

Slope \  / 

  

 Hence 0)  ,1(  is a minimum point. 

 

s
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Example 6 

Given that curve 2)1( 3  xy , find  

(a) an expression for 
x

y

d

d
, 

(b) the coordinates of the stationary point and determine its nature. 

 

(a) 
x

y

d

d 2)1(3  x  

 

(b) When 
x

y

d

d
= 0, 0)1(3 2 x   

   1x  

   2y  

 
2

2

d

d

x

y
)1(6  x  

 When 1x , 
2

2

d

d

x

y
= 0 (inconclusive). 

 

x 1

 1 1

+
 

x

y

d

d
 > 0 0 > 0 

Slope /  / 

  

 Hence 2)  ,1(  is a point of inflexion. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

s
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Singapore Chinese Girls’ School 
Secondary 4(IP) 

Integrated Mathematics II 
Second Derivatives and Application  

 

Name:  ( ) Date: ________________ 

Class: Sec 4_____  

 

Assignment 24: Second Derivative 
 
1. Find the coordinates of the stationary point(s) of the following curves and determine the nature 

of each point.                           

(a)   
2)6(  xxy     

(b)   
x

xy
162   

 

(a)   
x

y

d

d
 )6(2)6( 2  xxx   

  )26)(6( xxx     

  )63)(6(  xx    

  )2)(6(3  xx  

 

 When ,0
d

d


x

y
 0)2)(6(3  xx  

   2  ,6x  

   32  ,0y  

 The stationary points are (6, 0) and (2, 32). 

 

 
2

2

d

d

x

y
)6(3)2(3  xx  

  246  x  

 When ,6x  
2

2

d

d

x

y
012   

 (6, 0) is a minimum point. 

 

 When ,2x  
2

2

d

d

x

y
012   

 (2, 32) is a maximum point. 

 

(b)   
x

y

d

d
 

2

16
2

x
x   

  
2

3 )8(2

x

x 
  

 

 When ,0
d

d


x

y
 0)8(2 3 x  

   83 x  

   2x  

   12y  

 The stationary points are (2, 12). 

 

 
2

2

d

d

x

y
 

3

32
2

x
  

   

 When ,2x  
2

2

d

d

x

y
06   

 (2, 12) is a minimum point. 

 

 

 

 

  

s
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2. The graph of baxxy  232  has a stationary point )19,3( . Find the value of a and of b.    

     Determine whether this stationary point is a maximum or a minimum.    (Pg410Q14) 
 

axx
x

y
26

d

d 2   

 

At )19,3( , ,0
d

d


x

y
 0)3(2)3(6 2  a  

  0654  a  

  9a  

 

At )19,3( , ,19y  b 23 )3(9)3(219  

  b 815419  

  8b  

 

1812
d

d
2

2

 x
x

y
 

When ,3x   018)3(12
d

d
2

2


x

y
 

)19,3(  is a maximum point. 

 

3. Prove that the curve kxxy  43   has only one turning point. Find the turning point where       

12k  and determine the nature of this point. (Pg410Q11) 
 

kx
x

y
 312

d

d
 

 

When ,0
d

d


x

y
  012 3  kx  

  
12

3 k
x   

  3

12

k
x   

Hence, kxxy  43 has only one turning point at 3

12

k
x  . 

 

2

2

2

36
d

d
x

x

y
  

 

When 12k ,  1x  

  9y  

  036
d

d
2

2


x

y
 

)9,1(   is a minimum point. 
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4. The curve 
12 


x

b
axy  has a stationary point at ).7 ,2(A  

(i) Find the value of a and of b. 

(ii) Find the other stationary point. 

(iii) Determine whether the point A is a maximum or a minimum point. (Pg410Q15) 
 

(i)   
x

y

d

d
 

2)12(2  xba  

  
2)12(

2




x

b
a  

 At ),7 ,2(A  ,0
d

d


x

y
 0

9

2


b
a  

  
9

2b
a   ……(1) 

 At ),7 ,2(A  ,7y  
3

27
b

a   

   
3

72
b

a   ……(2) 

   









3
7

2

1 b
a   

 

  Sub (1) into (2)  
3

7
9

2
2

bb









  

    

2

9

637

3634









a

b

b

bb

   

 

(ii)  
2)12(

18
2

d

d




xx

y
 

 When ,0
d

d


x

y
  0

)12(

18
2

2





x
 

    

2  ,5

2  ,1

312

9)12(

018)12(2

2

2











y

x

x

x

x

 

 The other stationary point is ).5 ,1(   

 

(iii)   
32

2

)12(

72

d

d




xx

y
 

 When ,2x   0
d

d
2

2


x

y
     

 )7 ,2(A  is a minimum point. 
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5. A curve has the equation 4)3(2 xy  . The point (p, q) is the stationary point on the curve. 

(i)    Determine the value of p and of q. 

(ii)   Determine whether y is increasing or decreasing 

(a) for values of x less than p, 

(b) for values of x greater than p. 

(iii) What do the results of part (ii) imply about the stationary point? (2014) 
 

   

(i)    
x

y

d

d
 )1()3(4 3  x  

  3)3(4 x  

  

 At (p, q), 0
d

d


x

y
,  0)3(4 3  p  

    3p  

  

 At (p, q), qy  , 2q  

     

(ii)   (a) When ,3x  0)3(4 3  x  

    0
d

d


x

y
 

  Hence, y is increasing when .3x  

 

 (b) When ,3x  0)3(4 3  x  

   0
d

d


x

y
 

  Hence, y is decreasing when .3x  

  

(iii)   The stationary point is a maximum point. 

 

(iv)  
2

2

d

d

x

y
 )1()3)(3(4 2  x  

  2)3(12 x  

 At (3, 2),  
2

2

d

d

x

y
 = 0 

  

s
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Singapore Chinese Girls’ School 
Secondary 4(IP) 

Integrated Mathematics II 
Second Derivatives and Application  

 

Name:  ( ) Date: ________________ 

Class: Sec 4_____  

 

Learning Objectives 
At the end of the lesson, you will learn to  

 apply the second derivative test  to solve  word problems involving real life situations.  

 

Worksheet 25: Maxima and Minima Problems 
 

1. A rectangle has sides x cm and y cm. If the area of the rectangle is 16 cm
2
, show that its 

perimeter, P cm, is given by 
x

xP
32

2  . Hence, calculate the value of x which gives P a 

stationary value and show that this value of P is a minimum. 

 
2cm 16  rectangle of Area   

16xy  

x
y

16
  

 

cm 22  rectangle ofPerimeter yx  

P  









x
x

16
22  

 
x

x
32

2   

 

2

32
2

d

d

xx

P
  

32

2 64

d

d

xx

P
  

 

,0
d

d
When 

x

P
 0

32
2

2


x
 

  0162 x  

  4x  

  4  ,0 Since  xx  

,4When x  0
d

d
2

2


x

P
 

minimum. a is  Hence, P  

 

s
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2. A piece of wire of length 104 cm, is bent to form a trapezium as shown in the diagram.  

(i) Express y in terms of x and show that the area, A cm, enclosed by the wire is given by  
220208 xxA  . 

(ii) Find the value of x for which the area enclosed by the wire is stationary. 

(iii) Explain why this value of x gives the largest area possible.    (Pg416Q5 modified) 
 

 
 

(i) cm 104  trapeziumofPerimeter   

xy

xy

yx

852

161042

104 216







 

 

2cm4)26(
2

1
   trapeziumof Area x yx   

2

22

2

20208

3220812

)852(412

)26(2 

xx

xxx

xxx

yxxA









  

 

  

  

(ii) x
x

A
40208

d

d
  

 ,0
d

d
When 

x

A
 040208  x  

   2.5x  

   

(iii) When ,2.5x  0
d

d
2

2


x

A
 

Hence,  A is a maximum.   

 

  

Alternatively 

As x increases through ,2.5x
x

A

d

d
 changes sign from positive to negative, A is a 

maximum.   

 

y cm 

  cm 

5x cm 

 

5x cm 

 4x cm 

 

3x cm 
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3. An open rectangular box of height h cm has a horizontal rectangular base of sides x cm and 2x 

cm. The volume of the box is 36 cm
3
. 

(i) Express h in terms of x, and show that the total external surface area, A cm
2
, of the box is 

given by .
108

2 2

x
xA   

(ii) Calculate the value of x and of h, which would make the total surface area a minimum. 

     (P416Q9) 

(i) 3cm  36  Volume   

 hx x  236  

 
2

18

x
h   

  

 
 2

108
 

26

2

2

x
x

 

xxhA




 

 

(ii)  
108
 4

d

d
2x

x
x

A
  

 When ,0
d

d


x

A
  0

108
 4

2


x
x  

  

2

 3

27

1084
3

3









h

x

x

x

 

 The box has a minimum area when  3x and 2h . 
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4. The diagram shows a box in the shape of a cuboid with a square cross-section of side x cm. The 

volume of the box is 3500 cm
3
. Four pieces of tape are fastened round the box as shown. The 

pieces of tape are parallel to the edges of the box. 

 
 

(i)  Given that the total length of the four pieces of tape is L cm, show that 

.
7000

14
2x

xL   

 

(ii)  Given that x can vary, find the stationary value of L and determine the nature of this 

stationary value.   (June2003) 
 

(i) Let the length of the box be l cm.  

 

2

2

3500

3500 

x
l

x





 

  

 

2

2

7000
14

3500
2)(14

2)(14

x
x

x
x

lxL















 

  

(ii) 
x

L

d

d  









3

7000
214

x
 

  
3

14000
14

x
  

 When ,0
d

d


x

L  0
14000

14
3


x

 

  
10

10003





x

x
 

 When 10x  L
210

7000
)10(14   

   210  

 

(ii) 
2

2

d

d

x

L
4

42000

x
  

 When ,10x 0
d

d
2

2


x

L
, L is a minimum value. 
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5. The diagram shows a greenhouse standing on a horizontal rectangular base. The vertical       

semicircular ends and the curved roof are made from polythene sheeting.  

The radius of each semicircle is r  m and the length of the greenhouse is m l . Given that 120 

m
2 

of polythene sheeting is used for the greenhouse, express l  in terms of r  and show that the 

volume, V m
3
 of the greenhouse is given by 

2
60

3r
rV


 .  

Given that r  can vary, find, to 2 decimal places, the value of r  for which V  has a stationary 

value. Find this value of V and determine whether it is a maximum or a minimum.  (N02) 
 
 

 

 

1202  rl r  

r

 r
l






2120
 

 

22 cm 
2

1
 greenhouse  theof Volume l r  

V  













r

 r
r

2
2 120

2

1
 

 
2

60
3 r

r


  

 

r

V

d

d
 

2

3
60

2r
  

2

2

d

d

r

V
r 3  

  

,0
d

d
When 

x

S
 0

2

3
60

2





r

 

    040 2  r  

    r  



40

 

     57.3  

    143V  

,57.3When r 0
2

2


dr

Vd
 

.57.3 when   valuemaximum a has  Hence, rV  

r m 

l m 

s
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6. The diagram below shows the curve 1
4
2


x
y . A variable point P, moves on the curve such 

that PQ is always parallel to the y-axis and Q is on the x-axis. Let the x-coordinate of P be p, 

0p , and the area of triangle OPQ be A square units, where O is the origin. 

(i)   Obtain an expression for A in terms of p. 

(ii)  Calculate the smallest possible area of triangle OPQ.                                     

 

 

 

(i) Coordinates of P = 












1

4
,

2p
p  

 

 Area of triangle OPQ, A = 












 1

4

2

1
2p

p  unit
2
 

  = 












1

4

2 2p

p
 unit

2 

  = 
2

2 p

p
  unit

2 

 

 (ii) 
p

A

d

d
 = 

2

12
2


p
 

  
2

2

d

d

p

A
= 

3

4

p
 > 0  A is a minimum value. 

  When 
p

A

d

d
 = 0, 

2

12
2


p
  p = 2 

     Minimum A = 
2

2

2

2
  unit

2
  

     = 2 unit
2
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Singapore Chinese Girls’ School 
Secondary 4(IP) 

Integrated Mathematics II 
Second Derivatives and Application  

 

Name:  ( ) Date: ________________ 

Class: Sec 4_____  

 

Assignment 26: Maxima and Minima Problems 
 

1. The diagram shows a container made by fixing a hollow hemisphere of radius r  cm to a 

hollow right circular cylinder of the same radius. Water is filled to a height of  h  cm.  

 If the volume of water in the container is 144 cm
3
, show that  

3

144
2

r

r
h  . 

Hence, find the value of r  and of h  such that the surface area of the container that is in contact 

with the water is a minimum. 

 

Volume of water = 144 cm
3
 

 

3

144

3
144

144
3

2

144
3

2

2

3
2

32
3

2
3

r

r
h

r
hr

rhr
r

rhr
r










 

 

 

Let surface area be A cm
2
. 

A =  rhrr  22 2  

 = 







 r

r

r
rr

3

144
22

2

2
 

 = 
3

2288 2r

r





 

3

4288

d

d
2

r

rr

A 



   

3

4576
32

2 





rdr

Ad
 

When 0
d

d


r

A
,  0

3

4288
2








r

r
 

   6r  

   6h  

 

When 6r , 04
d

d
2

2


r

A
 

Surface area in contact with the water is a minimum when 6 hr cm. 

 

 

r cm 

h cm 

r cm 

(h  r)cm 

s
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2. The diagram shows part of a curve .
2

9
2x

y  PQRS  is a rectangle with )0 ,( pP  is inscribed 

in the region bounded by the curve and the x-axis. Find the dimensions of the rectangle if its 

area is to be a maximum. 

 
 

) ,0( pP  














2
9  ,

2p
p . 

Area of PQRS , A = 














2
92

2p
p  unit

2 

 
= 318 pp   unit

2
 

p

A

d

d
 = 2318 p   

2

2

d

d

p

A
 = p6  

When 
p

A

d

d
 = 0,  0318 2  p   

   6p  (p > 0) 

 6
2

9
2


p

y  

 When 6p ,  
2

2

d

d

p

A
 = 66  < 0 

 The dimensions of the rectangle with a maximum area are 62  units by 6 units. 

 

 

  

s
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3. The diagram shows the cross-section of a hollow cone of height 30 cm and base radius 12 cm 

and a solid cylinder of radius r cm and height h cm. Both stand on a horizontal surface with the 

cylinder inside the cone. The upper circular edge of the cylinder is in contact with the cone. 

 

 

 (i) Express h in terms of r and hence show that the volume of the cylinder, ,cm 3V  is given by 









 32

2

5
30 rrV . 

Given that r can vary, 

(i) find the volume of the largest cylinder which can stand inside the cone and show that, 

in this case, the cylinder occupies  
9

4
of the volume of the cone. 

(i) 
12

12

30

rh 
  

 

2

5
30

12

)12(30






r
h

 

 

 

(ii) V  hr2  

 









2

5
302r  

 







 32

2

5
30 rr  

r

V

d

d

2

15
60

2r
r


  

2

2

d

d

r

V
r 1560  

 

When 0
d

d


r

V
, 0

2

15
60

2





r

r  

   08 2  rr  

   0)8(  rr  

    8r  ( 0r ) 

    V   640  

     2010  

    
2

2

d

d

r

V
0)8(1560    

 cone  theof Volume

cylinder largest   theof Volume  
 

 )30)(12(
3

1

406

2




 
 

 9

4 
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4. In the diagram, the cross-section of the prism is an isosceles triangle ABC in which 

cm 5xACAB   and cm 6xBC  . 

 

The length of each of the parallel edges AD, BE and CF is h cm. 

Given that the volume of the prism is 4500 cm
3
, 

(i) write an expression for h in terms of x,  

(ii) show that the total surface area, A cm
2
, is given by ,

6000
24 2

x
x   

(iii) express 
x

A

d

d
 in terms of x, 

(iv) find the stationary value of A.  (Pg417Q11) 
 

(i) Volume = 4500 cm
3
  

4500)4)(6(
2

1
hxx  

2

2

375

4500

x

x
h





 

 

(ii) A xhxhxhxx 655)4)(6(
2

1
2   













2

2

2

375
1624

1624

x
xx

xhx

 

x
x

6000
24 2   

 

(iii) 
x

A

d

d
 

2

6000
48

x
x    

 

(iv) When ,0
d

d


x

A
  0

6000
48

2


x
x  

    
5

125

600048
3

3







x

x

x

 

    
1800

5

6000
)5(24 2



A  

 Stationary value of A = 1800 

 

 

 

 

 

 
 

h cm 

A B 

D E C 

F 
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60 

r cm 

h cm 

5. The diagram shows a toy which is made up of a right circular cone fixed to a closed cylinder 

with height h cm. The slant height of the cone makes an angle of 60 with the horizontal axis 

and the radius of the cone is r cm.  

 

Given that the volume of the toy is 50 cm
3
, show that   

3

350
2

r

r
h  . 

 

If the total surface area of the toy is A, show that  

r
rA



















100

3

32
32

. 

 

Hence, find the value of r for which A has a stationary value. 

Determine if A is a maximum or a minimum. 

 

Height of cone  = 60tanr  cm 

 = 3r  cm 

 

Volume of toy  = hrrr 22 )3(
3

1
  cm

3 

50 = hrr 23

3

3
  

32

3

3
50 rhr   

2

3

3

3
50

r

r

h




  

3

350
2

r

r
h   

 

 60cos
l

r
  rl 2  

 

Total surface area of the toy is A  

= rlrhr  22  cm
2 

= )2(
3

350
2

2

2 rr
r

r
rr 














  cm

2 

= 
3

32100
3

2
2 r

r
r





  cm

2 

= 
r

r


















100

3

32
32

 cm
2
 

 

 

r

A

d

d
 = 

2

100

3

32
32

r
r
















  

When 
dr

dA
 = 0,  

2

100

3

32
32

r
r
















  = 0 

 
2

100

3

32
32

r
r

















  

 
3r



















3

32
32

100
 

 r = 
3

3

32
32

100
















  

 r = 3.0035 cm 

 r  3.00 cm 
 

 

2

2

d

d

r

A
 = 

3

200

3

32
32

r

















  

 = 34.8 > 0 

A is a minimum when r = 3.00 cm
 

 

 

 

s
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6. The right-angled triangle ABC has cm, 3AB  cm 4BC  

and cm. 5AC The rectangle BXPY is such that 

cm xBX 

 

and cm. yBY    

(i) Express y in terms of x. 

(ii) Show that the area, A cm
2
, of ).4(

4

3
xxA   

(iii) Find the value of x for which the A is stationary. 

(iv) Explain why this value of x gives the largest area possible.    (Pg420Q5 modified) 
 

(i) 
4

4

3

xy 
  

4

)4(3 x
y




 
 

(ii)  A  xy  

  )4(
4

3
xx   

 

(iii) 
x

A

d

d  







 2

4

3
3

d

d
xx

x
 

 x
2

3
3  

 

When ,0
d

d


x

A  0
2

3
3  x  

  2x  
When ，x 2  A )24)(2(

4

3
  

   3  

 

(iii) When ,2x  0
2

3

d

d
2

2


x

A
 

Hence, A is a maximum.   

 

  

Alternatively 

As x increases through ,2x
x

A

d

d
 changes sign from positive to negative, A is a maximum.   
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7*. Show that the largest rectangle inscribed in a circle of radius a cm is a square of side cm. 2a   

  (Pg417Q15) 
 Let the length, width and area of the rectangle be x cm, y cm and A cm

2
. 

 
22

222

4

)2(

xay

ayx




 

 

 

2

1

22

22

)4(

4

xax

xax

xyA







 

 

 

22

22

2222

1

22

2

1

222

1

22

4

24

)4()4(

)2()4(
2

1
)4(

d

d

xa

xa

xxaxa

xxaxxa
x

A














 

 

 When ,0
d

d


x

A
 0

4

24
22

22






xa

xa  

  

2

2

2

42

024

22

22

22

ay

ax

ax

ax

xa











 

  

x 


2a  2a  


2a  

x

y

d

d
 + 0  

Slope /  \ 

 

 Largest rectangle inscribed in a circle of radius a cm is a square of side cm. 2a  
 

 

a 
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Singapore Chinese Girls’ School 
Secondary 4 

Additional Mathematics 
Revision 14 

 

Name:  ( ) Date: ________________ 

Class: Sec 4______  

 
Revision 14 Maxima and Minima 

Given a curve )(f xy  , when 0
d

d


x

y
 at ax  , ))(f,( aa  is a stationary point.  

 
First Derivative Test  

 If 
x

y

d

d
 changes sign from positive to negative as it passes through ax  , then it a maximum 

point. 

 If 
x

y

d

d
 changes sign from negative to positive as it passes through ax  , then it is a minimum 

point. 

 If 
x

y

d

d
 does not change sign as it passes through ax  , then it is a stationary point of inflexion. 

 
Second Derivative Test  

 If 
2

2

d

d

x

y
 > 0, then ))(f  ,( aa  is a minimum point. 

 If 
2

2

d

d

x

y
 < 0, then ))(f  ,( aa  is a maximum point. 

 If 
2

2

d

d

x

y
 = 0, the nature of the stationary point could not be determined. Apply the First 

derivative test. 
 
 
  

s
m
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Example  

1. The curve with equation has a stationary point for which  

(i) Find the x-coordinate of this point. 

(ii) Determine the nature of this this point.  

