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Revision 7: Binomial Theorem

1. Binomial Expansion
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Example

6
1. Find the term independent of x in the expansion of (2x2 —ij :

X4
6 4
Tr+1 :( J(2x2)6r(——4j
X
( J(Z)G I’( 4)I’ 12—6r
When 12—-6r =0, r=2

6
Term independent of x = ( 2j(2)4(—4)2

=3840



n
2. Write down the first three terms in the expansion, in ascending powers of x, of (2 —gj :

where n is a positive integer greater than 2.

n
The first two terms in the expansion, in ascending powers of x, of (1+ x)(z —2) are a-+bx?,

where a and b are constant.
(i1) Find the value of n.
(iii) Hence, find the value of a and of b.

X n
i 2——
o o)
2
n n
L Rl 7T A PN L D) IS
1 4 2 4
=2"-2"'n(27%x) + 2"2{—”“'2_1) (2 x)ﬂ Foe
=2"-2"nx+2""n(n-1)x* +---
X n
i) L+x)|2-=
i) @exf2-)
=1+ x)[2"-2"%nx+2""n(n-1)x* +--]
=2"—2"3nx+ 2" 'n(n-1)x* +2"x — 2" >nx® +- --
=2"+(2"-2"2n)x+[2" "n(n—1) —2"3n]x? +---
X n
(1+X)(2_Z} = a+bx®+--
Comparing coefficient of x, 2"-2""n=0
2”[1—5) =0
8
Since 2" >0, 1—% -
n=8
(iii) Comparing constant term, a =2°
=256
Comparing coefficient of x?, b =2(8)(7)-2°(8)
=-144

N2009

The expansion on the right
has a term in x missing,
indicating the coefficient of x
is 0.



Exercise

8
1. (a) Write down and simplify the first four terms of (1+ gj in ascending powers of x. Hence,

find the value of 1.002° correct to 4 decimal places.

(2] QLG L) -

=1+ AX+TX2+TX3 4+

8
1.0028 = (1+ #J

=1+ 4(0.004) + 7(0.004)* + 7(0.004)* +---
~1.0161

(b) If the first three terms of the expansion of (2—ax)n in ascending powers of x are
32 —240x + 720x?, find n and a.

n n
(2-ax)"=2"+ (JZ”‘l(—aX) + (ZJZ”‘Z(—ax)2 T
=2"-2""anx+2"3*n(n-a’x* +---

Comparing coefficient of terms,
2" =32
n=>5

2"lan =240
80a = 240
a=-3

8
(c) Find the term independent of x in the expansion of (Zx —ij :

X
8 r
Tra= (J(ZX)EH (— %)

8
:( j(ZS—r)(_l)rX8—2r
r
When 8—-2r=0, r=4

8
4
=1120

Constant term = [ j(z“)(—l)4



2. (@) (i) Write in ascending powers of x, the first three terms in the expansion of (1+ ax)®.

(i) Given that the first three terms in the expansion of (b + 2x)(1+ ax)®are 5—38x +cx?,
find the values of a, b and c.

(i) @Q+ax)® :1+Gj(ax) +(2j(ax)2 4.
=1+8ax+28a%x% +---
(i) (b+2x)(1+ax)®
= (b +2x)(1+8ax + 28a%x” +--*)

= b + 8abx + 28a%bx? + 2x +16ax> +---
=b+ (8ab+2)x +(28ab +16a)x* +---

Comparing coefficient of terms,
b=5

8ab+2=-38
40a =-40
a=-1

c=28a’b+16a
= 28(-1)2(5) +16(-1)
=14

10
(b) Find the term independent of x in the expansion of (ZXS +i) .

3x°
10 1\
T .= oy3)l0-r( 1
r+1 [rJ( ) [szj

(10 vio-r (1Y s0-se
‘U@ @ ’

When 30-5r=0, r==6

10 0
Constant term = ( 5 J(Z)“(%)

1120
243
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3. (a) Find the coefficient of x” in the expansion of (ZXZ +£j .

X
_— (nj(z)(z)nr(;jr
r X
_ 11 11-r ,22-3r
(s

When 22—-3r =7, 5

r =

11
Coefficien t of x’ = ( : j(Z)6
= 29568

(b) (i) Find the first three terms in the expansion of (1-2x)° in ascending powers of x,
simplifying the coefficients.
(i) Given that the expansion of (1—2x)°(ax+b) is 3 + cx + 204x + ..., find the values of
a, b andc.

(i) (1—2x)6 =1+GJ(_2X)+(2J(_2X)2 e

=1-12X+60X? +---

(i) (1—2x)°(ax+b)
= (ax+b)(1-12x +60x> +---)
= ax—12ax? + b —12bx + 60bx2 + - -
=b+(a—12b)x + (60b —12a)x* +---

Comparing coefficient of terms, b=3
60b —12a =204

12a =180-204

a=-2
c=a-12b

=-2-36

7
4. Find the coefficient of x in the expansion of (x+£j _
7 2
T.,.=| K=
r+1 (r] (ij
7
— 2r X773r
e

When 7-3r=1 r=2
7
2
=84

coefficien t of x =£ J(ZZ)



18
5. (a) Evaluate the term which is independent of x in the expansion of (xz —ij :

2x!
18) susn( 1Y
Traa :( r JX r 2x"

:(18](1er369r
r \2
When 36-9r=0, r=4

1
coefficien t of x :( 8)(
4 \2

[ =
N—
N

(b) (i) Expand (1+ px+x?)" in ascending powers of x up to the term in x?, where n is a
positive integer.

(ii) If the coefficients of x and x? in the expansion in (b) (i) are 2 and % respectively, find
the values of p and n.
(i) @+ px+x3)" =[1+(px+x?)]"
n 2y [N 22
=1+(1j(px+ X )+(2j(px+ X))+

n(n-1(p>?) |

=1+n(px+x?) + ,

=1+ npx+[n+@ pz}x2+~--

(i) np=2= p:H ...... (1)
n+ ”(”2‘1) p? =% ...... )
2
sub (1) into (2) n+”m‘9[gj_§9
2 n 5
L 2n-1)_59
n 5

5n2 +10n—-10=59n
5n2 —49n-10=0
(5n+1)(n-10)=0

n =% (NA), 10

p=1
5



4
In the expansion of (x+ p)(x+q)’, the coefficient of x” is 3 and there is no term in x°.

Given that q =0, find the values of the constants p and g.

Hence, show that the coefficient of x° is —%.

(x+ p)(x+0q)’

=(x+ p){x7 +qux6 +(gq2x5 +(9q3x4 + }

=(x+ p)(x7 + 7qx6 + 2:I_q2x5 + 35q3x4 +o00)

=x®+7gx” +219%x® + px’ +7pgx® + 21pa®x® +350°x° + -

Coefficient of x* :%
4
7 -
g+p 3
4-21q
= 1
P 3 (1)
21 +7pq=0 ... @)

Sub (1) into (2)

21q° +7q[4_321qj =0

819° +36q—189g% =0
1089 —36q =0
369(3q-1)=0

1
-0 (NA), =
q=0 ( )3
p=-1

Coefficient of x> =21pg® +35q°
2 3
= 21(-1)(% + 35(%
3 3
_28
27



7. (@) (i) Find the first four terms of the expansion, in ascending powers of x, of (3+Xx)°.
Hence obtain
(ii) the coefficient of x® in the expansion of (3+ x)°(2x* +x—1),
(iii) the coefficient of y* in the expansion of (3—y+y?)°.
5 5 5
() B+x)° =3+|  |@)x+| )X +| B3 +---
1 2 3
= 243+ 405X + 270x* +90x> +- -
(i) B+x)°(2x*+x-1)
= (2x% + x —1)(243+405x + 270x? +90x> +- )
Coefficient of x* =2(405)+270—90
=990
(ii)) G-y +y*)’
=[B+(-y+y)P
= 243+ 405(—y + y?) + 270(—y + y*)? +90(=y + y?)® +--.
= 243+ 405(y + y*) +270(y* —2y°) —90y° +---
Coefficient of x* =—-2(270)—90
=-630
(b) Determine if the term independent of x exists in the expansion of (x? —2x)*%.
T — 100 X2(1007r) (_Zx)r
r+1 r
100
— -2 r X2007r
e
When 200—-r=0, r=200
Yes, the term independent of x does not exist.
8. Find the value of k for which the coefficient of x? in the expansion of (4 +kx)(2—x)® is zero.

Hence, evaluate the coefficient of x in the expansion.

(4 +kx)(2-x)® Coefficien t of x=4(-192) + 64k
6 6 =448

=(4+ kx){Zﬁ + (J(zf’)(—x) + @(24)(_)()2 +}

= (4+kxX)(64—192x + 240%> +--)

Coefficient of xX*= 0

4(240) —192k =0
k=5



. - 1. : ?
9. Given that the coefficient of — is 512 in the expansion (E + axzj , Where a < 0.
X X

(i) Find the value of a.

(i1) Hence, using the value of a found in (i), show that the term in % does not exist in the

X
(2 (1 X
expansion | —+ax” | | —+—|.
X 8x 12

9-r
HC
X

(2) 9-r ar X—(9—r)+2r

) T =

-~ O = O = O

(2)9—I’ ar X3r—9

When 3r—-9=-3, 3r=6
r=2

coefficien t of % =512

X
9
[ J(2)7a2 =512
2
4608a° =512
a2t
9
1
a=-= (a<0
3 (a<0)

(i) When 3r-9=-6, 3r=3
r=1

X
2 (9
— i_i_x_ et (2)8 _i +&+... )
8x 12) 1 3x°) X

1 x?\ 768 512}
= —+— e -4 —
8x 12 ) x& X8
Coefficient of = =+ (512)+[ L |(-768)
x* 8 12

=0

Term in % does not exist.
X



10. The first two non-zero terms in the expansion of (1+ax)(1+bx)° in ascending powers of x are
1and —5x*. Giventhat a> 0 and b < 0, find the values of a and b.

1+ ax)1+bx)° =@+ ax){l+ [i](bx) + @j(bx)z +- }

= (L+ ax)(L+ 9bx + 36b%x? +--)
=1+ 9bx + 36b%x? + ax + 9abx? +---

=1+ (a+9b)x +(9ab + 36b2)x* +---

Sub (1) into (2) 9(-9b)b+36b? = -5
45p% =5

6
11. Find the value of m for which the coefficient of x3 in the expansion of (2—%xj —(@+mx)’

15
g
.- 125
Coefficient of x3= -5
6 3 7
(2)° B I L
3 2 3 8
20— 35m® = 122
35m® = _00 4+ 222
8
__3»
8
m?3 __1
8
1
m=—=
2

10



. In the expansion of (1-2x)"(x+ p), the coefficient of x and x> are 37 and —306
respectively. Given that n>2 and p =0, find the values of the constants n and p.

@-2x)"(x+ p)

=(X+ p){1+ (2](—2x) + (2)(_2@2 4. }

= (x+ p)[L-2nx+2n(n—1)x* +--]

= X— 20X + p— 2npx + 2n(n —1) px* +---
= p+X—2npx—2nx" +2n(n—1) px° + -
= p+(@-2np)x+[2n(n—1)p—2n]x? +---

1-2np =37
2np = -36

2n(in-1)p—-2n=-306...... (2)

Sub (1) into (2) 2n(n —1)(— %j —2n=-306

-18n+18—-n=-153
-19n=-171

n=9

p=-2

. Given that the expansion of (a+ Xx)(1—3x)" in ascending powers of x is 5—134x+bx’ +... find
the values of a, n and b.

(a+x)(1-3x)" Comparing coefficient of terms,
a=>5
n n
=(a+ x){l+( j(—3x) + ( j(—Sx)2 + } 1-3na=-134
L 2 —-15n=-135
:(a+x){1—3nx+wxz+..} n=9
- 9(9)(8)(5)
=a—3nax+Mx2+x—3nx2+... H=T—27---

9n(n-21a 2 =1593

—a+X—3nax+ —3nx% +---

:a+(1—3na)x+{w—3n}x2 4o

11



14. Given that the first three terms in the expansion of (2+ px)", where n > 0, are 32 —40x +5rx°.
Find the values of n, pand r.