 

Solution 

(i) 
x

y

d

d
 xexe xx cossin    

  )cos(sin xxe x    

 When ,0
d

d


x

y
 0cossin   xexe xx

 Since ,0xe  xx cossin    

   

4

1tan






x

x

 

   

 Apply the Product Rule. 

 Solve 0
d

d


x

y
 to find the value of 

x which gives a stationary value 

of y. 

(ii) 
2

2

d

d

x

y
 )sin(cos)cos(sin xxexxe xx    

  xe x cos2   

 When 
4


x , 0

d

d
2

2


x

y
  

 Hence the stationary point is a maximum point. 

 Perform the Second Derivative 
Test. 

 Check the sign of the value of 

2

2

d

d

x

y
to determine nature of the 

stationary value. 

  

2. The equation of a curve is 
3xey  . 

(i) Find expressions for 
x

y

d

d
 and 

2

2

d

d

x

y
. 

(ii) Find the coordinate of the stationary point and determine the nature of this point. 

 
Solution 

(i) 
323

d

d xex
x

y
  

 
2

2

d

d

x

y
 )3(36

33 22 xx exxxe   

  )32(3 33

xxex   

 

 Apply the Product Rule 

 Solve 0
d

d


x

y
 to find the value of x 

which gives a stationary value of y. 

(ii) When ,0
d

d


x

y
 03

32 xex  

 Since ,0
3

xe  0x  

  1y  

 When 0x , 
2

2

d

d

x

y
= 0 (inconclusive)  

 0xa  or 0
3

xe  

 When the Second Derivative Test fails, 

performs the First Derivative Test. 

 x  0
 0  0

+
 

 

x

y

d

d
 + 0  

(0, 1) is a point of inflexion. 
 

 

xey x sin .0  x
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3. The diagram shows a glass window consisting of a recatangle of height h m and and with 2r m 

and a semicircle of radius r m. The perimeter of the window is 8 m. 

 

(i) Express h in terms of r.  

(ii) Show that the area of the window, A m
2 

, is given by  

 .
2

1
28 22 rrrA    

Given that r can vary, 

(iii) find the value of r for which A has a stationary value,  

(iii) determine whether this stationary value is a maximum or a 

minimum. 

 

Solution 

(i)  

  

  

 

 

(ii)   

   

   

 

 0xa  or 0
3

xe  

 When the Second Derivative Test fails, 

performs the First Derivative Test. 

(iii) rr
r

A
 48

d

d
 

 When ,0
d

d


r

A
 048  rr    

    

12.1

4

8







r

 

 

 Solve 0
d

d


r

A
 to find the value of r 

which gives a stationary value of A. 

(iv) 04
d

d
2

2

 
r

A
 

 A is a maximum value. 

 

 Check the sign of the value of 
2

2

d

d

r

A
to 

determine nature of the stationary value. 

 

 

  

 

      

  

822  hrr

rrh 282 

rrh 
2

1
4

A rhr 2
2

1 2 

)28(
2

1 2 rrrr 

22

2

1
28 rrr  s

m
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Exercise 

1. The curve 
x

xy
9

 . 

(i) Find expressions for 
x

y

d

d
 and 

2

2

d

d

x

y
. 

(ii) Show that the curve has a stationary value when .9x  

(iii) Find the nature of this stationary value. 

 

 Solution 

(i) 
x

y

d

d
 2

3
 

2

1
 

2

1
9

2

1 









 xx  

  
xxx

xx
2

9

2

1
or   

2

9

2

1
2

3
 

2

1
 




 

 

 

2

5
 

2

3
 

2

5
 

2

3
 

2

2

4

27

4

1
 

2

3
 

2

9

2

1
 

2

1

d

d


























xx

xx
x

y

 

 

(ii) When ,9x  
x

y

d

d
 ) 9(

2

9
)9(

2

1
2

3
 

2

1
 

  

   0  

 Hence, the curve has a stationary value when .9x  

 

(iii) When ,9x  
2

2

d

d

x

y
 )9(

2

3
 

2

9
)9(

2

1
 

2

1
2

5
 

2

3
 


















  

    

0
54

1

)243(4

27

)27(4

1
 





  

 The stationary value is a minimum. 
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2. A piece of wire, of length 2 m, is divided into two pieces. One piece is bent to form a square of 

side x m and the other is bent to form a circle of radius r m. 

(i) Express r in terms of x and show that the total area, A m
2
, of the two shapes is given by  



 14)4( 2 


xx
A . 

Given that x can vary, find 

(ii) the stationary value of A, 

(iii) the nature of this stationary value. 

 
Solution 
(i) 224  rx  

xr 422   





x

x
r

21

2

42







 

 














14)4(

441

21

2

22

2

2

22














 




xx

xxx

x
x

xrA

 

 

(ii) 


 4)4(2

d

d 


x

x

A
  

  When 0
d

d


x

A
, 04)4(2 x  

    

4

2

4

4
2











x

x

 

    

140.0

1
4

2
4

4

2
)4(

2
































A  

    

(iii) 
2

2

d

d

x

A
0

)4(2





  

 140.0A  is a minimum value. 
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3. A cuboid has a total surface area of 120 cm
2
. Its base measures x cm by 2x cm and its height is 

h cm.   

 

(i) Obtain an expression for h in terms of x.  

 

Given that the volume of the cuboid is V cm
3
, 

(ii) show that .
3

4
40

3x
xV   

Given that x can vary, find 

 (iii) the stationary value of V and the nature of this stationary value. 

 

Solution 

(i) 120)22(2 2  hxhxx  

  6032 2  hxx  

   
22603 xhx   

   
x

x
h

3

260 2
  

   

(ii)  V  hx22  

    

3

4
40

3

260
2

3

2
2

x
x

x

x
x















 


  

 

(iii) 
2440

d

d
x

x

V
  

  When 0
d

d


x

V
, 0440 2  x  

    102 x  

  Since 0x ,  10x  

     

3.84

103

2060
20










 
V

 

 x
x

V
8

d

d
2

2

  

 When 10x , 0108
d

d
2

2


x

V
  

 Hence 3.84V  is a maximum value.  

s
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4. The diagram shows part of the line .212 xy   The point Q(x, y) lies on this line and the 

points P and R lie on the coordinates axes such that OPQR is a rectangle.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(i) Write down an expression, in terms of x, for the area A of the rectangle OPQR. 

(ii) Given that x can vary, find the value of x for which A has a stationary value. 

(iii) Find this stationary value of A and determine its nature. 

 

 

Solution 

(i) A  )212( xx   

    2212 xx  

   

(ii) 
x

A

d

d
x412   

  When 0
d

d


x

A
,  0412  x   

    3x  

   

(iii) When 3x ,  A  )612(3   

     18  

   04
d

d
2

2


x

A
  

18A is a maximum value.  

s
m
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5. The diagram shows part of the curve .27 2xy   

The points P and S lie on this curve, The points Q 

and R lie on the x-axis and PQRS is a rectangle. 

The length of OQ is t units. 

 

(i) Find the length of PQ in terms of t and hence 

show that the area, A square units, of PQRS is 

given by 

.254 3ttA   

 

(ii) Given that t can vary, find the value of t for 

which A has a stationary value. 

(iii) Find this stationary value of A and determine 

its nature. 

 

Solution 

(i) Coordinates of P )27 ,( 2tt     

  units  27 2tPQ   

  
3

2

254

)27(2

tt

ttA




 

     

(ii) 2654
d

d
t

t

A
  

When 0
d

d


t

A
, 0654 2  t  

   92 t  

Since 0t ,   3t  

 

(iii) When 3t ,   A 3)3(2)3(54   

      108  

     

036

12
d

d
2

2



 t
x

A

 
 

  A has a maximum value when . 

 

  

3t

s
m
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6. The diagram shows an open container constructed out of 200 cm
2
 of cardboard. The two 

vertical end pieces are isosceles triangles with sides 5x, 5x and 8x cm, and the two side pieces 

are rectangles of length y cm and width cm, as shown.  The open top is a horizontal 

rectangle. 

 
(i) Express y in terms of 

 (ii) Show that the volume  of the container is given by 
 Given that x can vary, 

(iii) find the value of x for which V has a stationary value, 

(iv) determine whether this stationary value is a maximum or a minimum. 

 

Solution 

(i) 200)5(238
2

1
2 








 xyxx y  

  
2

2

2420010

2001024

xxy

xyx




 

  

2

2

4.220

10

24200

x

x
y






 

 

(ii) V  yxx  38
2

1
 

   
3

2

8.28240

)4.220(12

xx

xx




 

 

(iii) 
24.86240

d

d
x

x

V
  

  When ,0
d

d


x

V
 04.86240 2  x  

   
4.86

2402 x  

  Since ,0x  
3

5
x  

 

(iv) x
x

V
8.172

d

d
2

2

  

  When 3

5
x , 0

d

d
2

2


x

V
 

  Hence, V is a maximum value. 

 

  

,5x

.x

,cm 3V .8.28240 3xxV 

s
m
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r cm 

h cm 

7. The diagram shows a container which consists of a cylinder and a solid hemispherical cap 

which fits exactly on top of the cylinder.  

The cylinder has a radius r cm, height h cm and it can hold a volume of 500 cm
3
.  

 

(i) Show that the total external surface area, A cm
2
, of the 

container is given by 
r

rA
1000

3 2   .   

 

Given that r can vary, 

(ii) find the stationary value of A, 

(iii) determine the nature of this stationary value of A.  

 

Solution 

(i) 5002 hr  

  
2

500

r
h


  

  

r
r

r
rr

rhrrA

1000
3

500
23

22

2

2

2

22






















 

 

(ii) 
2

1000
6

d

d

r
r

r

A
     

  When ,0
d

d


r

A
 0

1000
6

2


r
r  

    10006 3 r  

    

7575.3

6

1000
3






r
 

    

399

7575.3

1000
)7575.3(3 2



 A
 

 

(iii) 32

2 2000
6

d

d

rr

A
   

  When ,7575.3r   0
d

d
2

2


r

A
 

  Hence, A is a minimum value. 

 

  

s
m
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8. The diagram shows an open cardboard box with a rectangular base and a close fitting cardboard 

lid which slips over the top of the box. 

 

The dimensions of the lid are 2x cm, x cm and 3 cm. 

The total area of cardboard used in making the box and the lid is 2400 cm
2
. 

 

(i) Obtain an expression for y in terms of x, and hence show that the volume, V cm
3
 of the box 

is given by 2
3

6
3

4
800 x

x
xV  . 

 

(ii) Given that x can vary, find the value of x for which volume of the box is stationary. 

Calculate this stationary value of V.  

 

(iii) Explain why this value of x gives the largest volume of the box. 

 

Solution 

(i) 240026182 22  xxyxx  

  xxxy 18424006 2   

  

x

xx

x

xx
y

3

921200

6

1842400

2

2







 

  

2
3

2
2

2

6
3

4
800

3

921200
2

2

x
x

x

x

xx
x

yxV















 




 

 

(ii) xx
x

V
124800

d

d 2    

  When ,0
d

d


x

V
 0124800 2  xx  

    020032  xx  

    

(NA) 7.15  ,7.12

2

)200)(1(433 2




x

 

 

(iii) 128
d

d
2

2

 x
x

V
 

  When ,7.12x   0
d

d
2

2


x

V
 

  Hence, V is a maximum value. 

 

 

  

2x 

cm 

x cm 

3 cm 

y cm 

2x cm 

x 

c Cardboard 

lid 

Cardboard 

box  s
m
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9. The diagram shows a square PQRS of side 1 m. 

 

 

The length of PX = x m and QY = qx m, where q is a constant such that q > 1. 

(i) Given that the area of triangle SXY is A m
2
, show that ).1(

2

1 2qxxA    

(ii) Given that x can vary, show that QY = YR when A is a minimum. Hence, express the 

minimum value of A in terms of q.  

 

Solution 

(i) A  )1)((
2

1
))(1(

2

1
)1)(1(

2

1
1 xqxxqx   

  

222

1

22222

1
1

2

2

qxx

qxqxxqx





 

  )1(
2

1 2qxx   

  

(ii) )21(
2

1

d

d
qx

x

A
   

  When ,0
d

d


x

A
 0)21(

2

1
 qx  

    

q
x

qx

2

1

12





 

  02
d

d
2

2

 q
x

A
 

  A is a minimum when .
2

1

q
x   

  When ,
2

1

q
x   QY  qx  m 

     

YR

q
q















m 
2

1

m 
2

1

 

  Minimum A 
























2

2

1

2

1
1

2

1

q
q

q
 

    





















q

qq

4

1
1

2

1

4

1

2

1
1

2

1

 

Q X P 

Y 

S R 
1 

1 

qx  

x 

s
m
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Equations Involving Absolute Valued Functions 

 px    px   or px   

 ba    ba   or ba   

 

Graphs of Absolute Valued Functions 
 

 
 

  

baxcy   cbaxy   cbxaxy  2
 cbxaxy  2

 

 

Example  

1. Solve the equation xx 562  . 

   

(NA)  1   ,6

0)1)(6(

065

56

2

2









x

xx

xx

xx

 

1   ,(NA)  6

0)1)(6(

065

56

2

2









x

xx

xx

xx

 

1. Consider the two cases. 

2. As the LHS > 0, x5  > 0. 

3. Verify the answers.  

 

 

2. Solve the equation 63142  xx . 

 

Method 1 

63142  xx  

12

23122





x

xx
  

12 x  12 x  

1x   3x  

 

Alternative method 

63142  xx  

1

63142





x

xx
 

63142

)63(1)42(





xx

xx
 

 3x   
Since 42 x  and 63 x  are multiples of 2x , only 

two following cases are considered. 

 

  

s
m



2 

 

Exercise 
  

1. The diagram shows part of the graph of .325  xy  

 

(i) Find the coordinates of the points A, B and C. 

(ii) Solve the equation .325 xx   

 

In each of the following cases, find the set of 

values of x that satisfies the given inequality. 

(iii) 0y   

(iv) y < x  

 

 
(i) At A,  032 x  

 
2

3
x  

.5  ,
2

3








A  

 

At B and C, ,0y  0325  x  

   

4 ,1

8 ,22

532

532









x

x

x

x

 

)0 ,4(B  and )0 ,1(C . 

 

(ii) xx  325  

xx  532  

xx  532  or 532  xx  

3

2

23





x

x

   

8x

 

 

(iii) 140  xy  

 

(iv) 
3

2
or    8  xxxy  

 

 

  

A 

B C 
O 

y 

x 

  

s
m
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2. (a) Solve the equation xx 234  . 

   

  
xx 234 

 

  
324  xx

 

 324  xx  or xx 234   

 7x    13 x  

    (NA)  
3

1
x  

 

 

 (b) Sketch the curve 322  xxy , showing clearly the coordinates of the maximum point 

and the points where the curve meets the axes. 

  

 
 

 

 (c) The diagram below shows part of the graph of 12  xy .  

 

(i) Given that the line 3mxy  

intersects the graph 12  xy  at 

only one point. Write down the 

possible values of m. 

 

 (ii) Determine the number of points of 

intersection between the graph of 

12  xy  and the line cxy   

where c > 0. Explain your answer. 

 

 (i) 3mxy  must be parallel to the right hand arm or left hand arm of 12  xy . 

  2m  

 

 (ii) 2 solutions. 

 

  

 

  

y 

x 
O 

s
m
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3. (a) Solve the equation 1
2

163 2




x

x
.   

1
2

163 2




x

x
 

xx 2163 2   

  xx 2163 2   or xx 2163 2   

 

2  ,
3

8

0)2)(83(

01623 2







x

xx

xx

  

2 ,
3

8

0)2)(83(

01623 2







x

xx

xx

  

   

 

(b) The diagram shows part of the graph of 225  xy . 

Find the coordinates of the points A, B and C.  

  

 At A, ,0x  3y  

).3  ,0(A  

 

At B,  025  x  

   
2

5
x  

.2  ,
2

5








B   

  

At C, ,0y  0225  x  

   

2

7

72

252

225









x

x

x

x

 

.0  ,
2

7








C   

 

(c) Sketch the graph of y = |4x
2
 – 1| for 11  x . Hence state the range of y.  

 

 

 

  

 

 

 

 

     

    Range of y: 30  y  

 

 

s
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4. (a) Draw the graph of 32  xy  for .33  x  State the range of y.  

 

 
 Range of y: 33  y  

 

 

(b) Solve the equation xx 6162  . 

 

 xx 6162   

  xx 6162    or xx 6162   

 01662  xx  01662  xx  

 
  (NA)  2  ,8

0)2)(8(





x

xx
 

2  ,(NA)  8

0)2)(8(





x

xx
 

 8  ,2x  

 

 

5. (i) Sketch the graph of 242  xy . 

(ii) Solve the equation of xx  242 .  

 

(i)   

 
 

(ii) xx  242  

242  xx  

  242  xx  or 242  xx  

 6x    23 x  

    
3

2
x   

 

 

s
m
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6. (i) Find the coordinates of all points at which the graph of 52 2  xy  meets the coordinate 

axes.  

(ii) Solve the equation 52 2 x = 3x. 

(iii) Sketch, on the same diagram, the graphs of 52 2  xy and y = 3x. 

 Hence find the range of values of xx 352 2  . 

 

 (i) When ,0y   052 2 x  

   

2

5

2

52





x

x

 

 

  When ,0x   5y  

  The three points are (0, 5), 













0,

2

5
 and 













 0,

2

5
. 

 

(ii) xx 352 2   

  xx 352 2    or xx 352 2   

 0532 2  xx  0532 2  xx  

 
(NA)  1  ,

2

5

0)1)(52(





x

xx

 
1  ,(NA)  

2

5

0)1)(52(





x

xx

 

 
2

5
  ,1 x  

 

 (iii)  

  
 

 
2

5
1352 2  xxx  

 

 

  

s
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7. Solve the equation 123342  xx .  

 

123342  xx  

 123342  xx  or  123342  xx  

 04542  xx    02142  xx  

 0)5)(9(  xx    0)3)(7(  xx  

 5  ,9 x    3  ,7 x  

 9  7,  ,3  ,5 x  

 

 

8. (i) Sketch the graph of y = | xx 52  | for 61  x , indicating clearly the points where the 

curve cuts the x- axis.  

 

(ii) Solve the equation 0|5|6 2  xx . 

 

(i)  

  
 

(ii) 0|5|6 2  xx  

 6|5| 2  xx  

 652  xx  or  652  xx  

 0652  xx    0652  xx  

 0)1)(6(  xx    0)3)(2(  xx  

 1  ,6 x    3  ,2x  

 6  3,  ,2  ,1x  

 

 

  

s
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9. The diagram shows part of the graph of .135  xy  

 

(i) Find the coordinates of A, of B and of C. 

(ii) Determine the area of the triangle ABC. 

(iii) Solve the equation .2135 xx   

 

(i) At B,  013 x  

 
3

1
x  

.5  ,
3

1








B  

 
 

At A and C, ,0y  0135  x  

   

2 ,
3

4

6 ,43

513

513









x

x

x

x

 

)0 ,2(A  and 







0 ,

3

4
C . 

 

(ii) Area of triangle ABC 52
3

4

2

1








  

   
2unit 

3

25
   

 

(iii) xx 2135   

xx 2513   

xx 2513   or 5213  xx  

5

4

45





x

x

   

6x

 

 

 

  

A 

B 

C 
O 

x 

y 

s
m
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10. (i) Sketch the graph of |3| 2  xy  for 22  x .  

 

(ii) Solve the equation 2|53|  xx . 

 

(i) 

 
 

(ii) 2|53|  xx  

 2|53|  xx  

 253  xx  or  xx  253  

 72 x     34 x  

 
2

7
x     

4

3
x    

  
4

3
 ,

2

7
 x  

s
m
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Revision 5: Partial Fractions 
 

The following three cases will be assessed. 