2+ px)"

n n n-1 n n-2 2
=2 +[1J(2 )(pX)+(2j(2 J(PX)* + -
=2"+ 2" hpx+ 2" 3n(n-1) p?x% +---
Comparing coefficient of terms,

2" =32
n=>5

2" np =-40
80p =40
1

!

5r=2"n(n-1) p*

1 1)
r=x 4(5)(4)&)
—4

12



16
15. (a) Find the coefficient of x in the expansion of (Zx +4in :
X

16 1Y
T .= 2x)°" —
» [rj( ) (wj
— (16](2)16—&' X16—3I’
r

When 16-3r=1, r=5
. 16
coefficien tof x = [ c J(Z)
=8736

(b) In the expansion of (1+4x)°(1—3x)", where n is a positive integer, the coefficient of x? is
—-84. Find the value of n.

(1+4x)°(1-3x)"

[l -

_ 2
= (1+ 24x + 240%? +---){l—3nx+w+--}

Coefficient of x> =-84

—72n+240+ 200 =D _ g4

—144n +480+9n° —9n =168
9n? -153n+648=0
n’>-17n+72=0
(n-8)(n-9)=0

n=_8, 9

13
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Revision 9: Coordinate Geometry of Circles

1. Deriving the equation of a circle from the coordinates of its centre and its radius
The equation of a circle with centre C(a, b) and radius r units is

e (x—a)’+(y-b)?=r?

2. Deriving the coordinates of the centre and radius of a circle from its equation
If the equation of a circle is x* + y? +2gx+2fy+c=0,
e the coordinates of the centre are C(—g,—f)

e theradiusis r=+a’+b?—cunits

Note: The coordinates of the centre and the radius of the circle could also be found by
completing the square.

A

3. The Perpendicular Bisector of a Chord A

The perpendicular bisector of any chord AB of a 'Q
circle centred O passes through the centre. B

i.,e. AM =MB and AB L OB

4. The Tangent of a Circle
A tangent to a circle is perpendicular to the radius 0
at the point of contact.

5. Intersection of Circles
C, and C; are the centres of two circles with radius R; units and R, respectively, where

R, > R,.

e The two circles intersects at two points if C,C, <R; +R,.

e The two circles touch at a point if C,C, =R, +R, or C,C, =R, —R,.
e The two circles do not intersect if C,C, >R, +R,.




Example

1. Show that the point A(1, —2) lies inside the circle X% + y2 —4x+6y+9=0.
Solution
Let the centre of the circle be C. e If AC < Radius, A lies inside the circle.
~C(2,-3) e |f AC = Radius, A lies on the circle.
e If AC > Radius, A lies outside the circle.
Radius = +/2% +(=3)? -9
. *A
= 2 units A
AC = /(2-1)? +(-3+2)?
= /2 units < Radius
Hence, A lies inside the circle.
2. The points (-1, 5) and (15, 5) are on the circumference of a circle whose centre, C, lies above
the x-axis. The line X =17 is a tangent to the circle. Find
(i) the radius of the circle,
(ii) the coordinates of C,
(iii) the equation of the circle in the form x*+y*+ px+qy+r =0, where p, q and r are
integers,
(iv) the equations of the tangents to the circle parallel to the x-axis.
3. The equation of acircle, C, is x*+y? —6x—8y+16=0.

(i) Find the coordinates of the centre of C and find the radius of C.
(it) Show that C touches the y-axis.
(iii) Find the equation of the circle which is a reflection of C in the y-axis.

Solution
(i) Centre of the circle, (3, 4) e The centres of the two circles are
Radius = /3% + 4% _16 equidistant from the mirror line.

e The image has the same radius as

= 3 units the original circle.

(i) The centre C is 3 units away from the y-axis.

Hence, C touches y-axis.
G.4
units

(iii) New centre, (-3, 4)
Equation of the circle, (x+3)?+(y—4)? =9




Parabolas
Graphs of y = X"

un
w

5 T >

— =

e y=Xx"where x>0 and e y=Xx"where x>0 and e y=X"where x>0and
n>1 O<n<1 n<0

Graphs of y* = kx

— ~—
/ \
10 \\ // 10
e y>=kxwhere x>0 and k>0 e Yy’ =kxwhere x<0 and k <0
Example
. 12 Solution
1. o)ﬂemhmewmmofyzgxzmrx>0 y

2

(i) On the same diagram, sketch the graph of y =5x 5.




Exercise

1. Acircle with centre C passes through the points A(-6, 2) and B(10, 2).
Given that C lies above the x — axis and the line x = -8 is a tangent to the circle,

(i) show that the radius of the circle is 10 units.
(i1) find the coordinates of C.

(iii) find the equation of the circle in the form x*+y?+ px+qy+r =0.
(iv) find the equations of the tangents to the circle parallel to the x-axis.

(i) x-coordinates of C = %(—6 +10)

=2
Radiu of circle =2-(-8)
=10 units

(i) Let C(2,y)
(2+6)% +(y—2)> =10?
64+ (y —2)* =100
(y—2)> =36
y—2=46
y =—4(NA),8
~.C(2,8)

(iii) Equation of the circle, (x—2)?+(y—8)* =100
x> —4x+4+y? —16y + 64 =100
x? +y?—4x-16y-32=0

(v) The equations of the tangents to the circle y=-2 and y =18.



2. The circle C; has centre (3, —2) and radius 4.

(@)

State the equation of C;.

(b) The circle C,has equation X+ Yy —4x+6y—12=0.

(©)

(a)
(b)

(©

(i) Find the coordinates of the centre of C,and the radius of Co.
(if) Calculate the exact distance between the centre of the circle C; and the centre of the
circle C,.

The circle Cshas equation 2x° +2y* —8x+12y -k =0, where k is a constant.

(i) Show that C3 is concentric with C, for all values of k.
(if) Find the range of values of k such that C; is smaller than C,, but larger than C;.

Equation of the circle, (x—3)*+(y+2)? =16

(i) Centre of C,=(2,-3)
Radius =22 +(-3)2—(~12)
=5 unit

(if) Distance between the centre of the two circle
=J(3-2)2 +(-2+3)°
= /2 unit

2x° +2y* —8x+12y -k =0
X +y? —4x+6y—g=0
(i) Centre of C3=(2, -3).
Since C, and C3 share a common ccentre, Cs is concentric with C, for all values of k.

(i) 4 <Radiusof C3<5

4<\/22+(-3)2—(—§j<5

16<13+g<25

3<E<12
2

6<k<24



A(-7,6
B(0, 5)

Cy

°/
K/cu, -2)

In the diagram, which is not drawn to scale, A, B and C are points on the circle C;.

><V

(i) Show that AC is the diameter of the circle C; and hence find the centre of C;.
(i) Find the equation of C; in the form X* +y*+ px+qy+r =0, where p, g and r are integers.
(iii) Given that C; is a reflection of the circle C; in the line x = 2, find the centre of C, and the

equation of C,.
(iv) Determine whether C lies inside or outside the circle C,.

(i) If AC is the diameter of the circle C;, Mpg x Mg =-1

mAB:6—5
-7
1
7
My :5+2
1
=7

=-1
.. AC is the diameter of the circle C;.

(i1) Centre of circle = Midpoint of AC
=(-4,2)
Radius of circle = %\/62 +8?
=5 unit
Equation of circle, (x+4)?+(y—2)*=25
x> +y?+8x—4y-5=0

(iii) New centre = (8, 2)
Equationof C;,  (x—8)*+(y—2)?=25

(iv) Distance between C and centre of C, =+/9% + 4% =9.85 unit
C lies outside C,,



4. The equation of a circle, C, isx* +y* +4x-2y—20=0.

(i) Find the coordinates of the centre of the circle, C and find the radius of the circle, C.
(i1) Show that the centre of the circle, C, lies on the liney =7x+15.

(iii) The circle, C, is reflected on the y-axis. Find the equation of the image of C.

(i) CentreofC=(-2,1)
Radius = \/(—2)2 +12 - (=20)
=5 unit

(i) When x=-2, y=7(-2)+15=1
- (=2,1) liesonthe liney =7x+15.

(iii) Centre of the image = (2, 1)
Equation of the image of C, (x—2)%+(y—-1)%=25

5.

A circle, centre C(4, 1), has a radius of 5 units and a diameter PQ, where Q has coordinates
(8. 4).

(@) Write down the equation of the circle.

(b) Find the coordinates of P.

(c) If the circle is reflected in the line x = 1, find the equation that represents the reflected
circle.

(a) Equation of the image of C, (x—4)*+(y—-1)? =25
(b) Midpoint of PQ = (4, 1)

Let P(x,y).
X+8

(c) Centre of the image = (-2, 1)
Equation of the image of C, (x+2)*+(y—1)*=25




6. The equation of a circle, Cy, is given by x> +y? —4x-8y+11=0.
(i) Find the centre P and the radius of the circle.
(if) Show that the point A(4, 6) is inside the circle C;.
(iii) Another circle, C,, has the point A as its centre. Find the equation of C, if C; and C, have the
same radius.
(iv) Cy intersects the y-axis at two points. Find the y-coordinates of the two points in the form

of a+b/5.

(i) P2 4)

Radius =+v2%+4%-11
= 3 unit

(i) AP =+22+22
= 242 unit < 3unit
. Alies inside the circle.

(iii) Equation of C,,  (x—4)? +(y—6)>=9 or x* +y* —8x—12y+43=0

(iv) When x=0,  y?>—8y+11=0
8++/64—44
y:—

2

84245

2
=415




7. Acircle, centre C, passes through the points P(1, —-2), Q(9, —2) and R(5, 6).

(1) Show that the coordinates of C is (5, 1).
(if) Find the radius of the circle.

(iii) Find the equation of the circle in the form x°+y*+ fx+gy+h=0, where f, g and h are
integers.
(iv) Does the point (10, 4) lie outside, inside or on the circle? Justify your answer.

(i) Midpoint of PQ = (5, -2)
Equation of L bisector of PQ, X=5

Midpoint of QR = (7, 2)

m _6+2
R 5-9
-2
1
Equation of L bisector of PQ, y-2= _E(X —7)
yo X3
2 2

1 3
At the centre, X=5, Y= —5(5) +E =1
Centre (5, 1)

(ii) Radius =+/(5-1)2+(L+2)°
=5 unit

(iii) Equation of the circle,  (x—=5)*+(y—1)*=25
x* +y? -10x -2y +25+1-25=0
x> +y?—10x -2y +1=0

(iv) Distance between (10, 4) and centre (5, 1) =5 +3°

= /34 unit > 5 unit
(10, 4) lies outside the circle.



8. Acircle, Cy, has equation X*+ Yy +4x—6y = 36.
(i) Find the radius and the coordinates of the centre of Cy.

A second circle, C, has a diameter AB. The point A has coordinates (-5, 5) and the equation of
the tangent to C, is 3y =4x —15.

(i1) Find the equation of the diameter AB and hence the coordinates of B.
(iii) Find the radius and the coordinates of the centre of C,.
(iv) Explain why the point (4, 6) lies within only one of the circles C; and C,,

(i) Centre of circle = (-2, 3)
Radius =+/(-2)% +3° —(~36)

=7 unit
(ii) 3y:4x—15<:>y:4—;—5
3
Mag =7
Equation of the diameter AB, y-5= —%(x+5)
= 3xs8
4 4

At B, ﬂ—5=—§x+§
3 4 4
16x-60=-9x+15
25x =75
X=3
y=-1

- BB, -1).