1. 
)()())((

)f(

dcx

B

bax

A

dcxbax

x








 

2. 
22 )()()())((

)f(
 

dcx

C

dcx

B

bax

A

dcxbax

x











 

3. 
)()())((

)f(
 

2222 cx

CBx

bax

A

cxbax

x










 

 

Exercise 
 
1. Express the following in partial fractions. 

 

(a) 
)2)(4(

1093
2

2





xx

xx
2

2

)2)(2(

1093






xx

xx
 

2

2

22

2

)2)(2(

)2()2)(2()2(

)2(22)2)(2(

1093
Let 



















xx

xCxxBxA

x

C

x

B

x

A

xx

xx

 

  )2()2)(2()2(1093 22  xCxxBxAxx  

   

  Let ,2x  A16101812   

    
1

1616





A

A
 

 

  Let ,2x  C4101812   

    
5

204





C

C
 

  Comparing coefficient of 
2x , 3 BA  

     
4

3



 AB
 

  
2

2

)2)(2(

1093






xx

xx
2)2(

5

2

4

2

1










xxx
 

  

s
m



2 

 

(b) 
)5)(1(

2

56

2
2 


 xx

x

xx

x
 

)5)(1(

)1()5(

51)5)(1(

2
Let 














xx

xBxA

x

B

x

A

xx

x

 

     

  )1()5(2  xBxAx  

   

  Let ,1x  A42   

    
2

1
A  

 

  Let ,5x  B410   

    
2

5
B  

  
)5(2

5

)1(2

1

)5)(1(

2










xxxx

x
 

 

 

(c) 
)1)(2(

952 2





xx

xx
 

)1)(2(

)2()1()1)(2(2

12
2

)1)(2(

952
Let 

2
















xx

xBxAxx

x

B

x

A

xx

xx

 

     

  )2()1()1)(2(2952 2  xBxAxxxx  

   

  Let ,1x  B36   

    2B  
 

  Let ,2x  A39108   

    
9

327





A

A
 

  
1

2

2

9
2

)1)(2(

952
 

2












xxxx

xx
 

 

 

 

 

 

 

 

 

 

s
m
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(d) 
)1)(5(

8217
2

2





xx

xx
  

 

)1)(5(

)5)(()1(

15)1)(5(

8217
Let 

2

2

22

2


















xx

xCBxxA

x

CBx

x

A

xx

xx

 

  )5)(()1(8217 22  xCBxxAxx  

   

  Let ,5x  A268105175   

    
3

2678





A

A
 

  Comparing coefficient of 2x , 7 BA  

     4B  
  Let ,0x  CA 58   

    
1

538





C

C
 

  
1

14

5

3

)1)(5(

8217
 

22

2














x

x

xxx

xx
 

 

 

(e) 
)4()12(

20–43
2

2





xx

xx
  

 

)4()12(

)12)(()4(

412)4()12(

20–43
Let 

2

2

22

2


















xx

xCBxxA

x

CBx

x

A

xx

xx

 

  )12)(()4(20–43 22  xCBxxAxx  

   

  Let ,
2

1
x  









































 4

2

1
20–

2

1
4

2

1
3

22

A  

    

5

4

17

4

85





A

A

 

  Comparing coefficient of 
2x , 32  BA  

     
4

82





B

B
 

  Let ,0x   CA 420  

     
0

2020





C

C
 

 

  
4

4

12

5

)4()12(

20–43
 

22

2












x

x

xxx

xx
 

s
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(f) 
)3)(2(

1
1

65

54
2

2










xx

x

xx

xx
 

 

)3)(2(

)2()3(

32)3)(2(

1
Let 
















xx

xBxA

x

B

x

A

xx

x

 

  )2()3(1  xBxAx  

   

  Let ,3x  B13  

    2B  
 

  Let ,2x  A12  

    1A   
 

  
3

2

2

1
1

65

54
2

2












xxxx

xx
 

 

 

(g) 
)1)(12(

1
2  xx

 

 

)1()12(

)12)(()1(

112)1)(12(

1
Let 

2

2

22
















xx

xCBxxA

x

CBx

x

A

xx
 

  )12)(()1(1 2  xCBxxA  

   

  Let ,
2

1
x  

4

5
1

A
  

    
5

4
A  

 

  Comparing coefficient of 
2x , 02  BA  

     

5

2

2




A

B

 

  Let ,0x   CA1  

     

5

1

5

4
1



C

 

 

  
)1(5

21

)12(5

4

)1)(12(

1
22 










x

x

xxx
 

 

s
m
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(h) 
2

2

)2)(1(

238





xx

xx
   

 

2

2

22

2

)2)(1(

)1()2)(1()2(

)2(21)2)(1(

238
Let 



















xx

xCxxBxA

x

C

x

B

x

A

xx

xx

 

  )1()2)(1()2(238 22  xCxxBxAxx  

   

  Let ,1x  A9238   

    1A  
  Let ,2x  C3868   

    2C  

  Comparing coefficient of 2x , 2BA  

     
3

2



 AB
 

 

  
22

2

)2(

2

2

3

1

1

)2)(1(

238
 















xxxxx

xx
 

 

 

2. Factorise 43 23  xx  completely.  

 Hence, express 
43

6
23  xx

 in partial fractions. 

 

 Let 43)(f 23  xxx  

 0431)1(f   

 )1( x  is afctor of ).(f x  

 

 Let ).4)(1()(f 2  bxxxx   

 Comparing coefficient of x , 04 b  

     4b  

 
2

223

)2)(1(

)44)(1(43





xx

xxxxx
 

 

2

2

22

)2)(1(

)1()2)(1()2(

)2(21)2)(1(

6
Let 

















xx

xCxxBxA

x

C

x

B

x

A

xx
 

 )1()2)(1()2(6 2  xCxxBxA  

   

 Let ,1x  A96   

    
3

2
A  

 

s
m
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 Let ,2x  C36   

    2C  

 Comparing coefficient of 2x , 0 BA  

     

3

2


 AB

 

 

 
223 )2(

2

)2(3

2

)1(3

2

43

6













xxxxx
 

 

 

3. Express 
1

5
23 



xxx

x
 in partial fractions. 

 

)1)(1(

)1()1(1

2

223





xx

xxxxxx
 

)1)(1(

5

1

5
223 








xx

x

xxx

x
 

 

2

2

22

)2)(1(

)1)(()1(

11)1)(1(

5
Let 


















xx

xCBxxA

x

CBx

x

A

xx

x

 

 )1)(()1(5 2  xCBxxAx  

   

 Let ,1x  A24   

    2A  
 

 Let ,0x  CA5  

    
3

5



 AC
 

 Comparing coefficient of 
2x , 0 BA  

     
2

 AB
 

 

 
1

32

1

2

)1)(1(

5
22 












x

x

xxx

x
 

 

 

  

s
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4. Express 
xx

x

3

9
3

4




 in the form 

32 




x

CBx

x

A
x , where A, B and C are constants to be determined. 

 

 

)3(

39

3

933

3

9

2

2

3

224

3

4















xx

x
x

xx

xxx

xx

x

 

 

xx

CBxxxA

x

CBx

x

A

xx

x

3

)()3(

3)3(

39
Let 

3

2

22

2















 

 )()3(39 22 CBxxxAx   

 

 Let ,0x  A39   

    3A  

 Comparing coefficient of 2x , 3 BA  

     
6

3



 AB
 

 Let ,1x  CBA  439  

    

0

6126

46





 BAC
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Worksheet 1: Congruent and Similar Triangles 
 
1. Parallel Lines 

In the diagram, AB and CD are two parallel lines.  

If a transversal EF cuts the lines AB and CD, 

 the alternates angles are equal ,   

 b = d (alt s, AB//CD), 

 the corresponding angles are equal,   

 a = d (corr s, AB//CD), 

 the interior angles are supplementary,   

 b + c = 180 (int s,  AB//CD). 
 

 

2. Triangles 

 Sum of Interior Angles of a Triangle  
 The interior angles of a triangle add up to 180°.   

   a + b + c = 180 ( sum of ) 

 

 
 

 Exterior Angle of a Triangle 
The measure of an exterior angle of a triangle is equal to the sum of 

the measures of the two non-adjacent interior angles,  

 a = b + c  (Ext  sum of ) 

 
 

 
Example 1 
In the diagram, the lines AB and CD are parallel. The 

lines PR bisects angle BPQ and the line RQ bisects angle 

PQD.  

Prove that the line PR is perpendicular to the line QR.  

   

Proof 

Statement Reasons 

Insert a line ERF such that ERF//AB//CD.  

1 = 2 (PR bisects BPQ) 

3 = 4 (RQ bisects PQD) 

5 = 2 + 3 (alt s, ERF//CD) 

1 + 2 + 3 + 4 = 90 ( sum of ) 

25 = 180  ( sum of ) 

5 = 90  

Hence PR  QR.  

5 

s
m
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3. Congruent Triangles 
Two triangles ABC and PQR are said to be congruent if they have the same shape and size.  

i.e. their corresponding sides and angles must be congruent. 

 

 
 

Triangles Corresponding congruent angles Corresponding congruent sides 

PQRABC   

PA   

QB   

RC   

PQAB  

QRBC   

PRAC   

 
4. Tests for Congruent Triangles 
 

Test 

1 SAS 

 

If two sides and the included angle on one 

triangle are congruent to the corresponding 

parts of another, then the triangles are 

congruent. 

 
 

2 ASA 

 

If two angles and the included side of one 

triangle are congruent to the corresponding 

parts of another, then the triangles are 

congruent.  

 
 

3 AAS 

If two adjacent angles and a side of one 

triangle are congruent to the corresponding 

parts of another, then the triangles are 

congruent. 
 

4 SSS 

 

If the three sides of one triangle are 

congruent to the three sides of another, then 

the triangles are congruent. 

  

5 RHS 

 

If the hypotenuse and one side of a right-
angled triangle are congruent to the 

corresponding parts of the second right-

angled triangle, the two triangles are 

congruent. 
 

 
  

A C 

B 

P Q 

R 

A 

B 

P 

Q 

A 

B 

P 

Q 

R 

A C 

B 

P R 

Q 

A C 

B 

P R 

Q 

C R 

C 

s
m
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Example 2 
In the diagram, D is the mid-point of AC and the line BD is perpendicular to the line AC. 

Prove that 

(i)  ABD is congruent to CBD, 

(ii) BD bisects ABC. 

 
Proof 
(i)  BD is common. 

 AD = DC  (Given) 

 ADB = CDB (BD  AC) 

 ABD is congruent to CBD.  (SAS) 

 

(ii)  ABD = CBD  (ABD  CBD) 

 Hence, BD bisects ABC. 

 

 
Example 3 

In the figure, BAD = CAE, ADAB  and .AEAC    

Prove that ABC and ADE are congruent triangles. 
 

Proof 
AB = AD 

BAD = CAE 

BAD + DAC = DAC + CAE 

BAC = DAE 

AEAC   
ABC and ADE are congruent triangles. (SAS) 

 

 

Example 4 
In the diagram, AC is the angle bisector of BAD and PBC = CDQ.  

Prove that AB = AD.  

 

Proof 

CADBAC    (AC bisects BAD ) 

ABC  PBC180  
  CDQ180  

  ADC  
AC is common. 

 ABC and ADC are congruent.  (AAS) 

Hence, .ADAB  

 

 

 

 

 

 

  

P 

A 

B 

C 

D 

Q 

A 

B 

D 

E 

C 
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Example 5 
In the diagram, BAQ = DEP, AP = EQ and CP = CQ. 

 

Prove that 

(i)  AQ = EP, 

(ii)  ABQ is congruent to EDP, 

(iii) QBA = PDE.  (Pg246 Q2) 
 

Proof 
(i)  AQ  = AP+PQ 

  = EQ +QP 

  = EP 

 

(ii)  BAQ = DEP (given) 

 AQ = EP  (from (i)) 

  AQB =  EPD  (base s of an isos ) 

 ABQ is congruent to EDP. (AAS) 

 

(iii) QBA = PDE  (ABQ  EDP) 

 

 

Similar Triangles 

 
 

Two triangles ABC and PQR are similar if: 

 their corresponding angles are equal  RCQBPA   , ,  i.e. , 

 their corresponding sides are proportional with the same ratio. 









PR

AC

QR

BC

PQ

AB
  i.e. . 

 

  

A C 

B 

P R 

Q 
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A 

C B 

D 

E 

Example 6 
In the figure, BCD  and BTAN are straight lines. DACT //  and 

DNCA // .  

Prove that 

(i) ADNTCA  . 

(ii) triangle CAT  and triangle DNA  are similar.  

 

Complete the following proof. 
 

Proof 

 Statement Reason 

(i) CADTCA   (Alt s, CT//DA) 

 ADNCAD   (Alt s, CT//DA) 

 ADNTCA    

   

(ii) In CAT and DNA,  

 ADNTCA   (from (i)) 

 ANDTAC   (Corr s, CA//DN) 

 CAT and DNA  are similar.    

 

 
Example 7 
In the diagram,  90DECBAC .  

Prove that  

(i) EDCABC  ,  

(ii) BCDECDAB  .  

 
Proof 

(i) ACBDCE     (Common ) 

  90DECBAC   (Given ) 

 ABC  DCE 90    ( sum of ) 

  ABC 90   

  BAC    ( sum of )  

 

(ii) ABC is similar to DEC  (AA) 

 CD

DE

BC

AB
  

 BCCDDEAB   
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Example 8 
In the diagram, MN and BC are parallel lines, and NMC = NCM. 

Prove that 

(i)  ABC is similar to AMN, 

(ii)  NC  AC = AN  BC. (Pg246 Q4)   

 
Proof 

(i) BACMAN   (Common ) 

 ABCAMN   (Corr s, MN//BC) 

  ABC is similar to AMN. (AA) 

 

(ii) NMC = NCM (Given) 

  MN = NC  

 
AC

AN

BC

MN
  (Corr sides of similar s) 

 BCANACMN    

  BCANACNC   

 

 
Example 9 
In the diagram, ABD, BAC and DCB are right angles.  

Prove that  

(i) ABC is similar to CDB,  

(ii) AC  BD = CB
2
.  (Pg246Q5)  

 

Proof 
 (i)  180ABDCAB  

 AC//BD (Int s are supplementary) 

  90BACBCD  (Given)   

 CBDACB     (Alt s, AC//BD) 

 ABC is similar to CDB.   (AA) 

 

(ii) 
BD

BC

BC

AC
   (Corr sides of similar s)   

 2CBBDAC   
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Example 10 
In the diagram, ,EBFEAF  and E and F are points on AC 

and BC respectively.  

Prove that  

(i) ,BECAFC   
(ii) AFC is similar to BEC ,  

(ii) .CACECBCF    (Pg248Q14) 
 
Complete the following proof. 

 

 Statement Reason 

(i) BCEACF   (Common ) 

 CBEACF   (Given) 

  BECAFC   ( sum of ) 

   

(ii) BCEACF   (Common ) 

 CBEACF   (Given) 

 AFC is similar to BEC. (AA) 

   

(iii) 
CB

CA

CE

CF
  (Corr sides of similar s)  

 CACECBCF    
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Assignment 2: Congruent and Similar Triangles 
 
1. In the diagram, CB = HI, GB = AH and the line BC is parallel to the line IH. 

 Prove that 

(i)  GHI is congruent to ABC, 

(ii)  CA//GI.  (Pg268Q1) 
 

Proof 
(i) HICB   (Given) 

 CBAIHG    (Alt s, BC//HI) 

 AHGB   (Given) 

 
HGBA

GAHGAGBA




    

 GHI is congruent to ABC.  (SAS) 

 

(ii) BACHIG    (Corr s of congruent s)   

 CAGIGA    (Adj s on a st line) 

 Since the alternate angles are equal, CA//GI.  

 

 
2. In the diagram, P is the mid-point of AC and APQ = ABC. 

Prove that  

(i) APQ is similar to ABC, 

(ii) 
AB

AC
AQ

2

2

 .  (Pg268Q2) 

 

Proof 
(i) QAP = CAB (Common ) 

 APQ = ABC  (Given) 

 APQ is congruent to ABC.  (AA) 

 

(ii) 
AB

AP

AC

AQ
   (Corr sides of similar s)   

 
AB

AC

AC

AQ 2

1

   (2AP = AC) 

 
AB

AC
AQ

2

2
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E 

A  

O  

D 

B  C 

3. The diagram shows an isosceles triangle ABC with AB = AC. The points D, E and F lie on AB, 

BC and CA respectively,  such that DF is parallel to BC, ED is perpendicular to BC.  

Prove that. 

(i) BDE is similar to EFD,  

(ii) EFD is similar to CEF.    (Pg247Q12) 
 

Proof 

(i) BEDEDF   (Alt s, DF//BE) 
 EFD  FEC  (Alt s, DF//BE) 

   90  

  BDE  

 BDE is similar to EFD.  (AA) 

  

(ii) EFD FEC  (Alt s, DF//BE) 

 DBE  ECF  (Base s of an isos ) 

  FED  (Corrs of similar BDE and EFD) 

 EFD is similar to CEF.  (AA)  
 

 

4. In the diagram ABCD is an isosceles trapezium where AD is parallel to BC. CA is produced to 

a point E such that and BE is parallel to CD.  

Prove that OEOAOC 2  

 

OBCODA    (Alt s, CD//BE) 

OCBOAD    (Alt s, CD//BE) 

ODA is similar to OBC.   (AA) 

OC

OA

OB

OD
  ......(1) 

 

OEBDCO    (Alt s, CD//BE) 

EOBDOC    (Vert opp s) 

DOC is similar to BOE.   (AA) 

OB

OD

OE

OC
  ......(1) 

 

Comparing (1) and (2) 

OE

OA

OE

OC
  

 OEOAOC  2
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5. The diagram shows an isosceles triangle ABC in which BCAC  . Lines are draw from A and B 

to meet BC and AC at P and Q respectively. The lines AP and BQ intersect at X.  

 

 Given that QCPC  , show that  

 (i) AXB is an isosceles triangle, 

(ii) QXPX  .   (2009) 

  

Proof 
(i) BCAC   (Given) 

 PCBPQCAQ    

 BPAQ  

 PBAQAB    (Base s of an isos ) 

 AB is common.  

 QAB and PBA are congruent. (SAS) 

 XBAXAB    (Corr s of congruent s)  

 Hence, AXB is an isosceles . 

 

 (ii) AXQBXP    (vert opp s ) 

 AXBX     (AXB is an isosceles ) 

  QAXPBX     ( ACP  and BCQ  are congruent.) 

 BXP  and AXQ  are congruent.  (AAS) 

 Hence, QXPX  . 

 

 

6. In the diagram, triangle CDE is isosceles with ,DCDE  and the line AE bisects the angle 

BAD. Prove that  

 (i) ABE is similar to ADC,  

 (ii) .AEADACAB    (Pg247Q11) 
 

Proof 

(i) DCE  DEC  (Base s of isos ) 
  AEC  (Vert opp s) 

 DAE  EAB  (AE bisects BAD) 
 ABE is similar to ADC.  (AA) 

 

(ii) 
AC

AE

AD

AB
  (ABE is similar to ADC) 

 AEADACAB   
 

 

  

s
m



 11 

7. In the diagram, the lines AB, EF and CD are parallel to one another. Given that AE : EC = 1 : 2, 

prove that 

(i)  BF : BC = 1 : 2, 

(ii) AB : CD = 1 : 1.   (Pg248Q15) 
 

 

Proof 
(i)  ECF = ACB (Common ) 

  CFE = CBA (Corr s, AB//EF) 

  ACB and ECF are similar. (AA) 

 

  
2

1


CA

CE

CB

CF
 (Corr sides of similar s)  

  

1:2:

2

1





BCBF

BCCF
 

 

(ii)  FAE = DAC (Common ) 

  AEF = ACD (Corr s, CD//EF) 

  ACB and ECF are similar. (AA) 

 

  
2

1


AC

AE

CD

EF
 (Corr sides of similar s)  

  EFCD 2  

 

  
2

1


AB

EF
  (Corr sides of similar s, from (i))  

  EFAB 2  
  CDEFAB  2  

 

  Hence, 1:1: CDAB  
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Worksheet 3: The Midpoint Theorem  
 
The Midpoint Theorem 
 
If PQR is a triangle with X and Y as midpoints of PQ and PR respectively, then 

 the straight line XY is parallel to QR 

 QRXY
2

1
  

 

 
 
 
 
 
Proof 
PX= XQ and PY= YR   (Given) 

2

1
  ,

2

1
 

PR

PY

PQ

PX
 

Hence, 
PR

PY

PQ

PX
    

Also XPY = QPR (Common s) 

Hence, ∆XPY is similar to ∆QPR.  (2 corr sides are proportional & the included s are equal) 

PQRPXY      (Corr s)  

Hence, QRXY // . 

 

2

1


QR

XY
 QRXY

2

1
  (Similar s) 

 

Example 1 
In the diagram, G and F are the midpoints of AB and BC respectively. GE and BC intersect at the 

point F, GE is parallel to BD. Prove that AC is parallel to BD.  (Pg246Q6) 
 
Proof 
AC//GFE (Midpoint Theorem) 
 AC//GE//BD 
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Example 2 
In the diagram, D and E are the midpoints of AB and AC 

respectively.  

(i) Prove that DE//BC. 

(ii) If BC = 2x cm, explain why DE = x cm. (Pg247Q7) 
 
Proof 
(i) DE//BC (Midpoint Theorem) 
(ii) By Midpoint Theorem, if BC = 2x cm then DE  = ½ BC 

  = x cm 

 

 

 
Example 3 
In the diagram, AG = EG, NG = LG, AR = ET and NI = LI. The points T and R are midpoints of NI 

and LI respectively.  

Prove that ANT is congruent to ELR. 

 
Proof 
TR//NL (Midpoint Theorem) 

LNT = NLR  (Base s of an isos ) 

LNT  = NTA (Alt s, TR//NL) 
NLR = LRE (Alt s, TR//NL) 

 NTA = = LRE 

 

NAT = LER (Base s of an isos ) 

 

AR = ET 

AT + TR = TR + RE 

 AT = RE 

 

ANT is congruent to ELR. (AAS) 
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Assignment 4: The Midpoint Theorem  
 
1. In the diagram, ABC and DEC are right-angled triangles with BAC = EDC = 90.  E is the 

midpoint of BC. 

 

Prove that 

(i) D is the midpoint of AC, 

(ii) AEC is an isosceles triangle. (Pg248Q14) 
 

Proof 

(i) BAC = EDC = 90  (Given) 

DCE = ACB  (Common ) 

  ACB and DCE are similar. (AA) 

 

2

1


CA

CD

CB

CE
  (Corr sides of similar s)  

CDCA 2  

 Hence, D is the midpoint of AC. 

 

(ii) AD = CD  (Given) 

ADE = CDE = 90  (adj s on a st line) 

  DE is common. 

  CDE  ADE. (SAS) 

 

EC = EA  (Corr sides of congruent s)  

 Hence, AEC is an isosceles triangle. 
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2. In the diagram, D and F are the midpoints of BC and EC respectively. The points E is on AC 

such that AC = 3EC. BE and AD intersect at the point G. 