(iii) Radius =%J(—5—3)2+(5+1)2

=5 unit
Centre = Midpoint of AB

_(—5+3§;1j
2 2

~(-12)

(iv) Distance between (4, 6) and the centre of circle C; = \/(4+ 2)? +(6-3)°
= /45 unit <7 unit

Distance between (4, 6) and the centre of circle C, = \/(4 +1)2 +(6-2)*
= /41 unit >5 unit

The point (4, 6) lies inside C; but outside C,,

10
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Class: Sec 4

Worksheet 1: Limits and Differentiation

The Limit of a Function

If the values of f(x) get close to some fixed number m when x approaches a value a, m is known as

the limit of f(x) as x tends to a.
Mathematically, it is written as |jm f(x) =m

X—a

Example 1
Find the limit of f(x) =2x when x — 2.

lim f(x) =lim (2X)
X—2 X—2

=4

Example 2
Find the limit of f(x) =x* as x — .

lim () = liL"w(Xz)

=00

Example 3

4
Find the limit of f(X)ZF as x — 3.

4
lim f(X) =lim (—3)
x—3 x—3\ X
_4
27

Example 4

3
Find the limit of f(x)=; as X —oo.

3
imf(xX) =lim| —
lim 79 m(x)

=0

Example 5

x> —4

Find the limit of f(x) = when x — 2.

i FO0 = i X" 4
!(ITz XITZ X—2

=4

Example 6

3-4
Find the limit of (x) = X

lim f(X) = lim (3_4)()

X—>0 x—wo\ 1—2X

=2

as X —>oo.

Differentiation




The Gradient of a Curve at a Point

In the diagram, P(x1, y1) and Q(x,, Y2) are two points T p =x2
on the curve y = x?.
Therefore, the gradient of the straight line PQ 100y, v2)
— Yo=Y
X, =%
P(x,. 1)

i . . . “._ | /tangent at P N
Find the gradient of the line segment PQ in each of O ’
the figure below.

y “ y
(2.1,4.41)
(2.01,4.0401)
(2,4) (2,4)
ol »X < —X
: 441-4 4.041-4
Gradient of PQ = Gradientof PQ = ———
Q 2.1-2 Q 2.01-2
=41 =4.01

y y

2.001, 4.004001)

(2.0001, 4.00040001)
(2,4)

. v

*X

4,004001 -4 4,00040001 -4
Gradientof PQ =————— Gradient of PQ =
radient of PQ > 00L—2 radient of PQ 2 0001 — 2
:4_%1 :4.0001

The above results shows that as the point Q gets closer to the point P, the gradient of the line
segment PQ gets closer to (tends to) a value of 4 which is the gradient of the tangent at P.

In general, the gradient of the tangent at any point P = lim [—yz — le

xp-x\ X, — X

Differentiation 2



The Gradient Function of a Curve

A function is defined by f(x)=x? for all real values of x. In the diagram, P(x, f(x)) and
Q(x+h, f(x+h))are two points on the curve y=f(x) where Q is just a little further along the
graph.

From the diagram, Y y=x

QR =f(x+h)-f(x) O(x+h, f(x+h))

=(x+h)>=x?
=x%+2xh+h*—x?
=2xh+h?
PR =(x+h)—x
=h
» X
change in
Gradient of the line PQ segment = #
change in x
R
PR
_2xh+h?
h
=2Xx+h

As Q gets closer and closer to P, the line segment PQ will get closer and closer to the tangent at P.
Hence, the gradient of the line segment PQ gets closer to the tangent at P. If Q goes all the way to

touch P (i.e. h = 0), then we would have the exact slope of the tangent at P.

. d
i.e. Gradient of the tangentat P = lim (Gradient of PQ) (denoted by %)
h—0
= lim (2x+h)
h—0
= 2X

This process of obtaining the gradient function of a curve is known as differentiation from the first
principles. It gives the instantaneous rate of change of y with respect to x.

Differentiation

d
The process of obtaining d—i (orf’(x) ) of a given function y =f(x) is called differentiation.

By the first principles, the gradient of the tangent at a point P on any curve, y=f(x) is
dy _ i f(x + h) —f(x)
dx  noo h

d
The function % is also known as

the gradient function

the derived function

the (first) derivative

the differential coefficient of y with respect x.

Differentiation 3



Some Results Obtained From First Principles

d
1. If y=a and ais a constant, then d—i =0.

2. The Power Rule

. . . d _
If y=ax", where a is a constant and n is a rational number, then d—y —anx"? .
X

3. The Sum Rule and Difference Rule
If y=ax™+bx" , where a and b are constants and n is a rational number, then

d _ _
& —amx™ £ bnx",

dx

4. The Constant Multiple Rule

d d
If f(x) is a function and Kk is a constant, then &[kf(x)] =k -&[f(x)].

Example 7

Find the following.

LI d(_ 4.5
@ o (&) (0 dx( 5xj
_ 4
= 4(5)x _ 5(_5 X4)
=20x* 5
=—4X
d . d
(© &(3X ) (d) d—x(5)
=-7(3)x® =0
} 21
=—21x%or -5
© i[ ! j n L
dx \ 16x* dx
A7 _d
_dx[16 j = ax &)
:—4(% x5j =X 2 or %
. 7
=——X"or ——
4 4x°

Differentiation 4




@ L)

& 2X

d
h) —(3x2Vx
X (h) dx( )
2 5
d 3 d 9
dX(x ) dX( X?)
1 3
:3)(7é 0 i ZE 2 or X\/;
3 3R/x
0 (3 +ax-1) 0 S ad s -12)
dx dx
=6x+4 =—12x? +10x
2,2 4 8 9
() dnx" 2x° (1) a3 mx
dx| 3 5 dx{ 20 11
_2n’x 8x® _6x 9w
3 5 5 11
d 2 d > 3
“l4ax+ 2 “lox2 -2
(m) dx( X+x] (") dx( X XZJ
d -1 d 2 -2
=—(4x+2x7) =—(9x° =3x7)
dx dx
-3
—a-2xPor4-2 =18 — 3(~2)x
X =18x+6x"° or 18x+£3
X
d 252 d [ —4x3+5x%-12
(0) &[x (3x“ +4x-1)] (p) [

= i(3x4 +4x% - x?)
dx

=12x3 +12x% —2x

= i(— 2x? +Ex—6x‘lj
dx 2

= —4X + g —(-6x7%)

5 6
or —4x+—+—
2 X

Differentiation




Example 8

(@) For each of the expression of y, obtain an expression for i

dy

. 2X°+4X
(i) y=
X

dy d 2X%+4x
dx dx X

d
=—(2x+4

dx( )
=2

. X? —6X+4
(i) y=—
X

ﬂ:i(x—6+4x‘l)
dx dx

=1-4x7? or1+i2
X

(i) y=(x+1)2x-1)

OI—y=i(2x2 +x-1)
dx dx

=4x+1

(iv) y=x(x-2)

3
Q:i X2 — 2X
dx dx

1

:EXE—Z orEﬁ—Z
2 2

(b) For each of the expression of f(x), obtain an expression for f'(x).

M) () =GB-Vx)3+x)

5(2x+1)(x-1)

d (i) f(x) = x
f (X)Z&(g_x) _5(2x* +x-1)
=-1 2X
:SX—S—gx‘l
f'(X)zi(5X—E—Ele
dx 2 2
—54+2x7 or 5+i2
2 2X
(iii) f(X)=4x>(B-+/x) . 3(2Vx 1) (2Vx +1)
; . (iv) f(x) = o
f'(x) :&(12x2 —4x2) _3(4x-))
3 2X
=24x—-10x2 :6—§x‘1
2
d 3
f'(x)=—| 6-=x"
) dx( 2 j
3 3
==X "0r —
2 2X

Differentiation
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Class: Sec 4

Assignment 2: Derivative of y = ax” and y = ax™ + bx"

Singapore Chinese Girls’ School
Secondary 4(IP)
Integrated Mathematics Il
Differentiation and its Techniques

Date:

1. Find g—i of each of the following :
3 4
(a) Y=ZX12 (b) y:F
j—y 12 3y g_y =di(4x—3)
X X X
=9ox™ =-12x"*
2 4 3_ 42
©) y:33 2 ) y=2X +5X X4x +9X
X
dy  d[2 _% y =2x3 +5x% —4x+9
dx  dx| 3 g—y = 6x> —10x—4
5 X
__2 Zx_s
33
4 2
=——x 3or
9 93/x°
€) y=2x(3x*—4J/x-2) 0 y:X2+4
dy d 2 3 2x?
— =—(6x"—-8x2 —4x
dx dx( ) dy :i(1+2x2j
1 dx  dx\2
—18x2 —12x2 -4 = —4x7°
=18x% —12\/x -4

Differentiation




@ y="— () y=vx@2-x)
> i
3 1 1 y =2x?% —X
dx  dx|3 &y _dl, 2 2
1 1 3 dx  dx
> 5.5 1.
i _EX Z_EX i __(lszx_;_?))(;
_6x-5x-3 (optional) 21 .
B/ )2 Sag L3
Jx
. (x+1(2x-13) _ 2 4
My ~ G) v -
2
_2xox=3 dy =i[(l—2x‘1—ﬂxj
3X dx  dx 5
2,1 L 4 2 4
=Xy 7X —ox?-2 £ 2
3 3 50,2 ¢
W _2,
dx 3
_2,.1
3 x?
W@y 3 T g M)y =@r2/x)1-3Vx)
2 Jx 2 =1-+/x —6x
1 3 .
gi_;[zx 2}{_%)[3)( 2] =1-x2 —6X
dy 1 —%
1 3 —= X 6
:EX_E_EX_E dx 2
42 __1 ¢
oom 3 2.X
S adx 2xx

m) *y =G+ +D(x+1)
=+ X+ X2 +1)(x+1)
=x%+ X+ X+ 2% + X2+ x+1

g—y:6x5+5x4+4x3+6x2+2x+1
X

Differentiation




d
2* Given that y=ax". Find d—i from the first principles.

Let f(x) = ax"

d_y i f(x+h)—1(x)
dx h
_a(x+h)"-ax"
= lim
h—0 h
a X"+ " xth T xh? et [ ax
. 1 2
_LITO h
n n n-1 n n-2p42 n n
ax +a(1jx h+a[2jx h®+..-+ah —ax}
:Llino_ h
al n x"h+a " Xx"2h? +...+ah"
oL 1 2
_!!Lno h
. n n-1 n n-2 n-1
= al |x al X"“h+---+ah
i o3 e e esa

Differentiation
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Name: ( ) Date:

Class: Sec 4

Worksheet 3: Gradient Function

Gradient of a Curve at Any Point
For a curve y="1(x),

(@) the value of j—i at A(Xa, y1)

e represents the gradient of the tangent at the point A.
e measures the rate of change of y with respect to x at the point A.

ady
dx
e represents the gradient of the normal at the point A.

1
(b) the value of —m at A(Xa, y1)

Example 1

Calculate the gradient of the tangent to the curve y=3x*+4x—1 at the point (-1, 0).

d—y=6x+4
dx

At (-1, 0), g—i =6(-1) +4

=2

Example 2

. X . .
Calculate the gradient of the tangent to the curve y = X? o at the given point where x=3.

d_y:2X_£
dx 5
dy 1
Wh =3, — =213-=
en x ™ (3) c
»
5

Differentiation

10



Example 3

. . . X—4 .
Find the gradient of the point where the curve y = e crosses the x - axis .

_x-4
X
=1-4x7*!
dy _ 4
dx  x°

X—4
Onthe x-axis, y=0, ——=0

dy 4
Whenx=4 , — =—
X dx 2

1
.. Gradient of the tangent at (4, 0) :Z

Example 4

. . . 9x?% +1
Find the coordinates of the points on the curve y=

where the tangent to the curve is

parallel to the x-axis. (Pg 358 Ex14.1 Q14)

y=9x+x"
@y _og 1
dx x?
dy 1
When—==0, 9-—=0
en o 2
X2 =1
9
x=t1
3
: . 1 1
.. The required point is (—5 —6) and (5, 6).

Differentiation 11



Example 5

. : . 1. :
Find the gradient of the curve at the point(s) where the curve y = )(2; intersects the line y = x.
X

x+1 1 1 4
== — 4 —
2x 2 2

ay__ 1

dx  2x?