 

Show that 

(i) AE =  4EF, 

(ii) 4
GD

AG
. (Pg248Q18) 

 

Proof 

(i) AE  = AC  EC 

  = 3EC  EC 

  = 2EC 

  = 2(2EF) 

  = 4EF 

 

 (ii) DE//EB  (Midpoint Theorem) 

  EAG = FAD    (Common ) 

AEG = AFD  (Corr s, DE//EB) 

  AEG and AFD are similar. (AA) 

 

1

4


EF

AE

GD

AG
  (Corr sides of similar s)  

  4
GD

AG
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3. In the diagram, B and G are the midpoints of AC and AF respectively. F is the midpoint of both 

AD and EC. AC is parallel to DE.  

 

Prove that   

(i) 
4

EC
GB  , 

(ii) area of AGB = 
8

1
of the area of ACD. 

 

Proof 
(i) GBFC 2  (Midpoint Theorem) 

 
)2(2

2

GB

FCEC




 

 
4

EC
GB   

 

(ii) GAB = FAC    (Common ) 

 GBA = FCA  (Corr s, GB//FC) 

 AGB and AFC are similar. (AA) 

  

 

2

2

1
 

 of Area

 of Area














AFC

AGB
 

 

 AFCAGB   of Area
4

1 
 of Area  

 

 ACDAFC   of Area
2

1
 of Area  

 

ACD

ACD

AFCAGB







 of Area
8

1

 of Area
2

1

4

1 

 of Area
4

1 
 of Area
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4. In the diagram, B and E are the midpoints of AC and AD respectively. FD bisects CE and 

CBE = DFC.  

Prove that  

(i) BE is parallel to CD, 

(ii) triangle BEC is similar to triangle FCD, 

(iii) .
CD

EC

FC

BE
  

 

Proof 
(i) BE//CD (Midpoint Theorem) 

 

(ii) BEC = CED  (Given) 

CBE = FCD  (Alt s, BE//CD) 

  BEC is similar to FCD. (AA) 

 

 (iii) 
CD

EC

FC

BE
  (Corr sides of similar s) 
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Worksheet 5: Angles Properties of Quadrilaterals 
 

The table below shows some properties commonly used for proving special quadrilaterals.  

(TBPg251) 
1. Parallelogram 

 quadrilateral with 2 pairs of parallel sides 
 

 quadrilateral with 2 pairs of equal sides 
 

 quadrilateral with 2 pairs of equal opposite angles 
 

 quadrilateral with 1 pair of equal and parallel opposite sides 
 

 
2. Rectangle 

 quadrilateral with 4 right angles 
 

 parallelogram with 1 right angle 
 

 
3. Rhombus 

 quadrilateral with 4 equal sides 
 

 parallelogram with equal adjacent sides 

 
 

4. Square 

 quadrilateral with 4 equal sides and 4 right angles 
 

 rectangle with equal adjacent sides 
 

 rhombus with 1 right angle 
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Example 1 
The diagram shows a quadrilateral ABCD with its diagonals AC and BD bisecting each other at E. 

Prove that  

(i) triangle ABE is congruent to triangle CDE, 

(ii) ABCD is a parallelogram. (Pg255Q1) 
    
Proof 
(i) AE = EC (Given) 

 AEB = CED (vert opp s) 

 BE = ED (Given) 

 ABE  CDE (SAS) 

 

(ii) AB = CD  (corr sides of congruent s)   
 BAE= DCE (corr s of congruent s) 

  AB//DC (alt s are equal) 

 Hence ABCD is a parallelogram. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 2 
In the diagram, AFCE is a square and BF = ED.   

Prove that  

(i) triangle ABF is congruent to triangle CDE, 

(ii) ABCD is a parallelogram. (Pg255Q2) 
    
Proof 
(i) AF = CE (Sides of a square) 

 AFB = CED = 90 (Adj s on a st line) 

 BF = ED (Given) 

 ABF  CDE (SAS) 

 

(ii) AB = DC  (corr sides of congruent s)   
 AD//BC (opp sides of a square are //) 

 Hence ABCD is a parallelogram 
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Example 3 
The diagram shows a parallelogram ABCD with its diagonal BD. 

(i) Using the property of parallel lines in a parallelogram, prove that ABD is congruent to CDB. 

(ii) Hence prove that the parallelogram ABCD has two pairs of equal sides. (Pg255Q3) 
 

Proof 
(i) ADB = CBD (alt s) 

 ABD = CDB (alt s) 

 BD = DB (Common sides) 

 ABD  CDB (AAS) 

 

(ii) AB = DC  (corr sides of congruent s)   
 AD = BC (corr sides of congruent s) 

 Hence ABCD has two pairs of equal sides. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
Example 4 
In the diagram, ABCD is a quadrilateral. X and Y are on CB and AD produced respectively,  

BAC = ACD and XBA = YDC. 

Show that ABCD is a parallelogram. (Pg255Q5) 
 

Proof 
BAC = ACD (Given)  

AB//DC (Alt s are equal) 

ABC = CDA  (adj s on a st line) 

AC = CA (common sides) 

ABC  CDA (AAS) 

 

BCA = DAC (Corr s of congruent s) 

AD//BC (Alt s are equal) 

Hence ABCD is a parallelogram. 

 
 
 
 
 
 
 

s
m



 21 

Example 5 
The diagram shows a parallelogram ABCD and its diagonal BEFD.  

BE = FD = 4 cm and CF = 7 cm.  

(i) Show that triangle ABE is congruent to triangle CDF. 

(ii) Show that AECF is a parallelogram. 

(iii) Find the length of AE. (Pg255Q7) 
    
Proof 
(i) AB = CD (opp sides of a //gram)  

 ABE = CDF (alt s) 

 BE = FD (Given) 

 ABE  CFE (SAS) 

 

(ii) CF = AE = 7 cm (corr sides of congruent s)   
 AEF = CDE (corr s of congruent s, adj s on a st line) 

 EF = FE (common sides) 

 AEF  CFE (SAS) 

  

 AFE = CFE (corr s of congruent s) 

 AEF = CEF (corr s of congruent s) 

 Hence AF//EC and AE//FC.   (alt s are equal)  

 Hence AECF is a parallelogram. 

 

(iii) AE= CF = 7 cm (corr sides of congruent s)   
 

 

Example 6 
The diagram shows a quadrilateral ABCD with its diagonal BD. The 

points E, F, G and H are the mid-points of the sides AB, BC, CD and DA 

respectively. 

 

If BD is perpendicular to EF at the point I show that 

(i)  EH is parallel to FG and EFG = 90, 

(ii)  EFGH is a rectangle.  (Pg255Q10) 
    
Proof 
(i) EH//BD (Midpoint Thm)  

 FG//BD (Midpoint Thm) 

 Hence EF//FG.  

 EIB = EFG = 90. (alt s) 

 

(ii) HG//AC (Midpoint Thm)  

 EF//AC (Midpoint Thm) 

 Hence HG//EF.  

 EFG = 90 (corr s of congruent s) 

 AEF = HFG = 90 (int s) 

 Hence EFGH is a rectangle. 
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Assignment 6: Angle Properties of Quadrilaterals 
 
1. In the diagram, ABCD is a parallelogram. The sides DA and BC 

are produced to points X and Y respectively such that AX = CY. 
Prove that XBYD is a parallelogram.  (Pg255Q6) 

 

Proof 
AD = BC  (opp. sides of parallelogram) 

AX = CY  (given) 

 DX = BY  

 

AD // BC  (opp. sides of parallelogram) 

 DX // BY 

 

Since DX = BY and DX // BY, XBYD is a parallelogram. 

 

 

2. The diagram shows a kite ABCD with its diagonals AC and BD 

intersecting at E. 
Prove that 

 

(i)  ABC is congruent to ADC, 

(ii)  BCE is congruent to DCE, 

(iii) BD is perpendicular to AC.  (Pg255Q8) 
 

Proof 
(i) In ABC and ADC, 

  AB = AD  (adj. sides of kite) 

  BC = DC  (adj. sides of kite) 

  AC = AC  (common side) 

  Hence ABC is congruent to ADC. (SSS) 

 

(ii) In BCE and DCE, 

BC = DC  (adj. sides of kite) 

BCE = DCE (corr s of congruent s)  

EC = EC  (common side) 

  

Hence BCE is congruent to DCE. (SAS) 
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3. In the diagram, AD is parallel to BC, AE = EB and AF = FC. EFG is a straight line, where G 

lies on CD. 

 

Prove that 

(i)  F is the mid-point of BD, 

(ii)  G is the mid-point of CD, 

(iii) ABCD is a parallelogram. (Pg255Q11)  

 

Proof 
(i) AF = CF   (given) 

  ADF = CBF   (alt. s, AD // BD) 

  AFD = CFB   (vert. opp. s) 

  Hence ADF is congruent to CBF.  (AAS) 

  DF = BF  (corr sides of congruent s)  

  Hence F is the mid-point of BD. 

 

(ii) EFG // BC  (Midpt Thm) 

  DFG = DBC   (corr  s)  

  FDG = BDC   (common s)  

  FDG is similar to BDC.  (AA) 

  
2

1


GC

DG

DB

DF

 

  
Hence, G is the mid-point of CD. 

 

(iii) From (i), ADF is congruent to CBF. 

   AD = CB 

Since AD = BC and AD // BC, ABCD is a parallelogram. 

 

 

4. In the diagram, ABCD is a trapezium with AB = CD. 

 

Prove that 

(i)  BAD is congruent to CDA. 

(ii)  AE = DE, 

(iii) BEC is isosceles. (Pg256Q12) 
 
Proof 
(i) Since AD // BC and AB = CD, 

BAD = CDA   

AB = CD  (given) 

AD = AD  (common side) 

Hence BAD is congruent to CDA. (SAS) 

 

  (ii) BDA = CAD.   (corr s of congruent s)  

Hence AE = DE.   (base s of isos ) 

 

(iii) BCE = EBC   (alt. s, AD // BC) 

BE = EC   (base s of isos ) 

Hence BEC is isosceles. 
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5. In the diagram, BCDE is a rectangle. AED is isosceles with AD = AE. 

AFB and AGC are straight lines. 

 

Show that 

(i)  ABE is congruent to ACD, 

(ii)  AEF is congruent to ADG. (Pg256Q13)  
 

Proof 
(i) AED = ADE  (base s of isos. AED) 

BEF = CDG = 90 (s of rectangle) 

AED + BEF = ADE + CDG 

Hence, AEB = ADC.   

 

AE = AD (given) 

BE = CD (opp sides of rectangle) 

Hence ABE is congruent to ACD. (SAS) 

 

(ii) EAF = DAG (corr s of congruent s)  

 AE = AD (given) 

 AEF = ADG (base s of isos ) 

 Hence AEF is congruent to ADG. (ASA) 

 

 

6. In the diagram, ABCD and, CDEF are parallelograms. The point X is the mid-point of AC and 

of BD, and the point Y is the mid-point of CE and of DF. 

 

Prove that 

(i)  AE is parallel to XY, 

(ii) AE is parallel to BF, 

(iii) BAEF is a parallelogram.  (Pg256Q14)  
 

 

 
 
 
Proof 
(i) AE // XY  (Mid-point Theorem) 

 

(ii) XY// BF  (Mid-point Theorem) 

  Hence, AE // XY // BF. 

 

(iii) AB // CD and CD // EF 

 Hence, AB // EF. 

  BAEF is a parallelogram. 
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7. In the diagram below, ABCD is a quadrilateral. AE = BE and BF = FC. The diagonal AC 

intersects DE at X and DF at Y, so that AX = XY = YC. 

 

Prove that 

(i) BXDY is a parallelogram, 

(ii)  AXB is similar to CYD. 

(iii) ABCD is a parallelogram.  (Pg270Q5) 
 

Proof 
(i) EX // BY (Mid-point Theorem)  

  FY // BX (Mid-point Theorem) 

Hence, BXDY is a parallelogram. 

 

(ii) AXB  = XYF (corr. s, BX // FY) 

   = CYD (vert. opp. s) 

 AX = CY  (given) 

 BX = DY  (opp. sides of parallelogram)
   AXB is congruent to CYD.     (SAS)

 

 

(iii) BAX = DCY. (corr s of congruent s) 

    AB // CD (alt s are equal) 

   AB = CD (corr sides of congruent s) 

   ABCD is a parallelogram. 
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Worksheet 7: Angle Properties of Circles 
 
Some Angle Properties of Circles 
 

Property Abbreviation 
1. An angle in a semicircle is a right angle. 

 

 
 

 in a semicircle 

2. An angle at the centre is twice any angle at the 

circumference. 
 

          
 

 at centre = 2 at 
ce

 

3. Angles in the same segment are equal. 
 

   

s in the same segment 

4. The exterior angle of a cyclic quadrilateral is equal to the 

interior opposite angle. 

 
 

Ext  of a cyclic quad 

5. Angles in opposite segments are supplementary. 
 
 

 
 

 

 
 

 

 

x + y = 180 

s in opp segments 

(or opp s of a cyclic quad) 

s
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Property Abbreviation 
6. A tangent of a circle is perpendicular to the radius drawn to 

the point of tendency. 
 

 
OAB = 90 tan  rad 

7. If PQ and PR are two tangents to a circle centred at O, then  

 PQ = PR 

 OPQ = OPR 

 

 

 

 

 

 

tan from an ext pt 

 

The Alternate Segment Theorem (Tangent-Chord Theorem) 
 
An angle between a tangent, ATB and a chord, TP through the point of contact, T, is equal to 

the angle in the alternate segment. 

 

 
i.e. PTB =PQT. 

 

Abbreviation: alt seg thm 

 
Proof 
Let SOT and O be the diameter and centre of the circle. 

Insert the diameter TS and join PS. 

SPT = 90   ( in a semicircle)  

x + y = 90     (tan  rad) 

z + x = 90     ( sum of ) 

z = y   

w = z     (s in the same segment) 

Therefore, PQTPTB  . 

 

 

 

 

 

  

Q 
P 

A 
T B 

Q 
P 

A 
T B 

S 

y 

x 

w 

z 
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Example 1 
In the diagram, two circles intersect at the points A and B. AC and AD are diameters of the circles. 

Prove that C, B and D lie on a straight line. (Pg264Q1) 
 

 
 
 

 
Proof 
DBA = CBA = 90    ( in a semicircle) 

 DB//BC 

Since DB//BC and B is a common point,  C, B and D lie on a straight line.  

 

 

Example 2 
In the diagram, CB and DA produced meet at the point P and AB = AP. Prove that CD = CP. 

  (Pg264Q2) 
Proof 
APB = ABP   (Base s of an isos ) 

CDP = ABP    (ext  of a cyclic quad) 

 = APB   

 = DPC    
  CD = CP 

 

 

 

 

 

Example 3 
In the diagram, the circles ABCD and AEFB intersect at A and B. Prove that  

(ii) AEF + CDA = 180, 

(iii) CD is parallel to FE. (Pg264Q3) 
 

Proof 
(i) AEF = ABC    (ext  of a cyclic quad) 

 CDA = ABF    (ext  of a cyclic quad) 

 AEF + CDA = ABC +ABF (adj s on a st line)  

    = 180  

 

(ii) AEF + CDA = 180 

 CD is parallel to FE. (int s are supp) 

 

 

 

 

 

 

 

  

s
m



 29 

Example 4 
In the diagram, O is the centre and AB is the diameter of the circle. Given that OX is parallel to BC. 

Prove that OX is perpendicular to AC.  

 

Proof 
ACB = 90     ( in a semicircle)  

AC  CB   

Hence, OX  AC.  (CB // OX) 

 

 

 

 

 

 

Example 5 
AB is a diameter and AC is a chord of a circle centre O and radius r. P is a point on the chord AC 

and O is the foot of the perpendicular from P to AB.  

(i) Name the two similar triangles.   

(ii) Hence, prove that 22rACAP  . 

 

Proof 
(i) ACB = 90  ( in a semicircle) 

 = AOP  

PAO = BAC   (Common )   

  ACB is similar to AOP. (AA) 

 

(ii) 
AC

AO

AB

AP
   

AC

r

r

AP


2
 (Corr sides of similar s)  

22rACAP   

 

 

 

Example 6 
In the diagram, PA, PB and PC are tangents to the circles at A, B and C respectively.  

Prove that PB = PC.    (Pg264Q3) 
 

Proof 
PB = PA (tan from an ext pt) 

PA = PC (tan from an ext pt) 

 PB = PC 

 

 

  

A 

 O B 

 

C 

 

X 

P 

A 

 

O 

B 

 

C 
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Example 7 
In the diagram, COB is a chord of a circle with centre O and it is produced to a point P where PA is 

a tangent at A. Prove that PCABACPA  . 
 

Proof 

ACPBAP   (alt seg thm) 

CPAAPB   (common ) 

APB  is similar to CPA . (AA) 

 

AC

AB

PC

PA
   (Corr sides of similar s)  

PCABACPA   
 

 
Example 8 
In the diagram, ABC is a triangle inscribed in the circle with centre O, and SZ is a tangent to the 

circle at A. 

Given that AB = AC, prove that 

(i)  ABC = BAT, 

(ii)  CB is parallel to ST. (Pg264Q5) 
 

 

 

Proof 
(i)  BAT = BCA  (alt seg thm) 

  = ABC (base s of an isos ) 

 

(ii)  ABC = BAT 

  CB is parallel to ST. (alt s are equal) 

 

 
Example 9 
The diagram shows a circle with centre O. AB is a diameter and AQ is a tangent to the circle at A so 

that PQA is a right angle. 

Prove that 

(i) ABP is similar to PAQ, 

(ii)  AP = QPAB .  (Pg265Q8) 

 
Proof 
(i)  PAB = PBA  (alt seg thm) 

 BPA = 90 ( in a semicircle) 

  = PBA  

 ABP and PAQ are similar. (AA) 

 

(ii)  
AP

AB

PQ

AP
  (Corr sides of similar s)  

 QPABAP 2
 

 QPABAP   

  

C 

A 

 O 

B 

P 

s
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Example 10 
In the diagram, ABC is a triangle inscribed in a circle, XY is a tangent at A. and CP is parallel to XY, 

(i) Prove that ABC  and ACP  are similar.  

(ii) Deduce that 
AB

AC
PA

2

 . (Pg266Q14) 

 
Proof 

(i) XAC  ACP  (Corresponding s, PC//XY ) 

  ABC   (alt seg thm) 

BACCAP     (Common ) 

ACP  is similar to ABC . (AA) 

 

(ii) 
AB

AC

AC

PA
     (Corr sides of similar s)  

 
AB

AC
PA

2
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Assignment 8: Angle Properties of Circles  
 
1. In the diagram, AF and BF are tangents to the circle at A and B respectively.  

Prove that BFD = 2ACB.  (Pg265Q8) 
 

Proof 

FAB  = ACB (alt seg thm) 

AF = BF  (tan from an ext pt) 

BFD = FAB +ABF  (ext  of a ) 

  = 2FAB  (base s of an isos ) 

 

 

 

 

2. In the diagram, triangle ABC is inscribed in the circle. The tangent at A meets the line BC 

produced at P. 

Prove that 

(i)  APC and BPA are similar, 

(ii)  2APCPBP  .    (Pg265Q10) 
 

Proof 

(i) CAP  = ABP  (alt seg thm) 

 CPA  = APB  (common ) 

 APC and BPA are similar. (AA) 

 

 (ii) 
AP

CP

BP

AP
    (Corr sides of similar s)  

  2APCPBP   

 

 

3. The diagram shows a circle with centre O and diameter AB. AQ is a tangent to the circle at A, 

and AL = AN. Prove that ABL = PBL. (Pg265Q11) 
 

Proof 
ANB  = ALN  (base s of an isos ) 

   = PLB  (vert opp s) 

 APB  = BAN   ( in a semicircle, tan  rad) 

 ABN and PBL are similar. (AA) 

  ABL = PBL.  (Corr s of similar s)  
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4. In the diagram, PS and PU are tangents to the circle at S and U respectively. QR is a tangent to 

the circle at T. 

Prove that PQ + QR + RP = 2PU.  (Pg265Q13) 
 

Proof 
QU = QT   (tan from an ext pt) 

RS = RT   (tan from an ext pt) 

RS = PU   (tan from an ext pt) 

 

PQ + QR + RP 

= (PU  QU) + (QT + RT) + (PS  RS) 

= (PU  QU) + (QU + RS) + (PS  RS) 

= PU + PS 

= 2PU 

 

Hence PQ + QR + RP = 2PU. 

 

 

5. In the diagram, triangle ABC is inscribed in the circle, and XY is a tangent at A. Given that PC 

bisects BCA and that CP is parallel to XY, prove that PB = PC. (Pg265Q15) 
 

Proof 
XAC  = ACP  (alt s) 

   = PCB  (given) 

 XAC = PBC   (alt seg thm) 

  PCB = PBC   

 Hence  PB = PC. 

 

 

 

6. The diagram shows a circle, centre O, with diameter AB. The point C lies on the circle. The 

tangent to the circle at A meets BC extended at D. The tangent to the circle at C meets the line 

A at E. 

(i) Prove that triangles AEO and CEO are congruent.  

(ii) Prove that E is the mid-point of AD.  (Nov 2008)  

  

Proof 
(i) OE is common. 