At point of intersection, X= Xz—t(l
2x% =x+1
2x% —x-1=0
2x+DH(x-1D =0
ety

2

Whenx=——,0|_y ___1 >

S
2l - =
2

=-2

Whenx =1, d_y:_ 12

dx 2(1)
__L
2
Example 6

d . .
A curve that has % =kx+3, where k is a constant, passes through the point (1, 9). At x =5, the

gradient of the normal to the curve is —% . Find

(a) the value of k,
(b) the equation of the tangent at (1, 9).

. 1 .
Gradient of the normal to the curve = 3 = Gradient of the tangent =13

(a) When x=5,3—i:13, 5k +3=13
5k =10
k=2
dy
(b) At(1,9), " 2)+3=5
Equation of tangent, y—9=5(x-1)
y=5x+4

Differentiation 12
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Class: Sec 4

Assignment 4: Gradient Function

1. Calculate the gradient of the tangent to the curve y = 4x> —6x+1 at the point (2, 5).

d—y:8x—6
dx

dy
At(2,5), — =8(2)-6
@5, o =82

=10

2. Find the coordinates of the point on the curve y = x* —3x* +6x + 2 at which the gradient is 3.

dy 3x*-6Xx+6

dx

Whenﬂ:& 3x>—6x+6=3

dx

3x% —6x+3=0
x2—2x+1=0
(x-1)2=0
x=1
y=6

Coordinates of the required point is (1, 6)

b . . :
3. The curve y = ax’ +; has gradients 2 and —1 at x =1 and x =4 respectively. Find the value

of a and of b. (Pg358Q10(b))
dy = 2ax—£2
dx X
When x=1, j—izz, 2a-b=2 ... (1)
When x=4, d—y:—l, 8a—£_—1
dx 16
128a—b=-16  ...... (2)
(2) — (1) 126a=-18
1
a=—=
7
-
7

Differentiation 13



X-axis.
y =9x+ X"
W _g_x2
dx
1
—9__—
X2
When OI—y=0, g_i:o
dx X2
1
— -9
XZ
X=ts
3
1
When X ==, y =9 = [+3
3
=6
1
When Xx=-—, 'y =9 —--|-3
3
=—6

1

The points are (% 6) and (—, —6).

3

4. Find the coordinates of the points on the curve Yy =

2

where the tangent is parallel to the

(Pg358Q13)

mx

The equation of acurve isy = — +

.
=—Xx2+3x 2
y 2

X

dx 2 2
-
4x  2xJx

dy = 3
Wh =1, —
on X dx 4 2

3

Jx

=———0r ”7_6 or -0.715

. Find gradient of the tangent to the curve at x =1.

(Pg358Q14)

Differentiation

14



dy

6. Given that y= x® —3x2 +4x, find i Hence, show that the gradient of the curve is positive

for all values of x.

dy _ 3x% —6x+4
dx
=3x% —6x+3+1
=3(x? -2x+1)+1
=3(x-1)%+1
Since (x-1)*>0, 3(x-1)?+1>0
d
&y >0 for all values of x.
dx
Alternative Method
Y _ 34 _px+4
dx
Discriminant = (—6) — 4(3)(4)
=-12
Since the coefficient of x> =3>0, 3x* —6x+4 > 0for all x.
d
&y >0 for all values of x.
dx

. 1 -,
7. Show that the tangent to the curve y = 3.4 at the point (2, E] passes through the origin.
X

2
3 4

x x2
=3x1-4x72

dy _ 3(-1)x 2 -4(-2)x 3
dx

When x =2,

Equation of the tangent, y—% = %(X—Z)
y=X
4
The y-interceptisy = 0.

: 1 .
Hence, the tangent at the point (2, Ej passes through the origin.

Differentiation
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8. A curve has the equation y=x> + px+q,where p and q are constants. The gradient of the
curve at the point (3, 16) is 20.
(i) Find the value of p and of g.
(if) Find the coordinates of the other point on the curve where the gradient is 20.

y=x3+ px+q

dy 2
—=3X"+
dx P
. dy 2
(i) At(3,16), &=20, 33)°+p=20
p=—7
At (3, 16), y =186, 16=3*-7(3)+q
g=10
. dy )
(i) When —= =20, 3x“-7=20
dx
3x% =27
x> =9
X=13
When x =-3, y =(-3)°-7(-3)+10
=4

The other point is (=3, 4).

Differentiation 16



9. The diagram shows part of the curve y=x*-10x+24 cutting the x-axis at Q(4, 0). The

tangent to the curve at the point P on the curve meets the coordinate axes at S(0, 15) and at
T(3.75, 0).
VA

5(0. 15)

R 0 >
(i) Find the coordinates of P.
The normal to the curve at P meets the x-axis at R.
(if) Find the coordinates of R. (N2005)

(i) Gradient of tangent at P = Gradient of tangent at ST

15
"~ -3.75
=-4
d
When —y=—4, 2% —10 = —4
dx
X=3
y =3°-10(3)+24
=3
~P(3,3)
ii ; 1
(ii) Gradient of normalatP ==
i 1
Equation of normal, y—-3= Z(X —3)
1 1
=—X+2-—
y 4 2
1 1
4 4
X=-9

~R (=9, 0)

Differentiation 17
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Worksheet 5: Chain Rule - Derivative of a Composite Function

Differentiation of a Composite Function
If y=au"where u is a function of x and a and n are constants, then

dy_dy du
dx du dx
n-1 du
=anu’ " —
dx
Example 1
Differentiate the following with respect to x.
(@ y=4(x+1)° (b) y=(+3x*)’
Y _ 4@)(x+1y Y 30+ 3064
dx dx
=12(x +1)? =18x(1+3x?)?
__4 2\
© y=5 = (d) y:(z—Fj
dy d 1 d
=L = [4(2x+7 y _d ~2\4
ax gl D] &L le-20)
=4(-)(2x+7)*(2) = 4(2-2x72)3(4x7%)
G )
(2X+7) X3 X2

@ y= 2 M y=+vx®-2x-3

X2 -2 -1
v n L ox-3) 2(3x2-2)
—yz—[2(x2—2) 2] dx 2
dx dx 3x2—_2
3 =
:2(_3()(2_2) 2(2x) 24/x% -2x-3
2X
T 3
(x*-2) 2

Differentiation




@ y=00-3%)°1+3x)°

d d 5 5
d—i =d—x[(1—3x) (1+3%)°]

d 2\5
=—(1-9x
o ¢ )

=5(1-9x2)*(~18x)
= —90x(1—-9x?)*

2%2 —x |
h) v=
(h) y ( Tx j

3 1

& i(2xE —x2)°
dx

dx
3 o1 ok —xY
—10/ 2 (2x2)-=x 2
10y 11

:10[3‘/;_2\1/;j(2x\2/§_)(j9 or 5(61(/;1)[2x\2&—x

|

(i) y =(x+2)%Jx+2

5

= (x+2)2
5
CI—yzi(x+2)2
dx dx
5 3
== (x+2)?
2( )
Example 2
X 1
(i) Show that =1- .
1+ X 1+ X

.. . : X .
(if) Hence differentiate Tox with respect to x.

. X 1+x-1
0 1+X  1+X
ot
1+x
. df x >
(i) &(ﬁj =(-D(-DA+x)
1
T (@1+x)?

Differentiation

19



Example 3

6
Find the gradient of the tangent to the curvey :G—lJ at the point where the curve meets the

X - axis.

Example 4
The diagram shows part of the curve y =./5+4x, meeting the x-axis at the point A and the line

x =1 at the point B. The normal to the curve at B meets the x-axis at the point C. Find the
coordinates of C.

y y=5+4x
y =~/5+4x el
dy 1 2 B
2 — = (5+4x) 2(4
™ 2( ) 2(4) /
B 2
5+4x
When x =1, y=3
dy _2 A0 C 3
dx 3

3
Equation of BC, y—3:—E(x—1)

AtC, x+2=0
2

~.C(3, 0).

Differentiation 20
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Assignment 6: Chain Rule - Derivative of a Composite Function

1. Differentiate the following with respect to x, leaving your as a single fraction with positive

indices where applicable.

5
(@ vy =(§x3 +2x2j

4
dy _ 5(§ x® +2x2j (9 x? +4xj
dx 5 5

4
or (9x? + ZOX)[S X3+ ZXZJ

3
b - %
®)y 2(3—-4x3)?

dy _ i[é (3- 4x3)‘2}
dx dx|2

=g(—2)(3—4x3)‘3(—12x2)

_36x°
(3-4x%)°

() y=+3x3-1
dy d 3 >
22— 2 3x3-1)2
dx dx( 1)

1 1
=E(3x3 -1) 2(9x?)

9P

24/3x° -1

@ y=Y(@x-7y

2
dy =i(2x—7)g
dx  dx

=§(2x—7)‘3(2)

4 1
=—(2x-7) 3
3( )

4

R/2x-7

3

(€) y=(5x>-2)2

3
dy :i(5x2—2)5
dx  dx

= g(sz —~ 2)%(10x)

1
=15x(5x% - 2)2

=15x+/5x* -2

® y=x-2%*

dy d 4
— =—(JX—=2X
dx  dx (\/— )

—4(x - 2x){% (7o 2}

= (Wx- 2x)3(% —8]

~ (x=2x)*(2-8Vx)
- Jx

Differentiation

21




d
Find the coordinates of the point on the curve y =3/x*> —2x+5 at which d—i =0.

(Pg363Q11)
1
y=(x?-2x+5)3

2
OI—3’=1(x2—2x+5) 3(2x-2)
dx 3

_ 2(x-1)
R/(x* —2x+5)°
2(x-1)

When d—y=0, =0
dx 33/(x* —2x+5)?

2(x=1)=0
x=1

1
y=@1-2+5)3

=34
The required point is (1, 3{/Z) or (1,1.59)

1
The curve y =,/(a—x)*® has a gradient of — 3 at x = 2. Find the value of a.

3
y=(a-x)?
dy _3
dx 2

——>Va=x

1
(a-x)?%(-1)

When x =2, d_y:_
dx

(Pg362Q12)
1 35 0
3 2 3
9 1
_ a_2 —
4( ) 9
a-2-2
81
_166
81

Differentiation
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4. The diagram shows part of the curve y = ﬁ intersecting the y-axis at A. The tangent to
X+

the curve at A meets the x-axis at B. The point C lies on the curve and BC is parallel to the y-
axis.
Find the x-coordinate of B. (NO5)

: N
Y= 5xr2)?

=12(3x+2)°

d .. 12
d—i = —24(3x+2)*(3) YT G2y

___ 12
(3x+2)°

AtA, x=0, — =

Equation of AB, y=-9x+3

AtB, y=0, —9x+3=0

5. The diagram shows part of the curve y = —1, cutting the x-axis at Q. The tangent at the

16
(5-x)°
point P on the curve cuts the x-axis at A. Given that the gradient of this tangent is 4, calculate
the coordinates of P. (NO7)

y=16(5—-x) 2 -1
Y _16-2)5-%°(-1)
dx
R
- (5-x)°
dy 32

AtP, —==4, ————=4
dx (5-x)

- P(3, 3

Differentiation 23



- 1 2 dy
6* Giventhat Yy =—=——, Show that (X" +3)—+xy=0.
e g

= (x*+3) 2

dy 1 5 -
—=—-=(x“+3) 2(2x
- X+ A&

X
(x? +3)°

X
(X2 +3)Vx*+3
Xy
x?+3

(x? +3)% =Xy

(X +3)d—y+xy:0
dx

(Pg363Q14)

7* Given that T(X) =1++/X, where x>0, show that f'(x) =

f(X) =+1+/x

11
=(1+x2)?

11

f'(x) = ;—X(1+ x2)2

1 1 1
:1[1+x2] 2 1x 2
2 2

.1 1
B 1
I X+ XX

1

4 x+x\/§.

(Pg363Q17)

Differentiation
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Worksheet 7: Product Rule

Differentiation of Products
Sometimes a function y is given as the product of two other functions u and v. The derivative of the
derivative of y could be found by using the following rule:

Product Rule
If y=uv where u and v are two differentiable functions, then

d_y:Vdu dv

u—.
dx dx dx

Example 1
Differentiate the following expressions of y with respect to x .

(@ y=(x+1)(2x-5)

dy _ e d d o
&_(Zx 5)dx(x+1)+(x+1)dx(2x 5)
=(2x-5)(1) +2(x+1)
=2X—-5+2x+2

=4x-3

(0) y=(x+2)(x*-1

g—i:(x2 —1)%(x+2)+(x+2)(;j—x(x2 -1)

=(x* =1)(1) + (x + 2)(2x)
=x% -1+ 2x% + 4x

=3x% +4x-1

() y=(2x-1?@Bx-5)°

Y _ (3x-57° 2
dx dx

= (3x—-5)*(2)(2x-1)(2) + (2x—-1)?(3)(3x - 5)?(3)
= 4(3x—5)*(2x—1) +9(2x —1)?(3x - 5)?

= (2x—1)(3x—5)?(12x—20+18x —9)

= (2x—1)(3x —5)*(30x — 29)

(2x-1)% + (2x-1)? i(3x—5)3
dx

Differentiation 25




(d) y=(x+1)v2x-5 (Express ((ji_i as a single fraction)

1

1
d_ (2x—5)5i(x+1)+(x+1)i(2x—5)5
dx dx dx

1 1

— (2x—5)? +%(x +1)(2x—5) 2(2)

1
=(2x-5) 2(2x—=5+x+1)
3x—4
2x—-5

1

= (2x—5) 2(3x—4) or

(e) y=(2x+3)v4x—-3 (Express g—i as a single fraction)

1
j—y = (4x— 3)2 (2x+3)+(2x+3)%(4x—3)2

~ 2(4x—3)? +%(2x +x-3) 2(4)

1

= (4x—3) 2[2(4x—3)+2(2x+3)]
12x
4x -3

1
=12x(4x-3) 2 or

(f) y=x%v2x—1 (Express j—i as a single fraction)

d_y — _ % 2 1 _ _%
ix =2X(2x-1)2 + X |:2(2X 1) (2)}
- (2x—1)_%[2x(2x—1) +x°]
= (2x —1)’%(5x2 —2x) or 5)‘22\/;2;‘

X_

@) y=x1—x)?
d_y = (1—-/x)® +3x(1-/x)? [—x 2]

— (1 Vx)° —3f(1 Jx)?
:(1—\/?)( —Jx - 3‘/_j

= (1-+/x)? [1—£] or%(z—sﬁ)a—ﬁ)z

Differentiation
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Example 2
Find

(i) the gradient of the curve y = x(x —2)* + 3 at the point (2, 3),
(ii) the coordinates of the points on the curve at which the gradient is —1.

Wy _
i =(x=2) +2x(x-2)
=(x=2)(3x-2)

dy

(i) When x=2, gradient, ” =(2-2)6-2)=0

d
(i) When gradient, % =1, (x-2)(3x-2)=-1
3x?—8x+5=0
(3X—5)(x—1) = 0
X:§, 1
3
5
_32 4

Y=

. : 2 5
Coordinates of points are [15, 32—57j and (1, 4)or [

3

27

86} and (1, 4).

Differentiation
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Assignment 8: Product Rule

d
1. Differentiate the following expressions of y with respect to x. For (b) to (f), express d—i as a
single fraction. (Pg365Q2-4)
(@ y=x*(1-4x)?
dy 3d o > d 3
—=(1-4x)"— (X)) +x°—(1-4x
™ (1-4x) dx( ) OIX( )

= 2x(1—4x)3+3x2(1— 4x)?(-4)
= 2x(1— 4x)%-12x? (1— 4x)?

= 2x(1—4x)%(1- 4x — 6X)

= 2x(1—4x)%(1-10x)

(b) vy = +DJx+1
= (x® +1)(x +l)%

dy 2d , .. d
< =(x+D)2—(x"+D)+(x"+1)—
i (+)dx( +1)+( +)0IX

1 1

—ox(x+1)? +%(x2 L) (x+1) 2 ()

1

(x+1)?

1

_ %(x +1) 2[AX(x+1)+ (X* +D)]

5x2 +4x+1

2+ x+1

1
= %(x+1) 2(5x% +4x+1) or

() y =x+1+2x

1

= x(1+2x)?2

1 1

dy (1+2x)2 i(x) + xi(1+ 2x)2
dx dx dx

1 1
=(1+2x)? + x><%(1+ 2X) 2(2)

1
=@+2x)2(1+2x+X)
1

= (1+2x)2(L+3x) or 1+3x

V142X

Differentiation 28



(d) y=(@@x-1DV3x?+1

1
y = (4x—1)(3x? +1)2

d_y ld 1

= (3x? +1)2 —(4x—1)+(4x—1)i(3x2 +1)2
dx dx dx

1

=(&8+D;my+%mx—naﬁ+4)2@@

= 4(3x + 1)_%[4(3x2 +1) +3x(4x - 1)]

1 2_
(3 +1) 2(24x° —3x+ 4) or 2 Z3X+4
V3x2+1

3
() y=(x2+1)Vx+1

3

1
y = (X2 +1)(x+1)2

3 3 1

d—y:(x+1)2 d (x2 +1)+(x2+1) d (x+1)2
dx dx

=(x+1)2 ( x2J+(x2+1)><1(x+1) ;

= (x+1) B X2(x+1)+= L (x2 +1)}

i3 1
= 1(x+1) 2(4x2 +3x2 +1) or dxofx+3x +1
2 2Jx+1

(f) y=xy3-x?
1
y = X(3-x%)2

dy_(s x)2 (x)+x—(3 x?)2

= (3—x%)2 (1)+x[ )(3 x?) 2( 2X)

1
=(3-x%) 2(8—-x*-x?)
3-2x?

V3-x?

=(3- xz)_%(3— 2x%) or

Differentiation
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©F ¥ = GorDx+ 2y
= (L+x)(x+2)°

j—i = (x+2)°(—x )+ 1+ xHB)(x+2)°

= (X+2)°[(x+2)(=x?) + 31+ x )]
= (x+2)*(—x"=2x*+3+3x™")
(Xx+2)°(3x°+2x —2)

2

= (x+2)*(3+2x"=2x7?) or
X

(h)* y =x*(x—1)v/5+6x

1

= (x* = x*)(5+6x)?
dy_ 5+ 6x)%(3x2 —2X) +(x° - xz)(l]@ + 6x)7%(6)
dx 2
=5+ 6x)_%[(5 +6x)(3x% = 2x) + 3(x* — x%)]

1
= (5+6Xx) 2(15x* —10x +18x> —12x* — 2x + 3x°> - 3x?)
21x° —10x

V5 +6X

1
= (5+6x) 2(21x* —10x) or

2. Calculate the gradients of the curve y = (2x +1)°(x —1) at the points where it crosses the x-axis.

g—i = (x-D[3(2x+1)%(2)] + (2x +1)*
=6(x-1)(2x+1)% + (2x +1)®
=(2x+1)?*(6x—6+2x+1)

= (2x+1)*(8x—5)

When y =0, (2x+1)*(x-1) =0
1

x=——,1
2
When X:—l, d_y =0
2 dx
dy
Wh =1, — =(3)?’(8-5
en X ix (3)°(8-5)
=27

Differentiation 30



V10

Xx=+158 or + —
2

3. Find the gradients of the curve y = xv4—x? at the points where it crosses the straight line
y=X. (Pg366Q9)
At point of intersection, x = xv4— x> When x — —J3 dy _4-2(9

X2 =x2(4-x%) " dx 4-3
x2(4—x2 ~1) =0 | :‘j
X2(3_X2):O When X=0, d_i :T
4
x=—/3, 0,4/3 _92
d _
dy 1 When x =+/3, d_y _4-20)
7 - x)2 (x)+x (4 x%)2 X 4-3
dx —_2
1 _1
:(4—x2)2+§x(—2x)<4—x2) :
1
=(4-x°) ?(4-x"=x%)
-3 4-2x*
=(4-x%) 2(4-2x%) or
NS
d
4. The equation of the curve is y = 3xv/5—x? . Find the x-coordinates of the points where d_i =0,
1
dy =(5-x%)2 — d (3x)+3x (5 X )2
dx dx
1
=3 5—x2+§(3x)(5—x2) 2 (—2x)
2
_3 /5_ 2 3X
V5—x?
_3(5-x%)-3x?
V5—x?
_15-6x°
5—x2
d 15 - 6x?
When —y:O X =0
dx 5—x?
15-6x* =0
2x% =
x*=25

Differentiation
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5*. Given that y =a(x—b)+/x+1 and g—y:

X

1
Y adxr i+ a(x— b)(lj(x +1) 2
dx 2

a(x—h)
2x+1
_2a(x+1)+a(x—b)
- 24x+1

_ 3ax+(2a—ab)

o 2Jx+1

=avx+1+

3ax+(2a-ab)  3x
2x+1  x+1

- 3ax+ (2a—ab) =3x

Comparing coefficient of x,

32 _3
2

a=2

Comparing constant term,
2a—ab
=0
2
2(2)-2b=0
h=2

3X

MX+1

,find the value of a and of b.

Differentiation
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Worksheet 9: Quotient Rule

If a function vy is given as the quotient of two other differentiable functions u and v where v =0

for all values of x, the derivative of the derivative of y could be found by using the following rule:

Quotient Rule
u . . .
Ify= " where u and v are two differentiable functions andv = 0 for all values of x, then

du dv

V —_ _
d_y __dx dx
dx v? '

Example 1

Differentiate the following expressions of y with respect to x.

5x 1
a = , X#+——
@ vy 2X+1 2

(2x+1) d (5x) — 5xi (2x+1)
_ dx dx

dy

dx (2% +1)2
_ 5(2x+1)-5x(2)
C (2x+1)?
5
T (2x+1)?

O ¥=1 0 ¥

d_y: (1—2x)(i((l—x)—(l—x)ci((l—Zx)

dx (1-2x)?
_—(1-2x)-(1-x)(-2)
- (1-2x)?
=1+ 2x+2-2X
C (@1-2x%)?
1
 (1-2x)?

Differentiation
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() y= _53,x¢—5
dy (x+5) (2x 3)—(2x— 3)—(x+5)
dx (x+5)*
_2(x+5)-(2x-3)(2)
- (X +5)?
_ 2x+10-2x+3
~ (x+5)?
13
_(x+5)2
X2
@) y=—"g x#-3
dy (x+3) (x) x? (x+3)
dx (x+3)2
_2x(x+3) - x*()
- (x+3)?
~ X? +6x
(x+3)?
1—x?
© y_1+x2
dy (1+x) (1 x?)—(1— x) (1+x)
dx (2—3x)?
@+ X%)(=2x) — (L - x%)(2x)
- L+ x?)?
_—2x—2x3 - 2x+2x°
- 1+ x%)?
___ X
1+ x%)?