 EAO = ECO = 90 (tangent  radius) 

 OC = OA   (radius) 

 AEO  CEO   (RHS)  

  

(ii) EOA = EOC    (corr s of congruent ) 

 OCB = OBC    (base s of an isos ) 

  EOA = CBO  

 EAO = ABD    (common ) 

 Hence, EAO and DAB are similar. (AA) 

  

 
2

1


BA

OA

AD

EA
     (corr s of similar s) 

 Therefore E is the mid-point of AD. 

  

D 

E 

A 

O 

B  

C 

O  
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Alternative Method 

(i)    (Radius) 

is common. 

  
 (tan  radius) 

  AEO and CEO are congruent.  (RHS)  
 

(ii) DABEAO   (Common ) 

  CBOCOA  2   ( at centre)  

  CBOEOA

CBOEOA



 22
 ( EOCEOA  , Corr s of congruent s) 

  EAO and DAB are similar. (AA)  

  
2

1


AB

AO

AD

AE
 

  Hence, E is the midpoint of AD. 

 

 

7. In the diagram, PQ is the common chord of the two circles PQR and PQBC, and QC is a 

tangent to the circle PQR at Q. Prove that BC is parallel to QR. (Pg270Q7) 
 

Proof  
PQC = PBC  (s in the same seg) 

   = QRP  (alt seg thm) 

 Hence BC//QR.   (alt s are equal) 

 Hence  PB = PC. 

 

 

 

8. In the diagram SPT is a tangent to a circle at the point P. The points Q and R lie on the circle.  

The line PM is perpendicular to the chord QR and the line RN is perpendicular to the tangent 

SPT.  

(i) By considering QP as a chord of the circle, find, with explanation, an angle equal to angle 

QPT. 

(ii) Explain why a circle with PR as diameter passes through M and N. 

(iii) Prove that the lines MN and QP are parallel.    (Specimen Paper) 
 

Proof 
(i) QRPQPT   (alt seg thm) 

  

(ii)  90RMPRNP  ( in a semi-circle)  

   a circle with PR as diameter passes through M and N. 

 

(iii) MRP  MNP  (alt seg thm) 

     QPT  (from (ii)) 

  Since the corresponding angles are equal, MN//QP. 

 
 

  

AOOC 

EO

 90EAOECO

s
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9. The diagram shows a point X on a circle and XY is a tangent to the circle. Points A, B and C lie 

on the circle such that XA bisects angle YXB and YAC is a straight line. The lines YC and XB 

intersect at D. 

(i) Prove that AX = AB.    

(ii) Prove that CD bisects angle XCB.  

(iii) Prove that triangles CDX and CBA are similar. 

 

Proof 
(i) YXA  XBA 

 

 (alt seg thm) 

   BXA 

 

   

  Hence, AXB is an isosceles  and AX = AB. 

  

(ii) YXB  XCB  (alt seg thm) 

   2 XBA 

 

(from (i))   

 XBA XCD 

 

(alt seg thm) 

 2 XBA XBA DCB    

 DCB XBA DCX    

 Hence, CD bisects XCB. 

 

(iii) CXB CBA   (alt seg thm) 

 ACB XCD   (from (ii)) 

 Hence, triangles CDX and CBA are similar. (AA) 

 

 
10. In the diagram, P is any point on the semicircle centre O, and PQ is perpendicular to AB.  The 

inscribed circle centre C touches PQ, AB and the semicircle at D, E and F respectively.  

Prove that  

(i) A, D and F lie on the same straight line,  

(ii) .ABAQAFAD    (Pg269Q12)  
 

 

 

 

 

Proof 

(i) FAO  AFO
 (Base s of an isos ) 

  
CDF

 (Base s of an isos ) 

 CD//OA (corrs) 

 Hence, A, D and F lie on the same straight line. 

  

(ii) DAQ = BAF  (Common ) 

 AQD = 90 

   = AFB  ( in a semicircle) 

 ADQ is similar to ABF. (AA) 

  

 
AF

AQ

AB

AD
  

 ABAQAFAD   
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11. In the diagram AC is a straight line intersecting a circle at A and D. The point B lies on the 

circle and BC is a tangent to the circle. The point E lies on AC such that the line BE bisects 

angle ABD. Prove that triangle BCE is isosceles.   (2013) 
 

 
 Proof 
 DBC = BAC    (Alt Seg Thm) 

 BED = ABE + BAC  (Ext  of ) 

   = EBD + DBC (EBD = ABE, BE bisects ABD) 

   = BEC 

  BCE is an isos . 

s
m
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Revision 3: Quadratic Equations and Inequalities 
 
1. Solving Quadratic Inequalities 

 If  0))((   xxa  where    then x  or x . 

 If  0))((   xxa  where    then x  or x . 

 If  0))((   xxa  where    then .  x   

 If  0))((   xxa  where    then .  x  

 

2. Nature of roots of a quadratic equation, ax2 + bx + c = 0 
 

 Description 
Number of  

real roots 
Conditions 

  The equation 02  cbxax  has two equal roots. 1 042  acb  

  The equation 02  cbxax  has two distinct real roots. 2 042  acb  

  The equation 02  cbxax  has no real roots. 0 042  acb  

  The equation 02  cbxax  has real roots. 1 or 2 042  acb  

  The expression 02  cbxax . 0 
042  acb  

and 0a  

  The expression 02  cbxax . 0 
042  acb  

and 0a  

  The expression 02  cbxax  (or is non-negative) 0 or 1 
042  acb  

and 0a  

  The expression 02  cbxax  (or is non-positive) 0 or 1 
042  acb  

and 0a  

 
3. Intersection of a line and a curve 

A straight line intersects a curve. The solutions from the equation 02  cbxax  give the x-

coordinates of the points of intersection of these two graphs. 

 Description 
Number of  

real roots 
Conditions 

  The line is a tangent to the curve. 1 042  acb  

  The line touches the curve. 1 042  acb  

  The line intersects the curve. 1 or 2 042  acb  

  The line meets the curve. 1 or 2 042  acb  

  The line does not intersect the curve. 0 042  acb  
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Example  

1. Find the smallest value of the integer a for which 252  xax  is positive for all values of x.   

 

 0252  xax   

  Discriminant < 0 and  0a  

 0)2(452  a  

 
8

25
a   

 Smallest integer value of 4a  

 

 

2. Find the smallest value of the integer b for which 25 2  bxx  is negative for all values of x. 

  

025 2  bxx   

Discriminant < 0 

0)2)(5(42 b  

0402 b   

 

0)40)(40(  bb  

4040  b  

Smallest integer value of 6b  

 Solve inequality by factorisation 

 40b  is mathematically wrong and 

should not be written. 

 

 

3. Find the value of p and q for which the quadratic inequality qpxx 2  is satisfied by 2x  

or 4x .  

 

2x  or 4x  

82

082

0)4)(2(

2

2







xx

xx

xx

  

8

2





q

p
 

 

 

4. The speed  1ms v of a particle travelling from A to B, at time t seconds after leaving A, is given 

by .10 2ttv   The particle starts from rest at A and comes to rest at B. Show that the particle 

has a speed of 1ms 5  or greater for exactly s 54 . 

 

0510

510

2

2





tt

tt
  

Let 05102  tt  

525

)1(2

)5)(1(4)10(10 2




t

 

52552505102  ttt  

s 54

)525(525Duration 




 

 Solve 5v  

 The quadratic expression could not be 

factorised. 

 Assume that 05102  tt . 

 Apply 
a

acbb
t

2

42 
   to find the t-

intercepts of the curve of  5102  tty . 
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4. Roots of Quadratic Equations 

If the roots of a quadratic equation 02  cbxax  are α and β, then  

02  cbxax   0)(2   xx  

i.e. 
a

b
   and 

a

c
  

 Some useful identities 

  2)( 222   

 
33    ))(( 22   ]3))[(( 2    

 
33    ))(( 22   ]))[(( 2    

 

 

Example  

5. The equation 042  kxx  has two real roots,  and  , where   >  . If ,72   find 

the value of k. 

 

4   

4   
22 )72()(    

3

28416

2822)(

282

2

22









k

k





 

 Do not attempt to find the value of  and 

 . 

 Make use of the values of    and  . 

. 

 

 

6. The quadratic equation 0452 2  xx  has roots  and . 

Find the quadratic equation whose roots are 
3 and 

3 . 

 

2

5
    

2  

4

9

)2(2
2

5

2)(

2

222













 

 

 
33    ))(( 22    

 

8

5

2
4

9

2

5













 

833   

 Always find the value of   ,  and 
22    before attempting to find the 

value of  
33    and 

33 . 

. 

The required equation is 08
8

52  xx  or 06458 2  xx  
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Exercise  
 
1. A ball is thrown from the top of a building. Its height, h metres, from the ground after time t 

seconds is given by 251050 tth  . 

(i) Find the range of t for which the height reached is more than 50 m. 

(ii) Use the discriminant to determine whether the ball could reach a height of 60 m. 

 

(i) 50h  

 

20

0)2(5

0105

5051050

2

2









t

tt

tt

tt

  

 

(ii) When ,60h  6051050 2  tt  

    010105 2  tt  

 Discriminant )10)(5(4)10( 2   

   0100   

 6051050 2  tt  has no real solution. 

  the ball could not reach a height of 60 m. 

 

 

2. Find the range of values of k  such that 323 22  kxxkxkx  for all real values of x .  

 

 
0)3()3()2(

323

2

22





kxkxk

kxxkxkx
 

 Discriminant < 0  and  2k > 0 

 0)3)(2(4)3( 2  kkk   2k  

 

3or    
3

5

0)35)(3(

0)3)(2(4)3(

0)843)(3(

0)3)(2(4)3(

2

2











kk

kk

kkk

kkk

kkk

 

 3k  

 s 
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3. (a) Find the range of values of p for which the expression pxxp  8)6( 2  is always 

positive for all real values of x. 

(b) Show that the line 
2

k

k

x
y   is a tangent to the curve xy 22   for all real values of k. 

 

 (a) 08)6( 2  pxxp  

  Discriminant < 0  and  06 p  

  0)6(482  pp   2p  

  

8or    2

0)2)(8(

0166

024464

2

2









pp

pp

pp

pp

 

  8 p  

 

(b) 
2

k

k

x
y    …...(1) 

 xy 22   …...(2) 

 Sub (1) into (2) x
k

k

x
2

2

2









  

   

0
4

2
4
2

2

2

2

2

2





k
x

k

x

x
k

x
k

x

 

  Discriminant  

  

0

4

1
4)1(

2

2

2


























k

k  

  
2

k

k

x
y   is a tangent to the curve xy 22   for all real values of k. 

  

 

4. Express 1693 2  xxy  in the form   cbxay 
2

 where ba,  and c  are constants. 

Hence state the maximum value of y  and the value of x  at which this maximum value occurs. 

Sketch the graph of 1693 2  xxy . 

 

4

37

2

3
3

16
2

3
3

2

3
33

1693

2

22

2

2














































x

xx

xxy

 

4

37
 maximum y  
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5. (a) Find the range of values of k for which the line 3 kxy  will intersect the curve 

57 2  xy  at two real distinct points. 

(b) Find the range of values of x for which 1242  xx . 

(c) Find the two possible values of k for which the line 423  kkxy  is a tangent to the 

curve 
2)12( xky  .  

 

 (a) 3 kxy  …...(1) 

 57 2  xy  …...(2) 

 Sub (1) into (2) 573 2  xkx  

   027 2  kxx  

  Discriminant > 0  

  0)2)(7(42 k    

  

72or    72

0)72)(72(

0)56)(56(

0562









kk

kk

kk

k

 

 

(b) 1242  xx    

 

62

0)6)(2(

01242







x

xx

xx

  

 

 (c) 423  kkxy  …...(1) 

 
2)12( xky   …...(2) 

 Sub (1) into (2) 
2)12(423 xkkkx   

   0)42(3)12( 2  kkxxk  

  Discriminant = 0  

  

4  , 
7

4

0)4)(47(

016247

01624169

0)464(49

0)42)(12(49

2

22

22

2













k

kk

kk

kkk

kkk

kkk
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6. (a) A cone has a circular base area of 
2cm )52( x and a perpendicular height of x cm. 

Calculate the values of x for which the volume of the cone is greater than 4 cm
3
.  

 

(b) Find the range of values of m such that the curve 1222  mmxxy  always lies above 

the x-axis.    

 

 (a) Volume > 4 cm
3 

  4)52(
3

1
 xx  and  052 x  

  1252 2  xx  
2

5
x  

  

2

3
  ,4

0)4)(32(

01252 2







xx

xx

xx

   

  
2

3
 x  

 

(b) 01222  mmxx    

43

0)4)(3*

012

0)12)(1(44

2

2









m

mm

mm

mm

 

 

 

7. (a) Given that 1x  or 5x  is the solution set to the inequality ,)6)(2( kxx  find the 

value of k. 

(b) A straight line passes through (1, 3) with gradient m. Find the limits within which m must 

lie if the straight line is not to touch the curve
2)1(  xy .  

(c) Prove that the equation    2cbxax   always has real roots. 

 

(a) 1x  or 5x  

 

7

7)6)(2(

7124

054

0)5)(1(

2

2











k

xx

xx

xx

xx

  

 

 

(b) )1(3  xmy  

 )3( mmxy   …...(1) 

 
2)1(  xy  …...(2) 

 Sub (1) into (2) 
2)1()3(  xmmx  

   

 
0)2()2(

12)3(

2

2





mxmx

xxmmx
 

  Discriminant < 0  

  

62

0)6)(2(

0128

08444

0)2)(1(4)2(

2

2

2











m

mm

mm

mmm

mm
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(c)    2cbxax    

0)( 22  cabbaxx  

Discriminant  

22

222

222

22

4)(

42

442

)(4)(

cba

cbaba

cabbaba

cabba









 

Since ,0)( 2 ba 02 c , 04)( 22  cba  

  Hence,    2cbxax   always has real roots. 

 

 

8. Using a separate diagram for each part, represent on the number line the solution set of 

(i) ,18)–2(3  xx  

(ii) .9–3)2–(6 2 xx   

State the set of values of x which satisfy both of the inequalities. 

 

(i) 18)–2(3  xx  

 

3

124

1836







x

x

xx

 

 

(ii) 9–3)2–(6 2 xx   

 

1or    
2

1

0)1)(12(

012

0336

2

2









xx

xx

xx

xx

 

 

 

9. (i) Find the range of values of c for which the straight line cxy 24   meets the curve 

.962 2  xxy  

 (ii) State the value of c for which the straight line is tangent to the curve. 

 

 (i) 962 2  xxy  …...(1) 

  cxy 24    …...(1) 

Sub (1) into (2) 96224 2  xxcx  

   029102 2  cxx  

  Discriminant  0 

  

4

7

74

041825

0)29)(2(4100









c

c

c

c

  

 

 (ii) 
4

7
c  
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10. (a) Find the range of values of h for which the equation 098 22  hxx  has real roots.  

If h is a positive integer, list the values of h for which the roots of the equation are real and 

of the same sign, stating the reasons for your answer. 

  

098 22  hxx  

Equation has real roots  discriminant  0 

5 5

0)5)(5(

025

01004

036464

0)9)(1(48

2

2

2

22













h

hh

h

h

h

h

 

 

If the roots are real and of the same sign, the 

product of roots > 0. 

3or    3

0)3)(3(

092







hh

hh

h

 

As h is a positive integer, ,0h 5 ,4h  

 

 

 

(b) Find the value of b and of c for which 3x  or  8x  is the solution set of bxcx 2
. 

 

 3x  or  8x  

 

24  ,5

524

0245

0)8)(3(

2

2









cb

xx

xx

xx

 

 

 

11. The roots of the quadratic equation 0352  xx  are   and . 

(i) Express 
22    in terms of )(    and .  

(ii) Find the quadratic equation whose roots are .and 33   

 

(i) 
22      2)( 2

 

    3)( 2   

 

(ii) 5   

 3  

 

80

)5)(3(3125

)(3)(

]3))[((

))((

3

2

2233

















 

 

 
27

3333




 

  

 The required quadratic equation is 027802  xx  
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12. The equation 0376 2  xx  has roots 


1

 
and 



1
. 

(i) Find the value of )(    and  .  

(ii) Hence, or otherwise, find the exact value of 
33   . 

 

(i) 
6

711



  

 
6

7







 

 
6

7
  ……(1) 

 

 

2

11

2

111








 

 2  ……(2) 

 

 Sub (2) into (1) )2(
6

7
   

   
3

7
   

 

(ii) 33    ))(( 22  

 

27

721

3

7
)2(3

3

7

)(3)(

]3))[((

3

3

2
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13. The roots of the quadratic equation 0245 2  xx  are  and  . 

(i)  Find the values of 22    and 44   . 

(ii) Find the quadratic equation with integer coefficients and whose roots are 22   and 

22  . 

 

(i)  
5

4
   

 
5

2
  

 

25

4

5

2
2

5

4

2)(

2

222






















 

 

 

 

625

384

5

2
2

25

4

2)(

22

2222244






















 

 

  

(ii) 22 22    4
25

4
  

    
25

96
  

 

  

25

96

4
25

4
2

5

2

4)(2)2)(2(

2

222222






















 

 

 The required quadratic equation is 0
25

96

25

962  xx  or 0969625 2  xx . 
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14. The roots of the quadratic equation 0164 2  xx  are . and 22    

Find the quadratic equation whose roots are   and , where 0  .  

 

4

122    

4

1
2)( 2    …….(1) 

 

422   

2    …….(2) 

 

Sub 2  into (1) 
4

1
4)( 2    

     
4

17
)( 2    

Since 0  ,  
2

17
   

 

Sub 2  into (1) 
4

1
4)( 2    

     (NA)  
4

17
)( 2    

 

The required quadratic equation is 02
2

172  xx  or 04172 2  xx . 
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15. The roots of the quadratic equation 0543 2  xx  are  and  . 

(i) If p  and q , find the value of 
q

p
. 

(ii) Find the quadratic equation whose roots are 
2


 and 

2


. 

 

(i) 
3

4
p   

 
3

5
q  

 
5

4


q

p
 

 

(ii) 
22 


 






  

)2)(2(

)2()2(









 

   

25

18

4
3

4
2

3

5

3

4
2

3

5
2

4)(2

)(22

















































 

 

 


















 22 






 

)2)(2( 





 

    

5

1

4
3

4
2

3

5
3

5





















 

 The required quadratic equation is 0
5

1

25

182  xx  or 051825 2  xx . 
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16. The roots of the equation 0212–2 xx  are p and q. 

(i) Evaluate 
qp

11
 . 

(ii) Hence form the quadratic equation whose roots are ,
1

,
1

qp
  

 

(i) 12qp  

 2pq  

 

 

3

2

12

11








pq

qp

qp

 

 

(ii) 
















qp

11
 

pq

1
  

   
2

1
  

 The required quadratic equation is 0
2

1
32  xx  or 01322 2  xx . 

 

 

17. Consider the equation kxxkkx  4322 . 

(a) If  is a root of the equation and the roots are reciprocal of each other, 

(i) find the value of k ,  

(ii) show that 


2

1

7
2




.  

 

 (a) (i) kxxkkx  4322  

   04)3( 22  kxkkx  

   
k

k 31 2 



  

  

2

42

4

41


















k

k

kk

k

k




 

 

 (ii) 
k

k 31 2 



  

  







2

1

7

2

341

2

2
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 (b)  If the roots are  and , find the quadratic equation, in terms of k,  whose roots  are 


1
 and 



1
.  

 

  04)3( 22  kxkkx  

k

k





4

32




 

 

k

k

k

k

k

k















4

3

4

3

11

2

2







 

k

k





















4

111


 

 

 The required quadratic equation is 0
44

32
2 









k

k
x

k

k
x  or 0)3()4( 22  kxkxk . 

 

 

18. The equation 042  kxx  has two real roots,  and  , where   >  . 

(i) Find the range of possible values of k. 

(ii) If ,72   find the value of k. 

(iii) Hence, find the exact value of .33    

 

(i) Discriminant > 0 

 

4

04

0))(1(442







k

k

k

 

 

(ii) 4   

k  

 

3

124

28416

284)(

282

28)(

72

2

22

2















k

k

k









  

(iii) 33    ))(( 22    

   
738

)34(72 2
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Name:  ( ) Date: ________________ 

Class: Sec 4_____  

 
Worksheet 13: Increasing and Decreasing Functions 

 
Increasing Function 
 

A function )(f xy   is increasing on an interval ,bxa   

if 

 

 )(f)(f 21 xx   where bxxa  21 . 

 In other words, the value of )(f x  becomes larger as x

increases over the interval bxa  . 

 0
d

d


x

y
. 

 
 
Example 1 

 

Consider the graph and the gradient function of  

 (a) 12  xy   (b) 13  xy , 0x  

  

2
d

d


x

y
 

0
d

d


x

y
 for all values of x  

 

23
d

d
x

x

y
  

Since 02 x  for all 0x , 0
d

d


x

y
 

 

The values of y for both graphs become larger as x increases and 0
d

d


x

y
.  

Hence, 12  xy  and  13  xy , 0x are both increasing functions.  

x1

1 

x2

1 + 

x 

y 

f(x1) 

f(x2) 

 

+ 

s
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Decreasing Function 
 

A function )(f xy   is decreasing on an interval bxa   

if 

 )(f)(f 21 xx   where bxxa  21 . 

 In other words, the value of )(f x  becomes smaller as 

x increases over the interval bxa  . 

 0
d

d


x

y
. 