Differentiation
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1-3x
= , X#=-1
O y=1rx
1 1 _1
=31+ x)2-(1-3x) = |1+x) 2
g S (3 Jasn
dx (V1+x)?
_3
=%(1+ X) 2[=6(1+ X) — (1+3X)]
_3 _7_
=%(1+x) 2 (=7 -3x) or ——X
2(1+ x)2
(9) yzﬂ. x#—-1
1+x
d, 2 5d
d_y _ (1+x)&(x2)—x2&(1+ X)
dx (1+x)°
1 -1L 1
(1+x)(2x Zj—xz
- (1+x)?
1 -L
5x 2(1+x—2x)
o (@+x)°
o 1-x
24X (1+ x)?
Example 2
Calculate the x-coordinates of the points on the curve y = \/g for which y=0.
4+X
L d d 1
4+x%)2 —(3x—2)—(3x—2)—(4+x?)2
d_y:(+)dx( )—( )dx(+)
dx (4+x%)
1 1 1
3(4+x%)2 —(3x—2)(2J(4+ x?) 2(2x)
- (4+x?)
1
3(4+x%) 2[3(4+x%)—x(3x—2)]
(4+x?)
_ 12+42x
- 3
(4+x%)?
When g—i=0, 12+2x=0
X=-6
Differentiation
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Assignment 10: Quotient Rule

1. Differentiate the following expressions of y with respect to x. (Pg368Q1-2, TYS)
@ y=2*1 s
X+5
d d
dy (x+5)&(2x—1)—(2x—1)&(x+5)
dx (X+5)°
_ (x+5)(2) - (2x-1)(3)
(x+5)°
_ 2x+10-2x+1
(x+5)?
1
(x+5)?
(b) y= 2x+3; %4
X—4
d d
dy (x—4)&(2x+3)—(2x+3)d—x(x—4)
dx (x—4)?2
_ (x=4)(2)-(2x+3)@)
(x—4)*
_ 2x—-8-2x-3
(x—4)°
__ 1
(x—4)*
Differentiation 36




X 2
C =—: X %3
© y=7

(xz—s)jx(x)—xjxuz “3)

dy
dx (x? —3)2
_(X*=3)@) - x(2x)
- (X2 _3)2
_x?-3-2x%°
(-3
_ —x*-3
- (XZ _3)2
3x? 1
(@ y_1—2X’ * 2
dy (1—2x)£((3x2) —SXZ;X(l—Zx)
dx (1-2x)?
_ (1-2x)(6x) —3x*(-2)
- (1-2x)?
_ 6x—6%°
~(1-2x)?
X2 +1 1
© y=01 "2
(2x—1)i(x2 +1)— (x? +1)i(2x—1)
dy _ dx dx
dx (2x-1)°
3 (2x=1(2x) - (x* +1)(2)
N (2x-1)°
_AXP-2x-2x7 -2
o (2x-1)?
_2X2-2x-2
T (2x-1)?

Differentiation
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3
() y=2:xx1
1-x

d, .3 3 d
dy (1—x)&(2x ) —2X% &(1—x)

dx (1- x)?
_ (1-x)(6x%) - 2x°(-1)
) (L-x)?
_6x%—6x° +2x°
(1-x)?
X —-4x°
=X

X
X =1

(g) yzm,

S NI DA
d_y:(l—x) &(x) xdx(l X)
dx (V1-x)?

a2 3 Ja-n 2y
) (1-x)

;(1—x)_;(2—2x+x)

1-x)
_ 2—X or 2—X
2(1—x)v/1-x 20 X)g

Differentiation



éd d 1
1—x%)2 —(5X) = 5x— (1 — x?)?2
d_y=( ) dx( ) dx( )

dx (W1-x2)>2

5(1— x?)% - 5x(3(1— xz)’%(—zx)

- (V1-x?)?

_@- xz)’%[5(1— x?) +5x°]
(V1-x?)?

_ 5-5x%+5x°

- (1—x*)V1-x?
5

5

3

L-x%)2

) 1—x*)V1-x2 >

Differentiation
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1-x . dy
for which —=0.
> whi o

2. Calculate the x-coordinate of the point on the curve y = 3
X+

1-x %
y:(xz +3j
y (2 +3)2 x;(l— X) 2(=1)—(1—x)? x;(xz 1+3) 2(2x)
dx (x> +3)°

(Pg321Q7)

;(1— x);(x2 + 3);[—(X2 +3) - 2x(1-x)]
(x* +3)?

1 1
C(1-x) 2(X*+3) 2(x* -2x+3)
- 1 3

2(1—x) 2(x* +3)2

2
When Q:O, x?—2x-3 1 0
dx 2(x2+3) \ (1—x)(x?+3)?
X2 =2x-3=0
(x=3)(x+1)=0
x=-1, 3(NA)

2

3. Find the coordinates of the point on the curve y = at which the tangent is parallel to

2

3X°+2
the line y=-5.
_3x*+2-6 dy _ (3x* +2)(6x) — (3x* —4)(6x)
3x2+2 dx (3x% +2)?
=1-6(3x*+2)* _18x? +12x—18x? + 24x
W _ 1) 3x2+2)2(6%) (3x* +2)°
dx _ 36x
_ 5236X ' (3x? +2)?
(Bx“+2)
When dy_ 0, % =
dx (3x“+2)
x=0
y=-2

The required point is (0, —2)

Differentiation 40



2X
4. The diagram shows part of the curve y =

The normal to the curve at P meets the y-axis at R.

crossing the x-axis at P and the y-axis at Q.

L.i
R
(0] P
/ o
(i) Given that ﬂ: -, evaluate k.
(x+2)
(if) Find the length of RQ.
0 dy _ (x+2)(2)-(2x-6)
dx (x+2)?
10
(x+2)?
- k=10
(i) AtP, y=0, 2x—6=0
x=3

2
When x =3, y=0, ﬂ=—

=y

(NO2)

dx 5
: 5
Gradient of normal = -
i 5
Equation of tangent, y= _E(X ~3)
y = _E X+ E
2 2
R(O, Ej
2
At Q, X= 0, y — _3
- RQ =10= unit
Differentiation
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D

. X—
5*. A curve has the equation y =

0 , where a< x<b, and a and b are constants. Show that
X

. a+b . 2
the gradient of the curve at X= % IS b_a’ (Pg369Q8)

1
y_(x—ajz
b—x

gng(x—aj5{m—xxn—«x—ax—n}

dx 2\{b-x (b—x)?

_1J555{w—a>}
2\ x-a| (b—x)*
. (b-a)

2 J(x—a)(b-x)?

When x:a—+b, - :a_+b_
2 2
_b-a
2
b—x=b_2tP
2
_b-a
2
d_y 3 (b—a)
dx ~ N
5 (b a)(b aj
2 2
(b-a)
=
Z(b—a)
2
:(b—a)x 4
2 (b—a)’
2
b-a
Differentiation
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Worksheet 11 : Equations of Tangent and Normal

Consider a point A (xy, y1) on a curve defined by y=f(x),
. d

(@) the gradient at A, m = value of % at (X1, Y1),

(b) the equation of the tangentat Ais y—y, =m(x—x,)

1
(c) the equation of the normal at Ais y—Yy; = _E(X -X)

Example 1

. . 2
Find the equations of the tangent and the normal to the curve y = x+; at x =1.

dy . 2

dx X2

When x =1, — =1-—

Equation of tangent, y—3=—(x-1)
y=4-X

Equation of normal, y—-3=x-1
y=X+2

Differentiation 43



Example 2

3x+1
Find the equation of the normal to the curve y=

crosses the x-axis.

@a- x)i(Sx +1) — (3x +1)i(1— X)
_ dx dx

dy
dx 1-x)?
_ 31-x)-Bx+1)(-1)
(1-x)?
_ 3-3x+3x+1
(1-x)?
4
(L-x)°
When y =0, 3XJFl:O
1-x
1
X=—=
3
3 dx ( 1)
1+=
3
_9
4
Equation of normal, y :_ﬂ(x+1)
9 3
yoh 4
9 27

for x#1, at the point where the curve

(Pg377Q5)

Example 3

Find the equation of the tangent to the curve y =

axis.

dy :2(x+6)(x—9)—(x+6)2

dx (x—9)?
_ (x+6)(2x-18-x-06)
B (x-9)°
_ (x+6)(x—24)
o (x=9)°
dy _2(6)(-9)-6 __16
When x=0, i :T__E
y=-4

16
Equation of tangent, y= Y X—4

(x+6)°
X

at the point where the curve crosses the y-

Differentiation
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Example 4

Given that y = ax®, where a=0, and % =g at (1, b), find
(i) the value of a and of b,
(if) the equation of the tangent to the curve at the origin. (Pg377Q8)
dy 4
— =ba
dx X
. dy 3 3
At(1,b), === ba=—
() At(l,b), =2 5
3
a=—
10
At(1,b), y=b b= 3
) 1 y_ H 10
. dy
At (0, 0), —=0
(i) At(0,0) dx

..Equation of tangent at the originis y =0.

Example 5

. . 4 L .
Find the equation of the normal to the curve y=3x—( 2 which is parallel to the line

4y +x-3=0.

y =3x—4(x-1)7?
9¥=3—4(--2)(x—1)—3
dx

=3+ 8 .
(x=1)
X 3
4y+x-3=0 __X. 2
’ = 4 4
1
= gradient of normal = "
= gradient of tangent = 4
Whend—y=4, 340 ~=4
dX (X—l)
8 a—
(x-1)°
(x-1)°%=
X-1=2
x=3
When x=3, y=8
Equation of normal, y-8=-=(x-3)
3 X
-8-_=
y 4 4
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Name: ( ) Date:
Class: Sec 4
Assighnment 12: Equations of Tangent and Normal

x*> +5

1. Find the equations of the tangents to the curve y=

at x=1 and x=3. Find the
X+1

coordinates of the points where these tangents meet.

dy _ 2x(x+1)—(x* +5)

dx (x+1)?
_ x?4+2x-5
T (x+1)?
When x =1, d_y =1z+j
dx 22
1
)
y=3
: 1
Equation of tangent, y—-3= _E(X_l)
P
2 2
When x =3, dy 37 +6-5
dx 4°
5
8
3745 7
VI
. 7 5
Equation of tangent, y—-—= §(X -3)
y_5, 13
8

At point of intersection,

. The point of intersection is (g gj

Differentiation
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2. In the diagram, the line 3y = X+ 2 is tangent to the curve
y = x* —x+k at the point A. Find

(@) the coordinates of A,
(b) the value of the constant k.

X 2
y=X+2=>y=—+—
(@) y=x+2=y=2+7

d—y=2x—1
dx
AtA,d—y:E, 2x-1=—~
dx 3
2x:ﬂ
3
2
X=—
3
)-8
9

Differentiation
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point M and N respectively. Calculate the area of the triangle PMN.

1

y:4(x+2)5
dy —2(x+2)_;
dx
2
VX+2
dy 2
At P(7,12), — =
(7.12) dx 7+2
_2
3

2
Equation of tangent, y—-12 =§(X—7)

20,2
3 3
AtM, y=0, Ex+g=0
3 3
x=-11
- M(~11,0).
Equation of normal, y-12= —g(x—7)
2 2
3 45
AtN, :O’ _—X+_=0
y 272
X =15
- N(0,15).

1
Area of the triangle PMN = EX 26 x12

=156 unit 2

The tangent and the normal to the curve y =4+/x+ 2 at the point P(7,12) cut the x-axis at the

Differentiation
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. 2X .
4. The diagram shows part of the curve y = Il The normal to the curve at the point A(-1,1)
X+

meets the curve again at point B. y
Find

(@) the equation of the normal A-1.1)
(b) the coordinates of B.

d 2(3x+1)—-2x(3
(a)d_i:(x+) X(3) O/F

(3x+1)? - x
2 B
(3x+D)?
At A(-1,1), dy __ 2 -
dx  (=3+1)
1
2
Equation of the normal, y—1=-2(x+1)
y=-2x-1
2X

(b) AtB, —-2x-1=
3x+1

(-2x=D(3x+1) =2x
—6x% —5x—1=2x
6x% +7x+1=0
(6x+1)(x+1)=0

X=—1 __1(NA)
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: b : :
5. The diagram shows part of the curve Yy =ax+—. The line y+2x =11 is the normal to the
X

curve at the point P(2, 7) and this normal meets the curve again at point Q.
Find y

(@) the value of a and of b. )
(b) the coordinates of Q. 0

b
y=ax+7

dy b P(2,7)
_=a__ ’
(@) dx X2

y+2x=11=y=11-2x

Gradient of tangentat P =

AtP(2, 7), 7= 2a+g
b=14—4a ... (1)
dy 1 b 1
AtP(2,7), —=—, a-—=— ... 2
( )dx 2 4 2 @)
14 -4 1
sub (1) into (2) o443 1
4 2
4a-14 +4a=2
8a=16
a=2
b=6
6
(b) AtQ, 11-2x=2x+—

X
11X —2x* =2x* +6
4x* —11x+6=0
(4x-3)(x—2)=0

3
x=—,2 (NA
1 (NA)

, 1
2

o3 1
22)
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6. The diagram, not drawn to scale, shows part of the curve y=x?+7x+12. The tangent to the
curve at the point A meets the coordinate axes at B(—2.2, 0) and at D(0, 11).