 
 
 
Example 2 

 

Consider the graph and the gradient function of  

(a) xy 21   (b) 24 xy  , 0x  

  

2
d

d


x

y
 

0
d

d


x

y
 for all values of x  

x
x

y
2

d

d
  

Since 02  x  for all 0x , 0
d

d


x

y
 

 

The values of y  of  both graphs become smaller as x increases and 0
d

d


x

y
.  

Hence, xy 21  and 
2xy  , 0x are both decreasing functions. 

 

x1

1 

x2

1 + 

x 

y 

f(x1) 

f(x2) 

 

 

s
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Example 3 
A function can be an increasing or a decreasing function, depending on the interval under analysis 

or consideration. 

 

 Consider the graph and the gradient function of 24 xy  . 

 

 
 

For all 0x , 02
d

d
 x

x

y
 

For all 0x , 02
d

d
 x

x

y

 
Hence 

 24 xy   is an increasing function for 0x  and  

 24 xy   is a decreasing function for 0x . 

 

Example 4 

A curve has the equation )(f xy   where  .3)(f 3 xxx   

(i) Obtain an expression for ).(f x  

(ii) Determine, with explanation, whether f is an increasing or decreasing function. 

 

(i) )(f x  )33(
d

d 2  x
x

 

 33 2  x  

(ii) Since ,02 x  333 2 x  

 0)(f  x  

Hence, f is an increasing function for all real values of x.  

  

s
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Example 5 

A curve has the equation )(f xy   where  
1

1
)(f






x

x
x  for 1x . 

(i) Show that )(f x  can be expressed in the form 
2)1( x

k
 where k is a constant to be found. 

(ii) Determine, with explanation, whether f is an increasing or decreasing function. 

(iii) Showing full working, determine whether the gradient of the curve is increasing or decreasing. 

 

(i) )(f x  













1

1

d

d

x

x

x
 

 
2)1(

)1(1






x

xx
 

 
2)1(

2




x
 

 

(ii) Since 1x ,  0)1( 2 x  

   0
)1(

2
)(f

2





x
x  

Hence, f is an increasing function for all real values of x.  

 
 

(iii) )(f x  











2)1(

2

d

d

xx
 

 3)1)(2(2  x  

 
3)1(

4




x
 

Since 1x ,  0)1( 2 x  

   0
)1(

4
)(f

3





x
x  

Hence, the gradient of f is decreasing for 1x .  
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Example 6 

A function is defined by 
1

2 2




x

x
y where 2x . Determine, with explanation, whether 

1

2 2




x

x
y  is 

an increasing or a decreasing function. 

 

x

y

d

d
 

2

2

)1(

2)1(4






x

xxx
 

 
2

2

)1(

42






x

xx
 

 
2)1(

)2(2






x

xx
 

 

Since 2x ,  02 x , 02 x  and  0)1( 2 x  

    0
)1(

)2(2

d

d
2







x

xx

x

y
 

Hence 
1

2 2




x

x
y  is an increasing function. 

 

Example 7 

A function is defined by .
12 


x

x
y  Find the values of x for which y is an increasing function. 

 

22

2

22

22

22

2

22

22

)1(

1

)1(

21

)1(

)2()1)(1(

)1(

)1(
d

d
)(

d

d
)1(

d

d






















x

x

x

xx

x

xxx

x

x
x

xx
x

x

x

y

 

 

When y is an increasing function, 0
d

d


x

y
, 0

)1(

1
22

2






x

x  

   

11

0)1)(1(

01

01

2

2









x

xx

x

x
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Example 8 

It is given that 3218 xqxpxy 
 
where p and q are integers. The only values of x for which y 

is a decreasing function of x are those values for which 
3

7
x  or .3x   

Find the value of p and of q.  

 

232
d

d
xqxp

x

y


 

When y is a decreasing function, ,0
d

d


x

y

 
032 2  xqxp   

3

7
x  or 3x   

 023 2  pqxx   0)3(
3

7









 xx  

  0)3)(73(  xx  

     021163 2  xx   

  

Comparing coefficient of x,  162  q  

 8q  

Comparing constant term,  21 p  

 21p  
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Assignment 14: Increasing and Decreasing Functions 
 

1. Show that the function 
2

3
  ,

)32(

 1
2




 x
x

y , is a decreasing function. 

 
2)32(  xy  

x

y

d

d
 )2()32(2 3  x  

 
3)32(

4




x
 

Since 
2

3
x ,  032 x  

  0)32( 3 x  

  0
)32(

1
3


x
 

  0
)12(

4

d

d
3





xx

y
 

   

Hence 
2

3
  ,

)32(

 1
2




 x
x

y  is an increasing function. 

 

 

2. Determine, with explanation, whether 1   ,1  xxy is an increasing or a decreasing 

function. 

 

2

1

)1(  xy  

x

y

d

d
 2

1
 

)1(
2

1 

 x  

 
12

1




x
 

Since 1x ,  01x  

  01 x  

  0
12

1

d

d





xx

y
 

   

Hence 1   ,1  xxy  is an increasing function. 
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3. A function is defined by ,
1

 1
2x

y


  determine whether y is an increasing or a decreasing 

function  

(a) for 0x , 

(b) for 0x . 

 

(a) 12 )1(  xy  

 
x

y

d

d
 2 2 )1(2  xx  

  
22 )1(

2

x

x


  

 

 Since 0x ,  02  x  

   1)1( 22  x  

   0
)1(

2

d

d
22





x

x

x

y
 

 Hence 0  ,
1

 1
2




 x
x

y  is an increasing function. 

 

(b) Since 0x ,  02  x  

  11 2  x  

  0
)1(

2

d

d
22





x

x

x

y
 

 Hence 0  ,
1

 1
2




 x
x

y  is a decreasing function. 
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4. Given that ,
12

43






x

x
y

 
where ,

2

1
x  find 

x

y

d

d
 and hence find the range of values of x for 

which y is  

(i) increasing, 

(ii) decreasing.   

 

2

1

)12(

43

12

43











x

x

x

x
y

 

 

2

3
 

2

3
 

2

1
 

2

1
 

2

1

2

2

1

2

1

)12(

73

)73()12(

12

)4336()12(

12

)2()12)(43(
2

1
)12(3

)12(

)12(
d

d
)43()43(

d

d
)12(

d

d





























x

x

xx

x

xxx

x

xxx

x

x
x

xx
x

x

x

y

 

 

(i) When ,0
d

d


x

y  0

)12(

73

2

3
 






x

x
 

 073 x    and 012 x  

 
3

7
x    

2

1
x  

 
3

7
x  

y is an increasing function when 
3

7
x  

 

 (ii) When ,0
d

d


x

y  0

)12(

73

2

3






x

x
  and 012 x  

  073 x    
2

1
x  

  
3

7
x   

  
3

7

2

1
 x   

Since ,
2

1
x  y is a decreasing function when 

3

7

2

1
 x .  

s
m



Rate of Change 10 

5. It is given that 423  bxaxxy
 
where a and b are integers. The only values of x for 

which y is an increasing function of x are those values for which 4
3

4
 x .  

Find the value of a and of b.  

 

baxx
x

y
 23

d

d 2

 

When y is a increasing function, ,0
d

d


x

y

 
023 2  baxx   4

3

4
 x  

 023 2  baxx   0)4(
3

4









 xx  

   0)4)(43(  xx  

    016163 2  xx   

  

Comparing coefficient of x,  162  a  

 8a  

Comparing constant term,  16b  

 16b  
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Worksheet 15: Rate of Change 
 
Rates of Change 

(a) If a variable x varies with time t, then 
t

x

d

d
 is the rate of change of x with respect to time. 

(b) If 
t

x

d

d
 is a constant, x changes at a constant rate. 

(c) If 
t

x

d

d
 is a function of t, x changes at a non-uniform rate. The value of 

t

x

d

d
at ,at   is the 

instantaneous rate of change of x at the instance .at   

(d) If 0
d

d


t

x
, then a decrease in magnitude of x is observed as the value of t increases. 

(e) If 0
d

d


t

x
, then an increase in magnitude of x is observed as the value of t increases. 

 

Example 1 
The height of a rocket above the ground, h, kilometres, with respect to time t seconds from its time 

of launch to its return, is given by 

.
4

)10(
)(h

tt
t


  

Find the rate of change of h with respect to t when 

(i)  ,2t  

(ii)  6t .  (Pg386Q1) 
  

Rate of change of h = 
td

dh
 

 = 











 

4

10

d

d 2tt

t
 

 = 
4

210 t
km s

1  

 = 
2

5 t
km s

1 

 

(i) When ,2t  
td

dh
 

2

25 
  

   5.1  km s
1 

 
 the height is increasing when t = 2. 

 

(ii) When ,6t  
td

dh
 

2

65 
  

   5.0  km s
1 

 
 the height is decreasing when t = 6. 
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Example 2  
The length, l mm, of an elastic string at time t seconds is given by  

104
3

3

 t
t

l . 

Find the value of t when  

(a) the length is increasing at a rate of 5 mms
1

, 

(b) the length is decreasing at a rate of 4 mms
1

.  (Pg386Q2)
  

Rate of change of length, 
t

l

d

d
 )4( 2  t  mms

1  

 

(a) When 5
d

d


t

l
 mms

1
,  542 t  

  92 t  

   3t  (t  0) 

 

(b) When 4
d

d


t

l
 mms

1
, 442 t  

  02 t  

  0t  (t > 0) 
 

 
Example 3 
The radius, r cm, of a body changes with time t seconds, and they are related by the equation 

22  tr . 

(i) Find 
t

r

d

d
 and calculate the rate of change of r with respect to t at .2t  

(ii)  Sketch the graph of 22  tr and explain the changes in r with respect to t. (Pg386Q2) 
 

(i) t
t

r
2

d

d
  

When ,2t  4
d

d


t

r
 cm s

1 

 

(ii)    

 
 

 

(iii) r increases non-uniformly with respect 

to t. 
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Example 4 
The radius, r cm, of a circle at time t seconds is given by  

t
tt

r 6
2

5

3

23

 . 

(i) Express its area, A cm
2
, in terms of t. 

(ii) Find the values of t for which the area is increasing.  

 

A 
2r  

 































t
tt

t
tt

6
2

5

3

6
2

5

3

23

2
23

 

 

t

A

d

d
 )65( 2  tt  

When 0
d

d


t

A
,  0)65( 2  tt  

   0)3)(2(  tt  

   2t  or 3t  
Since ,0t  area is increasing when  20  t  or 3t . 
 

 
Example 5 

The volume, V cm
3
, of a cone of height h is 

12

3h
. If h increases at a constant rate of 0.2 cm s

1 
and 

the initial height is 2 cm, express 

(i) h in terms of t, 
(ii) V in terms of t and find the rate of change of V at time t. 

 

(i) h  t2.02   

 

(ii) V  3)2.02(
12

t


  

 
t

V

d

d
 )]2.0()2.02(3[

12

2t


  

  132 scm)2.02(05.0  t  

  

s
m
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Assignment 16: Rate of Change 
 

1. The amount of water, 
3cm V , in a leaking tank at time t seconds is given by  

3)15( tV   for 150  t . 

       Find the rate at which the water leaves the tank at the instant when 4t .    

 

  

 132 scm )15(3
d

d  t
t

V
 

 When 4t , 
t

V

d

d
 132 scm )415(3   

    
13scm 363                                          

 

 The water leaves the tank at the rate of 
13scm 363 
 

 

 

2. A rectangle has sides measuring x cm and 42 x  cm. The length x cm at time t seconds is       

given by 

,32 tx  )0( t . 

 (i) Show that the area, A cm
2
, of the rectangle, in terms of t is 

21812 ttA  .  

 (ii) Find the rate of change of area at the instant when t = 2. 

   
(i) A )42(  xx  

  ]4)32(2)[32(  tt  

  )32(6 tt   

  
21812 tt   

 

(ii) 
t

A

d

d
t3612  

When t = 2,  
t

A

d

d
 )2(3612  

    
12scm 84   

 

 

  

s
m
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3. The radius, r cm, of a spherical balloon at time t seconds is given by 

.
1

2
3

t
r


  

(i)  What is its initial radius? 

(ii)  Find the rate of change of r with respect to t when t = 3. Suggest what may be happening 

to the balloon at this instant. 

 

(i)  When t = 0,  523 r  

 Initial radius = 5 cm  

 

(ii)  1)1(23  tr  

 

2

2

)1(

2

)1()1)(1(2
d

d

t

t
t

r




 

 

 When t = 3, 
t

r

d

d  
2)31(

2


   

   
8

1
 cm s

1
 

 The balloon is deflating at a rate of 
8

1
cm s

1
. 

 

 

4. Mr Tan derived a function to estimate the number of people in his supermarket with respect to 

time. The time t is measured in minutes after 10 am, and the function is given by 

.)56(
10000000

1
)(f 22  tt   

(i)  How many people will there be in the supermarket at 11 am? 

(ii) At what rate are people entering the supermarket at 11 am? 

 

(i)  When t = 60,  )60(f  22 ]5)60(6[
10000000

1
  

   7.46  

 There are 46 people  

 

(ii)  )]([f
d

d
t

t
 )12)(56(2

10000000

1 2 tt   

  
1250000

)56(3 2 


tt
 

 When t = 60,  )]([f
d

d
t

t 1250000

]5)60(6)[60(3 2 
  

   11.3  people/min 
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5. The stopping distance, s km, of a van moving at v km/h can be modelled by the formula 

.
808

2vv
s   

(i)  Find 
v

s

d

d
 and calculate 

v

s

d

d
when v = 60. 

(ii)  Explain the meaning of your answer to (i). 

 

(i)  
v

s

d

d
 

408

1 v
   

 When v = 60, 
v

s

d

d
  

40

60

8

1
  

    
8

13
 km per km/h 

  

  (ii) If someone is travelling at 60 km/h, for every 1 km/h increase in speed, his stopping 

distance increases by 1
5

8
 km. 

 

 

  

s
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Worksheet 17: Connected Rates of Change (I) 
 
Connected Rates of Change 

If  
t

x

d

d
 is the rate of change of x with respect to time t and y = f (x), then the rate of change of y 

with respect to t is given by 
t

x

x

y

t

y

d

d

d

d

d

d
 . 

 

Example 1  

Given that 
x

x
y

12 
 , find the rate of change of  y when 2x , if x is changing at the rate of 6 

units per seconds at this instant. 

 

x

y

d

d
 

2

)12(2

x

xx 
  

 
2

1

x
  

When 2x  and unit/s, 6
d

d


t

x
 

t

y

d

d
 

t

x

x

y

d

d

d

d
  

     6
2

1
2
  

    unit/s 
2

3
  

Example 2  

Given that 52)5(  xxy ,  

(i) show that 
x

y

d

d
can be expressed in the form 

52 x

kx
, 

(ii) find the rate of change of  y when 10x , if x is changing at the rate of 5 units per seconds at 

this instant. 

(i) 
x

y

d

d
 2

1

)52)(5)(2(
2

1
52



 xxx  

  
52

5
52






x

x
x  

  
52

552






x

xx
 

  
52

3




x

x
 

(ii) When  10x ,  
x

y

d

d
 

25

30
  

   
5

30
  

   6  

  
t

y

d

d
 

t

x

x

y

d

d

d

d
  

   56  

   30  units s
1

 

s
m



Rate of Change 18 

Example 3  

Given that 

3

2
3

1








 xy , find the rate of change of  x when 9x , if y is changing at the rate of 5 

units per seconds at this instant. 

 

x

y

d

d
 

2

2
3

1








 x  

When 9x  and unit/s, 5
dt

dy
 

t

x

x

y

t

y

d

d

d

d

d

d
  

    
t

x

d

d
2

3

9
5

2









  

   
t

x

d

d
 unit/s 

5

1
  

 

Example 4  

Given that 
23 


x

x
y ,  

(i) show that 
x

y

d

d
can be expressed in the form 

2)23( x

k
, 

(ii) find the rate of change of  x when 0x , if y is changing at the rate of 5 units per seconds at 

this instant.   

 

(i) 
x

y

d

d
 

2)23(

323






x

xx
 

 
2)23(

2




x
 

 

(ii) When  10x ,  
t

y

d

d
= 5 units s

1
 

  
x

y

d

d
 

2

1
  

  
t

y

d

d
 

t

x

x

y

d

d

d

d
  

  
t

x

d

d

2

1
5   

  10
d

d


t

x
units s

1
 

 

 

 

  

s
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Example 5  

A curve has equation .14)12(  xxy  

(i) Express 
x

y

d

d
 in the form ,

14 x

kx
 where k is a constant. 

Hence, 

(ii) find the rate of change of x when ,2x  given that y is changing at a constant rate of 2 units 

per second.  (N09)  
 

(i) 
x

y

d

d
 



 2 4x 1 (2x 1)
1

2 4x 1
 4









 

 




8x  2 4x 2

4x 1
 

 




12x

4x 1
 

  

(ii) When 



x  2, 1s units 2
d

d 
t

y
, 

t

y

d

d
 

t

x

x

y

d

d

d

d
  

     
t

x

d

d

1)2(4

)2(12
2 


  

     
t

x

d

d
 82  

      1s units 
4

1   

 
Example 6  

A curve has the equation ,
1

102






x

x
y  where .1x  

(i) Show that 
x

y

d

d
 is always positive. 

(ii) Given that both x and y vary with time t, find the value(s) of x for which .
d

d
3

d

d

t

x

t

y
     

  (Pg391Q4) 
 

(i) 
x

y

d

d
 

2)1(

)1(
d

d
)102()102(

d

d
)1(






x

x
x

xx
x

x

 

  
2)1(

)1)(102()2)(1(






x

xx
 

  
2)1(

12




x
 

 Since 0)1( 2 x for all values of x, 0
)1(

12
2





x
 

 Hence, .0
d

d


x

y
 

 

 

s
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(ii) When  
t

x

t

y

d

d
3

d

d
 ,  3

d

d


x

y
  

   3
)1(

12
2


x
 

   

3  ,1

21

4)1( 2







x

x

x

 

  

  

s
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Assignment 18: Connected Rates of Change (I) 
 

1. Two variables, x and y, are related by the equation 
2

111


yx
. Given that x is decreasing at a 

rate of 3.6 units per second when 5x , find the rate of change of y at this instant. 

 

2

111


yx
  

y

1  
x

1

2

1


 

 x

x

2

2
  

2

2




x

x
y  

 

x

y

d

d
  = 

2)2(

242





x

xx
 

 = 
2)2(

4




x
 

 

t

y

d

d
  = 

t

x

x

y

d

d

d

d
  

 = )6.3(
)2(

4
2





x

 

 = 
2)2(

4.14

x
 

When 5x , 
t

y

d

d
 = 

9

4.14
 units per second 

   = 1.6 units per second 

 

  

s
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2. Liquid is poured into a container at a rate of 13scm 21  . The volume of liquid in the container 

is ,cm 3V  where ),4(
2

1 2 hhV  and h cm is the height of liquid in the container. Find, when 

,16V  

 (a) the value of h ,  

 (b) the rate at which h is increasing.  

 

(a)  When ,16V  16)4(
2

1 2  hh  

   03242  hh  

   0)8)(4(  hh  

   (NA) 8 ,4 h  

 

(b)  
h

V

d

d
4)2(

2

1
 h  

  2 h  

When ,4h ,scm 21
d

d 13 
t

V
 

t

h

h

V

t

V

d

d

d

d

d

d
  

      
t

h

d

d
612   

      
t

h

d

d
612   

      
1cms 2

d

d 
t

h
 s

m
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3. Two variable lengths x cm and y cm are related by the equation x
x

y 
22

 . 

(a)   Obtain an expression for 
x

y

d

d
in terms of x. 

(b)  Given that x and y are functions of t (seconds) and 2
d

d


t

x
, find 

t

y

d

d
 when 2x . 

       

(a) y  2

1

22








 x

x
 

  2

1

1 )22( xx    

 

 
x

y

d

d
 











 1

22
)22(

2

1
2

2

1

1

x
xx  

  

x
x

x

x






22
2

)22(

2

2

 

 

(b) 
t

y

d

d
 

t

x

x

y

d

d

d

d
  

  

x
x

x

x






22

22

2

2

 

 When 2x , 
t

y

d

d
 

3114

)422(




    

    
6

13
  cm s

1
 

 

s
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4. A curve has the equation 6)(  xcxy . 

(a) Find the value of c and of k for which 
6d

d




x

kx

x

y
 . 

(b) Find the value of x for which 
t

x

t

y

d

d

2

3

d

d
 .                                         

 

(a) 
x

y

d

d
 2

1

)6)((
2

1
6



 xcxx  

   
62

6





x

cx
x  

   
62

122






x

cxx
  

 
62

123






x

cx
 

 
62

12

62

3









x

c

x

x
 

 

 When ,
662

12

62

3









 x

kx

x

c

x

x
 012  c  

   12c  

    
2

3
k  

 

(b) 
t

x

x

y

t

y

d

d

d

d

d

d
  

 When 
t

x

t

y

d

d

2

3

d

d
 ,  

2

3

d

d


x

y
  

     
2

3

62

3


x

x
 

     1
6


x

x
 

     62  xx  

     062  xx  

     0)2)(3(  xx  

     (NA) 2  ,3 x   
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5. A particle moves along the curve .532 2  xxy  At the point P, the x-coordinate of the 

particle is increasing at a rate of 0.04 units per second and the y-coordinate is increasing at 0.2 

units per second. Find the coordinates of P. (N2014) 
 

34
d

d
 x

x

y

 

When ,2.0
d

d


t

y
,04.0

d

d


t

x
 

t

x

x

y

t

y

d

d

d

d

d

d
  

    

3
2

1

24

534

)34(04.02.0











y

x

x

x

x

 

 







 3  ,

2

1
P  
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Worksheet 19: Connected Rates of Change (II) 
 

Method for Solving Word Problems on Related Rates  
 

• Form an equation that relates the dependent variables. Find the derivative of this 

equation. 

 

• Use the chain rule to get the related rates equation. 

 

• Substitute the given information into the related rates equation and solve for the 

unknown rate. 

 
Example 1 

The radius of a sphere increases at a rate of 
1cms 2 
. Find the rate of increase of its volume when 

the radius is 3 cm. 

  

Let the radius and volume of the sphere be r cm and V cm
3
 respectively. 

 
1cms 2

d

d 
t

r
 

 

Step 

 Form an equation that relates the dependent 

variables. 
3

3

4
rV   

 Use the chain rule to get the related rates 

equation. 
24

d

d
r

r

V
  

 Substitute the given information into the 

related rates equation and solve for the 

unknown rate. 
t

V

d

d
 

t

r

r

V

d

d

d

d
  

 
28 r  

When r = 3 cm, 
t

V

d

d 13scm 72   

 

s
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Example 2  

The edge of a cube is increasing at the rate of 
1cms 2 
. Find  

 

(a) the rate of increase of the surface area, when each side is 4 cm. 

 

(b) the rate of increase of the volume when each side is 8 cm. 

 

Let the length, surface area and volume of the cube be x cm, A cm
2
 and V cm

3
 respectively. 

 
1cms 2

d

d 
t

x
  

 

(a) Step 

 Form an equation that relates the dependent 

variables. 26xA   

 Use the chain rule to get the related rates 

equation. x
x

A
12

d

d
  

 Substitute the given information into the 

related rates equation and solve for the 

unknown rate. 
t

A

d

d
 

t

x

x

A

d

d

d

d
  

 x24  

When x = 4 cm, 
t

A

d

d 12scm 96   

 

(b) Step 

 Form an equation that relates the dependent 

variables. 3xV   

 Use the chain rule to get the related rates 

equation. 
23

d

d
x

x

V
  

 Substitute the given information into the 

related rates equation and solve for the 

unknown rate. 
t

V

d

d
 

t

x

x

V

d

d

d

d
  

 
26x  

When x = 8 cm, 
t

V

d

d 13scm 384   

 

s
m



Rate of Change 28 

Example 3 

The area of a circle increases at a rate of 
12scm 2  . Find the rate of increase of the radius when 

the radius is 6 cm. 

(a) the radius is 4 cm,  

(b) the area is  9 cm
2
. 

 

Let the radius and surface area of the circle be r cm and A cm
2
 respectively. 

 
1cms 2

d

d 
t

r
 

(a)  
2rA    r

r

A
 2

d

d
 

t

A

d

d
 

t

r

r

A

d

d

d

d
  

 r 4  

 When r = 4 cm, 
t

A

d

d 12scm 16   

(b)  When A = 9 cm
2
,    92r  

    )0(   3  rr  

 When r = 3 cm, 
t

A

d

d 12scm 12   

 

 

 

 

Example 4 

The surface area of a sphere is decreasing at the rate of 
12scm 20 
 when the radius is 15 cm. 

Calculate (a) the rate of change of the radius at this instant, 

  (b) the rate of change of the volume at this instant. 

 

Let the radius, surface area and volume of the sphere be r cm, A cm
2
 and V cm

3
 respectively. 

 
12scm 20

d

d 
t

A
 

24 rA   cm 8
d

d
r

r

A
  

3

3

4
rV   

22 cm 4
d

d
r

r

V
  

 

(a) 
t

r

r

A

t

A

d

d

d

d

d

d
  Since  ,  

t

r

d

d
  

r

A

t

A

d

d
 

d

d
  

     
r


8

20
 

     
1cms

2

5
 




r
 

When r =15, 
t

r

d

d
 

)15(2

5
 


  

    1cms
6

1
 


  or 

1cms .05310   

 

(b) When r =15, 
t

V

d

d  
t

r

r

V

d

d

d

d
  

    











6

1
)15(4 2    

    
13scm 501   
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Example 5 
The diagram shows a vertical cross-section of a container in the form of 

an inverted cone of height 60 cm and base radius 20 cm. The circular 

base is held horizontal and uppermost. Water is poured into the 

container at a constant rate of 40 cm
3
 s
1

.  

(i) Show that, when the depth of water in the container is x cm, the 

volume of water in the container is 
27

3x
 cm

3
. 

(ii) Find the rate of increase of x at the instant when x = 2. 

(iii) State, with a reason, whether this rate will increase or decrease as t increases. 

 

Let the radius of the water surface and volume of the water be r cm and V cm
3
 respectively. 

 
13scm 40

d

d 
t

V
 

 

(i) 
6020

xr
  

3

x
r   

V  xr2

3

1
  

 x
x

2

33

1








  

 
27

3x
  

 

 

(ii) 2
2

cm
9d

d x

r

V 
  

 
t

x

x

V

t

V

d

d

d

d

d

d
  Since  ,  

t

x

d

d
  

r

V

t

V

d

d
 

d

d
  

     
2

9
40

x
  

     1

2
cms

360
 




x
 

 When x = 2, 
t

x

d

d
2)2(

360
 


  

   
1cms 28.6   

 

(iii) When t increases, x increases. 

 As 1

2
cms

360
 

d

d 
xt

x


is inversely proportional to 

2x , 
t

x

d

d
decreases as t increases. 

 

 

 

 

 

  

20 cm 

x cm 

r cm 
60 cm 

s
m



Rate of Change 30 

Example 6  
N is a fixed point on the circumference of a circle, centre O, radius 8 cm. A variable point P 

moves round the circumference such that  (or PON) increases at a constant rate of 
2


 rad. per 

second. Find  

(a) the rate of increase of s (arc length from N to P), 

(b) the rate of increase of A cm
2
, the area of the sector NOP. (Pg396Q8) 

 

(a) Arc length from N to P, s = 8 cm 

t

s

d

d
 

t

s

d

d

d

d 



  

 
2

8


  

 
1s cm 4   

 

(b) Area of the sector NOP, A  8
2

1 2    

  
2cm 32  

t

A

d

d
 

t

A

d

d

d

d 



  

 
2

32


  

 
12 s cm 16   

 

Example 7  
A ladder PQ of length 6 m is leaning against a vertical wall. The bottom end of the ladder is 

sliding away from the wall at a constant rate of 0.6 ms
1

. 

Find the rate at which the top of the ladder is sliding down the wall when P is 4.8 m from the 

ground. (Pg392Q13) 
 

Let cm yPR   and cm xQR  . 

2

1

2

22

)36(

6

x

xy




 

2

2

1

2

36

)2()36(
2

1

d

d

x

x

xx
x

y







 

When ,8.4y  
22 8.436x  

 
6.3

8.436 2



x   

When ,6.3x ,6.0
d

d


t

x
 

t

y

d

d  6.0
6.336

6.3

2



  

   1ms 45.0   

The top of the ladder is sliding down the wall at a rate of 
1ms 45.0 
. 

s
m
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Assignment 20: Connected Rates of Change (II) 
 

1. The area of a circle increases at a rate of 2 cm
2
s
1

. Find the rate of increase of the radius 

when the radius is 6 cm. 

 

Let A cm
2
 and r cm be the area and radius of the circle respectively. 

r
r

A

rA





2
d

d

2

 

t

r
r

t

A

t

r

r

A

t

A

d

d
2

d

d

d

d

d

d

d

d
  

When ,6r   2
d

d

t

A
,  

t

r

d

d
)6(22   

   1s cm 
6

1

d

d 
t

r
 

 

 

2. A circular ripple spreads across a lake. If the area of the ripple increases at a uniform rate of 
12sm 10  , find the radius of the ripple when the radius is increasing at a rate of 

1s m .52 
. 

    
Let A cm

2
 and r cm be the area and radius of the circle respectively. 

r
r

A

rA





2
d

d

2

 

t

r
r

t

A

t

r

r

A

t

A

d

d
2

d

d

d

d

d

d

d

d
  

When ,5.2
d

d


t

r  10
d

d

t

A
, 5.2210  r  

  2r  
 Radius of the ripple = 2 cm 

 

 
  

s
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3. The area of a square increases at a rate of 10 cm
2
s
1

. Find the rate of change in the length of 

its side when the area is 4 cm
2
.   (Pg391Q7(a)) 

 

 Let x and A represent the length and the area of the square. 

x
x

A

xA

2
d

d

2





 

t

r
x

t

A

t

x

x

A

t

A

d

d
2

d

d

d

d

d

d

d

d
  

 

When ,4A    42 x  

   )0(  2  xx   

When ,2x  10
d

d


t

A
, 

t

r

d

d
410   

  5.2
d

d


t

r
 cm s

1
  

 

4. The surface area of a cube increases at 0.2 cm
2
s
1

. Find the rate of increase of the volume 

when the length of a side is 1 cm.   (Pg391Q7(b)) 
 

 Let x, A and V represent the length, area and the volume of the cube. 

x
x

A

xA

12
d

d

6 2





 

t

r
x

t

A

t

x

x

A

t

A

d

d
12

d

d

d

d

d

d

d

d
  

 

When ,1r  ,2.0
d

d


t

A
  

t

r

d

d
)1(122.0    

   
1s cm 

60

1

12

2.0

d

d




t

r

  

 

2

3

3
d

d
x

x

V

xV





 

t

r
x

t

V

t

x

x

V

t

V

d

d
3

d

d

d

d

d

d

d

d 2   

When ,1r  ,
60

1

d

d


t

r
  

t

V

d

d

60

1
)1(3   

    13scm 05.0    
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5. A viscous liquid is poured onto a flat surface. It forms a circular patch which grows at a 

steady rate of 
12scm 4 
. Find, in terms of , 

 (a) the radius of the patch 16 seconds after pouring has begun, 

 (b) the rate of increase of the radius at this instant.  (Pg396Q7) 
 

(a)  Let the radius and the area of the circular patch be r cm and A cm
2
 respectively. 

 

The circular patch grows at a steady rate of 12scm 4  tA 4  
When ,16t  A  )16(4  

  
2cm 64  

 
2rA   

 642 r  

 r  



64  

  



8

 

 

(b)  r
r

A
 2

d

d
 

When ,
8


r ,scm 4

d

d 12 
t

A
 

t

r

r

A

t

A

d

d

d

d

d

d
  

      
t

r

d

d8
24 










  

      
t

r

d

d
164   

  
t

r

d

d  



16

4
 

  1s cm 
4

1 
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6. A water tank with a rectangular base 30 cm by 40 cm contains water to a depth of 20 cm. The 

water is then poured at a steady rate into an inverted conical container with base radius equal 

to its height and whose axis is vertical. 

After t seconds, the volume of the water that has been transferred is given by 
3

3r
V


 , r cm 

is the radius of the horizontal surface of the liquid.  

 

Given that all the water is transferred in 6 seconds, find at the instant when the depth of the 

liquid is 12 cm, the rate of increase  

 

(i) of the depth of the liquid, 

(ii) the area of the horizontal surface of the 1iquid. 

 
Solution 

Volume of water transferred in 6 s = 204030   cm
3
 

Rate of change of volume, 
t

V

d

d
 = 

6

204030 
 cm

3
s
1

 

 = 4000 cm
3
s
1

 

 

3

3r
V


   

2

d

d
r

r

V
  

   

(i) 
t

V

d

d
 = 

t

r

r

V

d

d

d

d
  

 4000 = 
t

r
r

d

d2  

 
t

r

d

d
 = 

2

4000

r
 cms

1 

 When r = 12 cm, 
t

r

d

d
  = 

144

4000
 cm s

1 

 
Since r = h, 

 

t

r

d

d
 = 

t

h

d

d
 = 8.84 cm s

1 

 

 

(ii) 
2rA   r

r

A
 2

d

d
  

 
t

A

d

d
 = 

t

r

r

A

d

d

d

d
  

  = 
t

r
r

d

d
2  

 When r = 12 cm, 
t

r

d

d
  = 

144

4000
 cms

1 

 

t

A

d

d
 = 




144

4000
122  

  = 
3

2
666  cm

2
s
1

   

 

 

s
m



Rate of Change 35 

7. The diagram shows part of the graph of 
2

2x
y  . The point P(p, 0) is on the x-axis and the 

point Q is on the curve.  (Pg397Q7) 

 
 

(i) Given that PQ is parallel to the y-axis and the coordinates of R is (2, 0), express the area 

A of the triangle PQR in terms of p. Hence, show that pp
dp

dA
 2

4

3
.  

(ii) If p is increasing at a rate of 0.1 units per second, find the rate at which A is increasing at 

the instant when 4p .  

(iii) State, with a reason, whether 
t

A

d

d
will increase or decrease as t increases. 

 

 

(i) Coordinates of Q = 














2
,

2p
p   

Area of triangle PQR   =  















2
2

2

1 2p
p  units 

 = )2(
4

1 23 pp   units 

 pp
p

A
 2

4

3

d

d
  

 

 

(ii) 
t

A

d

d
 

t

p

p

A

d

d

d

d
  

  1.0
4

3 2 







 pp  unit

2
 per second 

 When 4p , 
t

A

d

d
 = 1.044

4

3 2 







  

   = 1.6 unit
2
 per second 

 

 (iii) When t increases, both p and 2p will increase. 

 Hence, 
t

A

d

d
 which is jointly proportional to p and 2p increases as t increases. 

 

 

Q 
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8.  [The volume of a cone of height h and base radius R is given by

.
3

1 2HR ]  

 

The diagram shows a hollow conical tank of height 30 cm 

and radius 15 cm. The tank is held fixed with its circular rim 

horizontal. Water is then poured into the empty tank at a 

constant rate of .scm 02 13 
 After t seconds the depth of water 

is h cm. 

 

 
 

(i)   Show that the volume of water in the tank, 
3cm V , at time t is given by .

12

3h
V


   

(ii)  Find the rate of change of the depth when h = 5.  

(iii)  State, with a reason, whether this rate will increase or decrease as t increases.  

Specimen Paper 
 

(i)   
3

3

2 30
)30)(15(

3

1

hV




 

 

12

)30)(15(
3

1

30
3

2

3

3

h

h
V









 

   

(ii)  
h

V

d

d

4

2h
  

 
t

V

d

d

t

h

h

V

d

d

d

d
  

 

2

2

80

d

d

d

d

4
20

ht

h

t

hh









 

 When h = 5, 11 cms 02.1or  cms 
25

80

d

d 
t

h
 

  

(iii)  When t increases, h will increase.  

 As 
2

80

d

d

ht

h


  is inversely proportional to h

2
, this rate will decrease as t increases.  
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9.* The figure shows a parallelogram OPQR. Given that Q lies on the line 12  xy  and x 

increases at a rate of 1.2 units per second, find  

(a) the rate of change of area of the parallelogram OPQR when ,5.1x  

(b) the rate of change of the length of the diagonal OQ at this instant.   (Pg392Q11) 
 

 

(a) Let the area of the parallelogram OPQR be A. 

  Since Q(2x, y) lies on the line y = 2x + 1, 

  y-coordinates of Q 1)2(2  x  

   14  x  

  
xx

xxA





24

)14(
 

  18
d

d
 x

x

A
 

  When ,5.1x  
t

A

d

d

t

x

x

A

d

d

d

d
   

    
12 s unit 6.15

2.1)15.18(




 

 

 (b) Let OQ = s. 

 

1820

18164

)14()2(

2

22

222







xx

xxx

xxs

 

 1820 2  xxs  

 

 

1820

420

)840()1820(
2

1

d

d

2

2

1
 

2









xx

x

xxx
x

s

  

 

 When ,5.1x  
t

s

d

d  
x

s

xx

x

d

d

1820

420

2





  

   
1

2

sunit  36.5

2.1
1)5.1(8)5.1(20

4)5.1(20
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Revision 13 Rate of change  
 

Increasing and Decreasing Functions 

1. A function )(f xy   is increasing on an interval ,bxa   if 0
d

d


x

y
. 

2. A function )(f xy   is decreasing on an interval bxa   if 0
d

d


x

y
. 

 
Rates of Change 

1. If a variable x varies with time t, then 
t

x

d

d
 is the rate of change of x with respect to time. 

2. If 
t

x

d

d
 is a constant, x changes at a constant rate. 

3. If 
t

x

d

d
 is a function of t, x changes at a non-uniform rate. The value of 

t

x

d

d
 at ,at   is the 

instantaneous rate of change of x at the instance .at   

4. If 0
d

d


t

x
, then a decrease in magnitude of x is observed as the value of t increases. 

5. If 0
d

d


t

x
, then an increase in magnitude of x is observed as the value of t increases. 

 
Connected Rates of Change 

If  
t

x

d

d
 is the rate of change of x with respect to time t and )(f xy  , then the rate of change of y 

with respect to t is given by 
t

x

x

y

t

y

d

d

d

d

d

d
 . 
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Example  

1. Given that 
x

e
y

x2


 
for 0x , find the range of values of x for which y is a decreasing function. 

Solution 

2

2

2

)12(

)2(

d

d

2

22

x

xe

x

exex

x

y

x

xx







 

,0
d

d
  ,0  ,0 Since

22 
x

y
ex x

 

 012 2 x    

 

2

2

2

2

2

1

2

1

0
2

1

2

1
























x

x

xx

 

2

2
0  ,0 Since  xx  

 Solve 0
d

d


x

y
 

 

 

2. It is given that 3218 xqxpxy 
 
where p and q are integers. The only values of x for which 

y is a decreasing function of x are those values for which 
3

7
x  or .3x  Find the value of p 

and of q.  

 

Solution 

232
d

d
xqxp

x

y


 

When y is a decreasing function, ,0
d

d


x

y

 
032 2  xqxp  

       023 2  pqxx  

3

7
x  or 3x   0)3(

3

7









 xx  

   0)3)(73(  xx  

   021163 2  xx   

  

Comparing coefficient of x,  162  q  

 8q  

 Comparing constant term,  21p  
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3. A curve has the equation 6)12(  xxy . 

(a) Express 
x

y

d

d
 in the form 

6x

kx
 where k is a constant. 

(b) Find the value of x for which 
t

x

t

y

d

d

2

3

d

d
 .                                         

 

(a) 
x

y

d

d
 2

1

2

1

)6)(12(
2

1
)6(



 xxx  

   











)12(
2

1
)6()6( 2

1

xxx  

   
62

)12122(






x

xx
 

   
62

3




x

x
  

  

(b) 
t

x

x

y

t

y

d

d

d

d

d

d
  

 When 
t

x

t

y

d

d

2

3

d

d
 ,  

2

3

d

d


x

y
  

     
2

3

62

3


x

x
 

     1
6


x

x
 

     62  xx  

     062  xx  

     0)2)(3(  xx  

     (NA) 2  ,3 x   
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4. [The volume of a cone of height h and base radius R is given by .
3

1 2HR ]  

The diagram shows a hollow conical tank of height 30 cm and radius 15 

cm. The tank is held fixed with its circular rim horizontal. Water is then 

poured into the empty tank at a constant rate of .cm 02 13 s   

After t seconds the depth of water is h cm. 

 

(i)  Show that the volume of water in the tank, 
3cm V , at time t is given 

by .
12

3h
V


  [2] 

(ii)  Find the rate of change of the depth when h = 5. 

(iii) State, with a reason, whether this rate will increase or decrease as t increases.  

 

Solution 
(i) Let the radius of the water surface be r cm. 

 

2

3015

h
r

hr





 

 

 

12

23

1

3

1

3

2

2

h

h
h

hrV





















 

 

 Apply the properties of similar 

triangles to establish a relationship 

between r and h. 
 

(ii) 
2

4

1

d

d
h

h

V
  

t

h

h

V

t

V

d

d

d

d

d

d
  

2

2

80

d

d

d

d

4
20

ht

h

t

hh









 

When ,5h ,20
d

d


t

V
 

t

h

d

d

25

80
   

   1cms 02.1   

 

 Apply Chain Rule 
t

x

x

y

t

y

d

d

d

d

d

d
  

(iii) Since ,
80

d

d
2ht

h


 h is inversely proportional to 

2h , the rate will decrease as t increases. 

 Apply the concept of inverse 

proportion. 
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Exercise 

1. The equation of a curve is 12
2

5 23  xxxy . Find the values of x for which y is a 

decreasing function.  
 

x

y

d

d
 253 2  xx   

y is a decreasing function , .0
d

d


x

y
 

3

1
2

0)2)(13(

0253 2







x

xx

xx

  

 

2.  Find the range of values of x for which the curve 
32

32
2

2






x

x
y  is an increasing. 

 

22

2

22

)32(

24

2)32(

)4)(32()4)(32(

d

d









x

x

x

xxxx

x

y

  

y is an increasing function , .0
d

d


x

y
 

0   ,0)32( Since

0
)32(

24

22

22






xx

x

x

  

 

3. A curve has the equation 
2

ln 

x

x
y  . 

(i) Find 
x

y

d

d
. 

(ii) Hence, find the range of values of x, such that y is increasing. 

 

(i) 
x

y

d

d
 

4

2 ln2
1

x

xx
x

x 








  

  
3

ln21

x

x
   

(ii) y is an increasing function , .0
d

d


x

y
 

  ,0 Since x   0ln21  x  

   

e

x





,

2

1
ln
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4. The equation of a curve is )25(ln xy  , where 
2

5
x . 