Y
(i) Find the coordinates of A. A
’ D(0, 11)
The normal to the curve at A meets the x-axis at C. Find y=wtix+d
(ii) the coordinates of C, y
(iii) the area of the triangle ABC. (P378Q14) :
(i) AtA x=-1 y =1-7+12
=6 B -1 (0] C
A(—l, 6) (-2.2,0)

(i) ﬂ:2x+7
dx

AtA x=—1, Y- _g
dx 2.2

Gradient of normal at A = —%

Equation of AC, y-6= —% (x+1)

AtC, y=0, -—+—=0
~.C(29,0)

(iii) Area of triangle ABC = % x(29+2.2)x6

=93.6 unit 2
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. ab . . .
7*. The tangent at the point P(a, b) on the curve y = X meets the x-axis and the y-axis at points at

Q and R respectively. Show that PQ=RP .

dy ab

dx NG

: ab
Gradient of tangent at P = Y

__b
a
b
Equation of tangent at P, y—-b= —g(x —-a)
b
=——X+b+b
y a
y:—9x+2b
a

b
AtQ, y=0, gXZZb

X=2a
. Q(2a, 0)

b

AtR, x=0, y—b=—g(—a)

y=2b
- R(0,2b)
Midpoint onR:(ZaJrO, O+2bj

2 2
=(a, b)
= Coordinates of P

Hence, PQ=RP .

Alternative Method

PQ =+/a® +b? unit
RP =+/a® +b? unit

Hence, PQ=RP .

Differentiation 52
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Name: ( ) Date:

Class: Sec 4

Revision 12 Techniques of Differentiation

1. Differentiate the following with respect to x.

2 5
(a) yzg\/_—ﬁ

1
d_yzg[ljx 2_5(_2))(73
dx 5

(b) y-=
Y _611-2x)2(-2)
dx

12

=12(1-2x)"2 or
( ) (1-2x)2

(€) y=(B-2x"
ay_ 10(3-2x)°(-2)
dx

=20(3-2x)°

8
(1-3x)*

d y=

Y _g(3)1-3%74(-3)
dx

=72(1-3x)"“or L4
(1-3x)
21
e =
©y 1+ x°

dy _ 21(-1)(1+ x*)7%(2x)
dx

42X

=—42x(1+x*) % or ————
L+ (L+x%)?




3(2x VP
0 y=3( %]

@) y=3x(4-x*)°
j_:(’ = 3(4—x2)® + 3x(3) (4 — x2)?(-2)
=3(4-x°)° -18x* (4 —x°)*
=3(4-x)2(4-7x2)

2x-1
(h) y=
1+X

dy 2(1+x)-(2x-1)
dx  (1+x)
3
T (1+x)?

] TX—-2
| =
My 1+ X

dy 7(+x)-(7x-2)
dx 1+ x)?
9
1+ x)?

_ 2x% -1
(), y__1+X2

dy  4x(L+x%)-2x(2x* -1)
dx 1+ x?)?

. bx

1+ x%)?

(k) y= (X—Z)'\/X+4
&y _ (x+4) 2 + (X—Z)(EJ(X“‘)_;
dx 2

1 _t
:EQ+4)ZGX+®

3X+6
2VXx+4




() y=(Bx+2)v2x-1

d 5 1 “
Y _32x-1) 2+ (3x+ 2)(—}(2x—1) 2(2)
dx 2

1

= (2x-1) 2(6x—3+3x+2)
1

= (2x-1) 2(9x-1)

_ 9x+5
\V2x-1
(m) y=+1+x
1 1 1
ﬂzl(ﬁxz) o[ L
dx 2 2
1 1 1

1 _=
==X 2(1+x2) 2
1 ( )
1 1

T ke

/2x—7
n =
)y 3X+7
1 1 1 1

" ;(3x+ 7)2(2x-7) 2(2) —;(Zx— 7)2(3x+7) 2(3)

dx 3X+7
1 1

;(Zx—7)_2(3x +7) 2(6x+14-6x+21)

3X+7
35
1 3
2(2x-T7)2(3x+7) 2

(0) y=xtan(x+x)

%: tan (x + ) + xsec® X (X + )
X

Xsin 3x
(p) y= 1
+ X

dy _ (I+X)(sin 3x +3xcos x) — Xsin 3x
dx 1+ x)?




(@ y= cosz(4x + %)

dy _, cos(4x + zj{— sin (4x + zﬂ@)
dx 3 3

=-8 cos(4x + stin (4x + ZJ
3 3
(r) y=sinxcos®x
j_y = oS X c0S° X +sin x(3) cos® x(—sin X)
X
= cos* x—3sin? xcos? x
sin x
() y=
1+cos x
dy _ cosx(1+cosx)—sin x(=sin X)
dx (1+ cos x)?
_ COSX+cos® X +sin’ x
(1+ cos x)?
~ 1l+cosx
(1+cos x)?
B 1
1+cosx
2, 1
M y=e
2, 1
dy ex +X(Zx—izj
dx X
3x
e
u -
(u) »
d_y ~ 3X€3X _e3x
dx x?
_e¥(3x-))
XZ
6Xx 1 1 1
Y =In ==h6+=Ihx—=In(2x-3
V) y 2x—-3 2 2 2 ( )
y_ 1. 2
dx 2x 2(2x-3)

S S g—
2x  2x-3 2x(2x-3)




(W) y=3In(5x*—4x)
dy _ 3(10x-—4)
dx  5x%—4x
_ 6(5x-2)
- X(5x —4)

(x) y=x3In(2x+1)

g In(2x+1)+x3( 2 j
dx 2x+1

3

=3x%In(2x+1) + 2X
2x+1

) y:ln( x+1 J:In(x+l)—ln(2x—3)

2X—3
dy 1 2
dx x+1 2x-3
5

C(x+1)(2x-3)

(2) e¥(x®+3x)

g—y =3e¥(x* +3x) + ¥ (3x* + 3)
X

=3+ x* +3x+1)

A curve has the equation y = x+i2 . Find
X

(i) an expression for d_y
dx

(ii) the value of k for which y = 2x + k is a tangent to the curve.

Solution

. dy 8

iy L=1-—

® dx X3

(i) Whend—y=2, 1—%:2

dx X
—=-1
X3
X3 =-8
X=-2
y=-1
On the line y = 2x + k, —1=-4+Kk

k=3



3. Theequation of acurveis y= X Findan expression for d_y
2-3X dx

Hence, find the equation of the normal to the curve at the point x =1.

Solution
dy _ (2-3x)—x(-3)
dx (2 —3x)?
2
(2-3x)?
When x=1, d_y =2
dx
=-1
Equation of normal, y+l:—%(x—1) On
yox_1
2 2

P is the point (4, 7) on the curve y = x* —6x+15.

Find the equation of the normal at P.
The tangent at another point Q is parallel to the normal at P.

Calculate the x-coordinate of Q. [5]
Solution
dy =2X—-6
dx
When x =4, d_y =2
dx
Equation of normal, y-7= —% (x—4) On
X
-9_=
Y 2
AtQ,d—yz—l, 2x—6:—i
dx 2 2
2X = E
2
11
X [
4




5. The diagram shows part of the curve y=3-

intersecting the y-axis at the point A and

(x+3)?
intersecting the x-axis at the points B and C. The point D lies on the curve and AD is parallel to
the x-axis.
YA
(i) Find the coordinates of A and D.
(if) Find the equation of the tangent at D. 3
Ty
Solution
. 12 5
i) AtA, x=0, =3-=== 4
(i) y s "3
A(o, Ej
3 0 Bl
AtD, y==, __12 2=E
(x+3)° 3
12 4
(x+3)? 3
(x+3)%=9
X+3=43
x=-6,0(NA)
D(_a, Ej
3
iy Yo
dx (x+3)
At D(_Géj, dy_24 _ 8
3) dx -3 9

Equation of tangent at D, y —g = —g(x +6)
8 11

9 3



5x+10

6. (i) Express y=———— in partial fractions.
O BT Y= ) "
(i) Hence, find the gradient of the normal to the curve y=5X—+10 at the point (3, Ej
(x=2)(x+3) 6
Solution
. 5x+10 A B
()

= +
(x—2)(x+3) x—-2 x+3
5x+10=A(x+3)+B(x—2)
Let x=2, 20 =5A
A=4
Let x=—3, —-5=-5B
B=1
. 5x+10 4 1
T (x=2)(x+3) x—-2 x+3

iy Y- 4 1
dx  (x=2)> (x+3)?
At(séj, o, L
dx 36
_1s
36
36

Gradient of the normal = ———
145

7. The equation of a curve is y=sin 2x +2c0s2x . Find the x-coordinate, where %< x <z, of the

point at which the tangent to the curve is parallel to the x-axis.

d_y =2c0S 2X—4sin 2x
dx

When x=0, j—izO, 2c0s2x—4sin 2x =0

4sin 2x = 2c0s2X
tan 2x = 1
2

Basic £ =0.46364
2X=7+0.46364
x=1.80



2X

8. The equation of acurveis y= — 2e*. Find the x-coordinate of the point on the curve where

the gradient of the tangent is 15.

dy

— =¥ _2e*
dx
When j—y =15, e?* —2e* =15
X

e2¥_2e*-15=0
(e*-5)(e*+3)=0

e* =5, —3(NA)
X =1In5
=1.61

9. The diagram shows part of the curve y =(2x+c)In x, crossing the x-

axis at P(1, 0). The tangent to the curve at P is parallel to the line
2y +8x—7=0. Find the value of c.

2y+8x-7=0= y:—4x+%

3—y=2ln x+2X+C

X X

AtP(1, 0), %:—4, 2+c=—4

c=—6

P(1,0)

(@]

X




Name: (
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Revision 16

) Date:

Class: Sec 4

Revision 16: Application of Integration

1. The area of the region bounded by the curve
y=f(x), from x=a to x=b is given by

[yor

2. The area of the region bounded by the curve
y =f(x), from x=b to x=c is given by

U;y dx‘ or —J:y dx

3. The area of the region bounded by the curve
y=F(x), from y=a to y =b is given by

I:x dy

4. The area of the region bounded by the curve
y=f(x), from x=b to x=c is given by

U:x dy‘ or —J:x dy




Example
1. The diagram shows part of the curve y =1+ 2cosXx, y A

meeting the x-axis at the points A and B.

o y=1+2cosx
(i) Show that the x-coordinate of A is 3 and find the

x-coordinate of B.
(i1) Find the total area of the shaded regions.

0 A5

Y

Solution
(i) AtA, 1+2cosx=0 (i1) Area of shaded region
1 2 4x
cosx=-3 :I * (1+2cosx)dx + J;j (L+ 2cos x)dx
. T ’ 3
Basic £ = — o n
3 e i
o A = [x+2sin x]@ +|[x+2sin x| 2
I 2 2n |4 43 2 2
T . T T . s T . T
x -coordinates of A = 2n = ?+ 2sin ?4‘ ?+ 2sin ——(?4‘ 2sin ?j
i g _dn = 3.8264 +1.3697
x -coordinates of B = 3 — 5.0 unit 2
2. The diagram shows part of the curve y=+/2x+5 x=2
passing through the point P and meeting the x-axis at -
the point Q. The line x=2 passes through P and /P/"“/Q“S
intersects the x-axis at the point S. Lines from Q meet ==
x = 2at the points R and T such that QR is parallel to R
the tangent to the curve at P, and RS = ST . Find e
(i) the equation of QR, L oS
(ii) the area of the shaded region. Q@ T il
\ 7‘
Solution
() AtQy=0  +2x+5=0 (i) AtR x=2, y=§+g=g
. Q[ 5 Oj Area of shaded region
s -, 2
2 = \V2x+5 dx+1>< 2+E ><§
y 1 %45 —% 5 -25 2 2) 2
— ==(2x+
dx 2( ) 2(2) Rk
1 | (2x+5)? N 3§
J2x+5 3 8

-25

AP x=2 W 1 :

| =

Equation of QR,

<
|
WX Wik ¢
+ =<
+
N |
~—

<
Il
o | o1



Exercise

1. The diagram below shows part of the curve y =5x°®+15x*. The line ABO cuts the curve at the
maximum point of the curve A(p,q) at B where x=-1, and at the origin.