(i) Find the coordinates of the point on the curve at which the normal to the curve is parallel to 

.32  xy   

(ii) Show that as x increases, y is a decreasing function. 

 

(i) 
x

y

d

d
 

x25

2


  

  
52

2




x
 

 When ,2
d

d


x

y
 

52

2
2




x
 

   

0

2

84

2104









y

x

x

x

  

 The required point is (2, 0). 

 

(ii) 
2

5
x  052  x  

   0
52

2





x
  

 Hence, y is a decreasing function. 

  

5. (i) Given that 14)12(  xxy . Obtain an expression for 
x

y

d

d
.  

(ii) The variables x and y are related by the equation 
3

)52( 6


x
y . At the instant when x = 3, 

y is decreasing at the rate of 2 units per second. Find the rate of change of x. 

 

(i) 
x

y

d

d
 )4()14(

2

1
)12()14(2 2

1
 

2

1










 xxx  

  

14

12
or    )14(12

)1214()14(2

2

1
 

2

1
 










x

x
xx

xxx

 

 

(ii) 
x

y

d

d
 

3

)2()52(6 5


x
  

  5)52(4  x    

When 3x ,  ,2
d

d


t

y
 

t

x

d

d
 

x

y

t

y

d

d

d

d
  

     
secondper  units 5.0

42
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6. A tub contains liquid with height x metres. The volume, V m
3
, of the tub is given by  

].8)23[(05.0 3  xV  

If liquid is poured into the tub at a constant rate of 0.081 m
3
 per second, find the rate at which 

the height of the liquid is increasing when V = 0.95.  

 

x

V

d

d
 )3()23)(3(05.0 2 x  

 2)23(45.0  x  

When V = 0.95,  ]8)23[(05.095.0 3  x  

   

3

1

13

323

27)23(

8)23(19

3

3











x

x

x

x

x

 

When 
3

1
x , ,081.0

d

d


t

V
 

t

x

d

d
 

x

V

t

V

d

d

d

d
  

     
secondper  units 02.0

)945.0(081.0




 

 

7. A metal ball is heated to a temperature of C225  before being dropped into a liquid. As the ball 

cools, its temperature, CT , t minutes after it enters the liquid is given by 

,e190 ktPT   

where P and k are constants. 

 

(i) Explain why P = 35.  

 

When t = 4, the temperature of the ball reaches C120 .  

(ii) Find the value of k correct to 3 significant figures. 

(iii) Find the rate at which the temperature of the ball is decreasing at the instant when t = 10. 

(iv) From the equation of T given above, explain why the temperature of the ball can never fall 

below C35 . 

 

(i) When ,0t ,225T  190225  P  

   35P  

 

(ii) When ,4t ,120T  ke 419035120   

   



















38

17
ln4

190

85

85190

4

4

k

e

e

k

k

 

   

201.0

38

17
ln

4

1











k
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(iii)  ktke
t

T  190
d

d
 

When ,10t  
t

T

d

d
 





































38

17
ln

4

1
10

38

17
ln

4

1
190

 

e  

    1min C 11.5    

 The temperature is decreasing at a rate of 1min C 11.5  . 

 

(iv)  Since ,0kte  as ,t  0kte  

      3519035  kte  

   35T  

 

 

8. The voltage V, in volts, of an electrical signal in an electrical system is given by the formula  

tV sin4  

where t is in seconds. 

(i) Find the exact rate of change of voltage after 
4

1
 seconds have elapsed.  

(ii) Find the exact times when the rate of change of voltage is 32  volts per second for 

40  t .  

(iii) Given that current (I in amperes) supplied to the system is governed by the equation 

5

V
I  , find the rate of change of current when the rate of change of voltage is 2 volts per 

second.  

 

(i) t
t

V
 cos4

d

d
   

 When ,
4

1
t  

t

V

d

d

4
cos4


  

     

1 Vs 22

2

4









 

 

(ii) When ,32
d

d


t

V
  32cos4  t  

    

6

23
 ,

6

13
 ,

6

11
 ,

6

1

6

23
 ,

6

13
 ,

6

11
 ,

6

2

3
cos







t

t

t






 

 

(iii) 
t

V

t

I

d

d

5

1

d

d
  

 When ,2
d

d


t

V
 

1As
5

2

d

d 
t

I
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9. A container is in the shape of an inverted right circular cone which has a vertical axis and a 

base radius that is equal to its height. Water is poured into the vessel at a constant rate of 

.scm 50 13 
 The depth of the water is x cm. 

 

(i) Show that the volume of water in the container is 
3

3

1
xV  cm

3
.  

 

Calculate, at the instant when depth of water is 20 cm, the rate of increase of 

(ii) the depth of the water, in terms of  , 

 

 (iii) the area of the horizontal surface of the water. 

 

 

(i) Let the base radius, height of the cone be R cm.  

  Let the radius of the water surface be r cm. 

  

xr

R

x

R

r




  

  
3

2

3

1

3

1

x

xrV









 

 

(ii) 2

d

d
x

x

V
  

  When ,20x  ,
d

d 2x
x

V
  

t

x

d

d
 

x

V

t

V

d

d

d

d
  

   

1cms 0398.0

8

1

40050











 

 

 (iii) Let the area of the horizontal surface of the water be A cm
2
. 

x
x

A

xA





2
d

d

2





 

  When ,20x  ,
d

d 2x
x

A
  

t

A

d

d
 

t

x

x

A

d

d

d

d
  

   

12scm 5

8

1
)20(2
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10. In the diagram, a ladder, 6 m, is leaning against a vertical wall. The distance between the base 

of the ladder and the wall is x m. A force is exerted, pulling the base of the ladder away from 

the wall at a constant rate of 0.2 m/s. 

 

 (a) (i) Show that cos6x . 

(ii) Find 
td

d
 at the instant when 367.0  radians. 

 

(b) If it took 20 seconds for the ladder to be flat on the floor, 

find 

(i) the initial value, in radians, of  ,   

(ii) the time taken for 
td

d
 to reach a value of –0.0385. 

 

 (a) (i) cos
6


x
 

   cos6x  

 

(ii) 


sin6
d

d


x
 

 When ,367.0  
td

d
 

d

d

d

d x

t

x
  

     )367.0sin6(2.0   

     
secondper  rad 0929.0

092897.0




 

 

(b) (i) When ,0t   x 202.06   

     2   

     

23.1

6

2
cos








 

 

(ii) When ,0385.0
d

d


t


 

sin6

2.0
0385.0


  

     

0467.1

)0385.0(6

2.0
sin








  

 When ,52404.0  x  0467.1cos6  

      0025.3  

 Time taken 
2.0

20025.3 
   

   s 01.5   
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11. The diagram shows a semi-circle with centre O and radius 10 cm. TOQ is a horizontal line. 

Beginning from Q, the point R moves along the semicircle at a rate of 0.132 radian per second. 

 

 
 Given that ROQ =   radians at any instant, 

(i) Show that at any instant, the area of the shaded region, A, is given by  

).sin(50  A  

 

(ii) Find the rate of change of A after 5 seconds.   

 

(i) A  )](sin[10
2

1 2    

  )sin(50    

 

(ii) )cos1(50
d

d





A
 

 When ,5t    )132.0(5  

     66.0  

  When 66.0 , ,132.0
d

d


t


 

t

A

d

d
 

t

A

d

d

d

d 


  

        
12 s cm 8.11

132.0)66.0cos1(50




  

10 cm O Q 

R 

T 
 

s
m
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Singapore Chinese Girls’ School 
Secondary 4 

Additional Mathematics 
Revision 4 

 

Name:  ( ) Date: ________________ 

Class: Sec 4______  

 
Revision 4: Remainder and Factor Theorem 
 
1. The Remainder Theorem states that if a polynomial )(f x  is divided by )( ax , the remainder 

)(fR a . 

 
2. The Factor Theorem states that if a polynomial )(f x  is exactly divisible by )( ax , the 

remainder 0)(f  aR . 

Conversely, if 0)(f  aR , then )( ax  is a factor of )(f x . 

Hence, )( ax  is a factor of )(f x   0)(f a  and )(f x  is divisible by )( ax . 

 
Example  
 

1. The term containing the highest power of x in the polynomial )(f x  is 42x . Two of the roots of 

the equation 0)(f x  are 1 and 2. Given that 132  xx  is a quadratic factor of ),(f x find 

(i) an expression for )(f x  in descending powers of x, 

(ii) the number of real roots of the equation 0)(f x , justifying your answer, 

(iii) the remainder when )(f x  is divided by .12 x  2008 

 
(i) 



(x 1) and 



(x2) are linear factors of )(f x . 

  

410482

)2524(2

)26233(2

)13)(2(2

)13)(2)(1(2)(f

234

234

223234

22

2











xxxx

xxxx

xxxxxxxx

xxxx

xxxxx

 

 

 Do not let )(f x  be represented 

by dcxbxaxx  2342 and 

attempt to find the value of a, 

of b, of c and of d. You would  

need four equations to solve 

for the four unknowns. 

(ii) Consider the equation 132  xx , 

  Discriminant = 5 > 0 

  0)(f x  has four real roots. 

 

 

(iii) 








2

1
f 4

2

1
10

2

1
4

2

1
8

2

1
2

234
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1
1  

 Apply Remainder Theorem Do 

not use Long or Synthetic 

Division 

 

 
  



2 

 

2. When 27)(f 23  xkxxx  is divided by kx  , the remainder is 2k.  

Find the possible values of k, leaving your answer to two decimal places where necessary. 

 

0292

227

2)(f

3

33







kk

kkkk

kx

  

 

Let 292)(g 3  kkk  

021816)2(g    

)2( k  is a factor of )(g k . 

 

Let )12)(2()(g 2  bkkkk  

Comparing coefficients, 912  b  

   4b  

)142)(2()(g 2  kkkk  

 

0)(g k  

2.22  0.22, 2, =

2

244
 ,2


k

 

1. Apply Remainder Theorem to form the 

required cubic equation. 

 

2. Find the first root using trial and error.  
 

3. Show the method for finding the 

corresponding quadratic factor. 

 

4. Factorise completely. 

 

5. Equate g(k) to zero, otherwise answer 

marks will not be awarded. 

 

 

 
Exercise 
  

1. (a) Solve the equation 04392 23  xxx . 

 

(b) Find the value of p, of q and of r in the following identity 

rqxpxxxxxx  ))(2)(1(1052 23
. 

 

(a)  Let 4392)(f 23  xxxx  

 04392)1(f   

   )1( x  is a factor of )(f x . 

   Let )42)(1()(f 2  bxxxx  

   Comparing coefficient of x, 34  b  

         7b

 
)4)(12)(1(

)472)(1()(f 2





xxx

xxxx
 

    0)(f x 4  1,  ,
2

1
x  
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(b) rqxpxxxxxx  ))(2)(1(1052 23
 

Let ,1x  rq 10521  

  2 rq  ……(1) 

Let ,2x  rq 2101088  

  202  rq  ……(2) 

   (1)(2) 183 q  

     6q  

     8r  

Let ,0x  rp  210  

  
1

8210





p

p
 

 

 

2. (a) (i) Given that 1)2)(1)((343 23  CxxxBAxxxx for all real values of x, 

find the values of A, B and C.  

 (ii) Hence, deduce the remainder when 343 23  xxx  is divided by 22  xx .  

 

(i) Let ,1x  13413  C  

  4C  

Let ,0x  123  B  

  
2

42





B

B
 

   Comparing coefficient of 3x ,  3A  

 

  (ii) 343 23  xxx  14)2)(1)(23(  xxxx  

      14)2)(23( 2  xxxx  

   Remainder = 14 x  

 

 

(b) Solve the equation 0152852 23  xxx . 

 

 Let 152852)(f 23  xxxx  

 015140125250)5(f   

   )5( x  is a factor of )(f x . 

   Let )32)(5()(f 2  bxxxx  

   Comparing coefficient of x, 2835 b  

         
5

255





b

b

 
)3)(12)(5(

)352)(5()(f 2





xxx

xxxx
 

    0)(f x 3  ,
2

1
  ,5 x  
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3. (a) The expression 232 23  axxx  is divisible by 2x – 1 but leaves a remainder 2b when 

divided by x + 2. Find the value of a and of b. Hence factorise the expression completely. 

  

 Let 232)(f 23  axxxx  

 

3

2

3

2

02
24

3

4

1

02
2

1

2

1
3

2

1
2

0
2

1
f

23











































a

a

a

a

 

 

   2b2)(f   

   
20

22)(32)(32)(22 23



b
 

   10b  

    

   Let )2)(12(2332 223  bxxxxxx  

   Comparing coefficient of x, 34 b  

         1b

 
)1)(2)(12(

)2)(12()(f 2





xxx

xxxx
 

 

 

(b) Given that CxBxxxxxAx  3))(12)(12(5212 23
for all values of x, 

determine the values of A, B and C. Hence, state the remainder when 5212 23  xxAx  

is divided by 4x
2
 – 1. 

 

   Comparing coefficient of 3x , 4A  

 Let ,
2

1
x      C




































2

1
35

2

1
2

2

1
12

2

1
2

23

 

         2C  

   Let ,0x      2))(1)(1(5  B  

         3B  

 

   23)3)(12)(12(52122 23  xxxxxxx  

 

Remainder = 23 x   
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4. Find the values of a  and b  for which the function 2172)(f 234  bxaxxxx  is exactly 

divisible by 322  xx . Hence determine, showing all necessary working, the number of real 

roots of the equation 0)f( x . 

 

)1)(3(322  xxxx  

 3x  and 1x  are factors of )f( x . 

  

 

03948

021)3()3()3(7)3(2

0)3(f

234







ba

ba  

 163 ba  ……(1) 

 

 

012

021)1()1()1(7)1(2

0)1(f

234







ba

ba  

 12ba  ……(2) 

 

 (1)+(2) 284 a  

  7a  

  5b  

 

 Let )72)(32(215772 22234  Bxxxxxxxx  

 Comparing coefficient of x, B3145   

   
3

93





B

B
 

 

 )732)(32(215772 22234  xxxxxxxx  

  

 0)f( x 0322  xx  or 0732 2  xx  

     Discriminant )7)(2(432   

      33  

     No real roots. 

 0)f( x  has only two real roots. 
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5. The polynomial bxxax  54 23
 is exactly divisible by 2x  and has a remainder of –4 

when divided by 1x . 

(i) Find the value of a and of b. 

(ii) Hence, factorise bxxax  54 23

 completely.  

 

 

(i) Let bxxaxx  54)(f 23  

  

010168

0)2(f





ba
 

268  ba  ……(1) 

 

454

0)1(f





ba
 

5 ba  ……(2) 

 

(1)(2) 217 a  

  3a  

  2b  

 

(ii) Let )13)(2(2543)(f 223  Bxxxxxxx  

  Comparing coefficient of x, 125  B  

    
2

42





B

B
 

 

  

)1)(13)(2(

)123)(2(

2543)(f

2

23







xxx

xxx

xxxx
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6. The expression pqxqxpx 23 23   is exactly divisible by )12( x  and has a remainder of –10 

when divided by )1( x . 

 

(i) Show that the values of p and q are 2 and 3 respectively. 

 

Hence, or otherwise, 

(ii) factorise the above expression completely, and 

(iii) determine the remainder when the expression above is divided by ).3( x  

 

(i) Let pqxqxpxx 23)(f 23   

  

01015

02
24

3

8

02
2

1

2

1
3

2

1

0
2

1
f

23











































qp

p
qqp

pqqp
 

3

2q
p   ……(1) 

 

1023

1021)(1)(31)(

101)(f

23







pqqp

pqqp  

104  qp  ……(2) 

 

Sub (1) into (2) 104
3

2
 q

q
 

   

2

3

10
3

10







p

q

q

  

 

(ii) Let )4)(12(4392)(f 223  Bxxxxxxx  

  Comparing coefficient of x, 83  B  

    5B  

 

  

)4)(1)(12(

)45)(12(

4392)(f

2

23







xxx

xxx

xxxx
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7. The cubic polynomial )(f x  is such that the coefficient of x
3
 is 2 and the roots of 0)(f x  are 

1 , 2 and 3k. It is given that )(f x  has a remainder of –36 when divided by (x + 4).  

Find the value of k. 

 

1

33

134

36)346)()(32(

36)4(f

)32)(1)(2()(f













k

k

k

k

kxxxx

 

 

 

8. The expressions 62 23  pxxx  and 10)8(23  xpxx  leave the same remainder when 

they are divided by (x + a), where a is an integer. 

 

(i) Let 62)(f 23  pxxxx  and 10)8()(g 23  xpxxx . 

 )(g)(f aa   

 
0483

10)8(62

2

2323





aa

apaapaaa
 

 

 (ii) 0483 2  aa  

  
2  (NA), 

3

2

0)2)(23(





a

aa

 

 

 (iii) 20)(f a  

 

5

102

206288

206)2()2(2)2( 23









p

p

p

p
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9. The expressions 66)(f 23  bxaxxx  has a factor  2x but leaves a remainder of –12 

when divided by 1x . 

 

(i) Find the value of a and of b. 

(ii) Factorise )(f x  completely and hence solve the equation bxaxx 26448 23  . 

 

(i) Let 66)(f 23  bxaxxx  

  

5424

062448

06)2()2()2(6

0)2(f

23









ba

ba

ba
 

272  ab  ……(1) 

 

126)1()1()1(6

12)1(f

23 



ba
 

12ba  ……(2) 

 

Sub (1) into (2) 12272  aa  

   

17

5

153







b

a

a

  

 

(ii) Let )36)(2(61756)(f 223  Bxxxxxxx  

  Comparing coefficient of x, 3217  B  

    
7

142





B

B
 

 

  
)32)(13)(2(

)376)(2()(f 2





xxx

xxxx
 

 

 06342048 23  xxx  

 

 
4

3
 ,

6

1
 ,1

0)34)(16)(22(

06)2(17)2(5)2(6 23







x

xxx

xxx
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10. The function )(f x  is defined by 3722)(f 23  xxxx . 

 

(i) Show that )1( x  is the factor of )(f x .  

(ii) Solve 0)(f x . Leave your answers in exact form. 

 

 (i) )(f x  3)1(7)1(2)1(2 23    

 0  

 )1( x  is the factor of )(f x . 

 

 (ii) Let )32)(1(3722)(f 223  bxxxxxxx  

  Comparing coefficient of x, 37  b  

    4b  

 

  )342)(1()(f 2  xxxx  

 

   0)(f x  05  x  or  0342 2  xx  

     5 x    x  
4

)3)(2(4)4(4 2 
  

         

2

102

4

1044







 

   

 

11. (a) The cubic polynomial is such that the coefficient of x
3
 is –1 and the roots of the equation 

0)(f x  are –2, 3 and k. Given that )(f x  has a remainder of 12 when divided by 4x , 

find the value of k. 

 

 

6

24

12))(1)(46(

12)4(f

))(3)(2()(f











k

k

k

kxxxx
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(b) (i) Solve the equation 0182174 23  xxx . 

 (ii) Hence solve the equation 18
2

21

4

7

2

1 23  xxx . 

 

(i) Let 182174)(f 23  xxxx  

0

18)2(21)2(7)2(4)2(f 23




 

2)( x  is a factor of )(f x . 

 

Let )94)(2(182174)(f 223  bxxxxxxx  

   Comparing coefficient of x, 9221  b  

     15b  

    

   

)3)(34)(2(

)9154)(2(

182174)(f

2

23







xxx

xxx

xxxx

 

   

   3  ,
4

3
  ,20)(f  xx  

 

 (ii) 18
2

21

4

7

2

1 23  xxx  

 

03
2

3
2

4
2

2

018
2

21
2

7
2

4

018
2

21

4

7

2

1

23

23


























































xxx

xxx

xxx

 

  6  ,
2

3
  ,4x  
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12. Solve the equation xxx 3823 23  . Hence or otherwise, find the values of y such that 

013)1(8)1(3 23  yyy . 

 

02383

323

23

3





xxx

xx
 

Let 2383)(f 23  xxxx  

0

2383)1(f




 

)1( x  is a factor of )(f x . 

 

Let )23)(1(2383)(f 223  bxxxxxxx  

Comparing coefficient of x, 23  b  

  5b  

    

)2)(13)(1(

)253)(1()(f 2





xxx

xxxx
 

 2  ,
3

1
  ,10)(f  xx  

 

 013)1(8)1(3 23  yyy  

 

3  ,
3

2
  ,2

2  ,
3

1
  ,11





y

y
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13. The expression 22 23  bxaxx  is exactly divisible by x  1 and by x + 2. 

 

(i) Calculate the value of a and of b. 

(ii) Find the third factor of the expression. 

(iii) Hence solve the equation 022 23  bxaxx . 

 

(i) Let 22)(f 23  bxaxxx . 

 
022

0)1(f





ba
 

 ba   ……(1) 

  

 

1824

022416

0)2(f







ba

ba  

 92 ba  ……(2) 

 

 Sub (1) into (2) 93 a  

    
3

3





b

a
 

 

(ii) The third factor is )12( x . 

 

(iii) 02332 23  xxx  

 

2

1
  ,2  ,1

0)12)(2)(1(





x

xxx

 

 
Alternative Method for (i) 
(i) By inspection, the third factor is )12( x . 

 

3

3

2332

2422

)12)(2(

)12)(2)(1(

22

23

223

2

23















b

a

xxx

xxxxx

xxx

xxx

bxaxx
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