(@ Find
(i) the coordinates of the maximum point A(p, ),
(ii) the area of the shaded region.

(b) A point (x, y) such that p < x < 0 moves along the curve y =5x®+15x?. Find the value(s)
of y when the rate of decrease of y is 10 times the rate of increase of x.

Solution Y
) Y _15x 430
(@ (i) O oX +30x Ap. q)
AtA, x>0, g—i =0, 15x*+30x=0 B y=5x" +15x
15x(x+2) =0 /
X= 0, -2 >
y=0,20 ©

- A(=2, 20).

(i) AtB, y=10
~.B(~1,10).

Avrea of shaded region

I(Sx +15%° )dx——x(20+10)><1+2><10><1 (5x +15x%)dx

-1 4 0
15 s | _1545-| X s
4 2 4 1

:5—5—(20—40)—10{5—5]
4 4
:Eunit2
2
) DT W g9
dt dt dx
dy 2
When &=—10, 15x“ +30x =-10
3x2+6x—-2=0
- 6+ /67 —4(3)(2)
6
-3+
3

y=230,17.7



2. The diagram shows part of the curve y

e’ +8
X =

intersecting the horizontal line MN 7

at point Q with x-coordinate = 10. The point
P lies on the curve and the tangent at P is
parallel to the line 5y = x+6.

(i) Find the x-coordinate of P.

(if) Find the area of the shaded region.

0
Solution
. e’ +8
i) x=
() 3
3x=e"+8
ey =3x-8
y=In(3x-8)
d_y_ 3
dx 3x-8
ap, W13 1
P x5 3x-8 5
3x-8=15
23
X=—
3

(i) AtQ, x=10, y=In22
Area of shaded region

In22 y
=10In 22— (e +8]dy

0 3
~10In 22—_9”8y -

L 3 0
_lomon.| €T 822 1

I 3 3
=17.7 unit 2

10



3. The diagram shows part of the curve y=(x-3) 3
intersecting the line 2y +x=c, where c is a constant, at
points A and B. The tangent at B is perpendicular to the line \
2y +X=C.

(i) Find the x-coordinate of B.
(if) Hence show that ¢ = 6.
(ii1) Using your answer to part (ii), find the area of the

shaded region.

Solution
0] d—y=2(x—3)
dx
At B, d—y:Z, 2(x—-3)=2
dx
2X=8
Xx=4
(i) AtB, x=4, y=(4-3)°=1
c=2+4
=6
(iii) At A, 2(x—3)°+x=6

2x* —12x+18+x—6=0
2x% -11x+12=0
(2x-3)(x-4)=0

x:§, 4

Area of shaded region

1 (9 3 4 2
:EX(Z_HL)X(A'_E)_J‘;(X_?)) dx

= ZQ or 2.60 unit 2
48



4. The diagram shows part of the curve y= —x3 +5x% +k which cuts the x-axis at (1, 0). The
tangent to the curve at A where x = 3 cuts the y-axis at B.
Find
(i) the value of k,
(ii) the coordinates of B,
(iii) the area of the shaded region.

Solution
(i) At(1,0), 0=-1+5+k 2(x—3)=2
k=-—4

(i) y=-x*+5x"-4

j—y =-3x%*+10x

X
AtA, x=3, dy =-3(3)* +10(3)
dx

=3
y=-3*+5(3)* -4
=14
Equation of AB, y-14=3(x—3)
y=3X+5
. B(0,5).

(iii) Area of shaded region

1 1, .3 2 3, U3 2
_Ex(5+14)x3—jo(—x +5X —4)dx—j1(—x +5x% — 4)dx

- 5_27 - j: (—x® + 5x% — 4)dx

4 3 3

2 4 3 .
:ﬂ—(—8—1+45—12]

2 4

63

=—" 0or15.75unit 2
4



5. (i) Sketchthecurve y= ei .
(if) Find the equation of the tangent to the curve at point x = 0.

(i) Hence, find the exact area of the region bounded by the curve,y :;%, the tangent at

x =0, the line x = 1 and the x-axis.

Solution

(i)

4&
X

O

.y dy 2x
i) —=-8e
(i) i

When x =0, dy =-8 v
dx S

Equation of tangent, y=-8x+4

(iii) At A, y=0, —-8x+4=0 )
x=1
2

Area of bounded region o ——px

:J.l4e‘zxdx—1><l><4
0 2 2

:[—Ze‘zxﬁ—l
=-2e'+2-1

=(1—32j unit 2
e



6. The diagram shows part of the curve y = % The line y=3x intersects the curve at P and the

. X . .
line y:§ intersects at Q. Find

(i) the coordinates of P and Q.
(i) the area of the shaded region.

Solution

(i) AtP, 3x=%
x¥=1
x=1
y=3

~P(1, 3).
X 3
AtQ, ===
Q 9 x?
X3 =27
Xx=3
y=1
3

(if) Area of bounded region

:£><1><3+J-33x’2dx—1><3><1
2 1 2 3

3]
=—+4|——

2 X1
=1+(-1+3)
=3 unit ?

1

2




7.

(@) The figure shows part of the curve y* = x+9 and part of the line 2y =6—x.

Find
(i) the coordinates of A, B and C,
(ii) the area of the shaded region.

(b) Sketch the graph of y = % and hence briefly explain why %<J‘ 10 dx <15.
X

Solution
(@ (i) AtAandB, y°=9
y=43
~.A(0, =3) and B(0, 3).

6—x)
AtC, T :X+9

36-12x+ Xx*> =4x + 36

x> —16x=0
X(x—16)=0
since x>0, x=16
y=-5
-.C(16, -5)

/N

16 1
(if) Area of bounded region :%x6x3—J. —(X+9)2dx—%x10x5
0

16 L
=9+j0 (x+9) 2dx — 25

:E(Hg)i} ~16

:%(125—27)—16

:49lunit2
3
Av

b S, 10
(b) y

D(2,5) (5. 5)

—x

0 A(2,0) B(5, 0)

Area of triangle ABD < Area of region ABCEA < Area of rectangle ABCD

5
1x3x5<‘[9dx<3x5
2 2 X

5
E< de<15
2 2 X



8. (@

(b)

2 4 4
Given that '[ f(x) dx=4 and J.f(x) dx=11, evaluate j [f (%) — 3tan? x] dx.
0 0 2

Solution
ﬁf(x)—Btanz ] dx:ﬁ(x) dx—J'?i‘(x) dx—.[g(secz X —1) dx

=11-4-3[tan x—x];
=7-3(tan4—-4—-tan2+2)
=297

The diagram shows part of the graphs of y =e** and y = cos2x. _.
F 3
Find

(i) the coordinates of A,

(ii) the area of the shaded region.

Solution
(1) AtA, cos2x=0
2x =2
2
T
X=—
4

Ao

(if) Area of the shaded region

T T
= .[04 e** dx _.[04 cos2x dx

_|e™ sin2x|¢
4 2

. 1.7 1
=—e"-Zsin=-=
2 2 4

=5.04 unit 2

10



9. The diagram shows part of the curve y=x>+1. The tangent at A(-1, 0) meets the curve again
at B.

Find

(i) the equation of AB,

(i1) the coordinates of B,

(i) the area of the triangle ABC.

(iv) the area of the shaded region in the figure.

Solution
. dy )
) —=3X
(i) ™
At A, d_y:3
dx
Equation of AB, y=3(x+1)
y=3X+3
(i) AtB, x*+1=3x+3
x*—3x-2=0

Let f(x)=x>-3x-2
f(2)=8-6-2=0

X—2 is a factor of f(x).

Let f(X) = (x—2)(x* +bx+1)
Comparing coefficientof x, —2b

f(x) = (x=2)(x* +2x +1)
= (x—2)(x+1)*
f(x)=0 =x=2,-1
=y=91
~.B(2,9)
(iii) Area of triangle ABC
= l><3><9
2
=13.5unit ®
(iv) Area of shaded region

=13.5—ﬁ(x3+1) dx

=135—-| —+ x}
-1

_4
=135- 4+2—(1— H
i 4
=6.75 unit 2

11
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1. Integration of algebraic functions
If m#-1, n# -1, a, b, mand n are constants, then

n+1

ax
a) |ax"dx= +C,
(@) J n+1
m+1 n+l
(b) I(axm+bx”)dx:ax +bX +C,
m+1 n+1
(ax+b)"*

(©) [(ax+b)'dx= +C where C is an arbitrary constant,

a(n+1)
(d) j [F (%) £ g(x)Jox = j f(x)dx+ j g(x)dx..

Note
An indefinite integral represents a family of identical curves with different y-intercepts.

2. Integration of Trigonometric Functions

@ Isinxdx:—cosx+C, (b) Icosxdx:sinx+C,
(c) [sec?xdx=tanx+C, (d) [sinax+b)dx= —écos(ax+b) +C,
(e) J'cos(ax+b)dx=§sin(ax+b)+C )] J'secz(ax+b)dx:itan(ax+b)+c

where C is an arbitrary constant.

3. Integral of Exponential and Reciprocal Functions

@ IeXdX=eX+C, (b) Ieax+bdxz§eax+b+c,
(© J&dx:lnx+C, (d) J‘(alerb)dx=§In(ax+b)+C,

1 _(ax+b) ™
© j (ax+b)" dx= a(-n+1)

+C where C is an arbitrary constant.

4. Integral —the Reverse Process of Differentiation

It (;j_XF(X) =f(x), then .[f(x) dx = F(x) +C, where C is an arbitrary constant.



Example

1.

(i) Differentiate x*In x with respect to x.
(i) Hence find j 5% In x dx .

Solution
i) —(x°Ihx) =3x"Inx+x°| =
dx X
=3x%In x+x°

(ii) I(3x2 In x+x?)dx = x%In x+C,
I3x2 In x dx = x* In x—J‘xz dx+C,

X3
=xIn x—?+C1

3 3
Ixz In X dx = = In x—X—+&
9 3
3 3
J‘5x2 In xdx=5iln x—5i+C
3 9

i) Prove the identit sinzecoszezl(l—cosw).
Y 8

Apply the concept integration is the
reverse process of differentiation. i.e. if

diF(x) =f(x), then jf(x) dx =F(x)+C.
X

Apply the unitary method, i.e. find the
value of a single unit (J.x2 In x dx ) and

then derive the value of the required
multiple (J‘Sx2 In x dx ).

(ii) Hence find the exact value of _[fsin ?0cos*0do.

Solution
(i) LHS =sin®@cos’ @
= %(Zsin 0 c0sH)?
“Lsin220
4

:lxl(l—cosw)
4 2

1
=—(1-cos4d

8( )
=RHS

“
3

- z - 2 2 _ 1
(ii) Ijsm Ocos’0do _Lg(l—cos49)d0
= F (o —lsin 40)}
8 4

1(~ 1 . 4rx
== =—Zsin —
8(3 4 3

=0.158

)

z
3

0

Apply sin 26 = 2sin 8cos 6 .
Apply cos20=1-2sin’6.



3.

(1) Express XX 1) in partial fractions.
(i) Hence find j zi("(;;—i);;ldx

Solution

0 (B34l _A B C

(i)

8x% +3x+1

2 =, " + 2
X(2x+1) X 2x+1 (2x+1)
58X% +3x+1= A(2x+1)° + Bx(2x +1) + Cx

Let x =0, A=1
2
Let x:—l, 8 —l) +3[—£j+1=(
2 2 2

3__¢C

2 2

C=-—
Comparing coefficient of x*,

B=2

8 +3x+1 1 2 3

4A+2B =8

—_— = -
X(2x+1)?  x  2x+1 (2x+1)?

8x* +3x+1
X(2x +1)?

1 2 3
=.[ —+ - 5 |dx
X 2x+1 (2x+1)

N 2In(2x+1) 3(2x+1)~ c
2 D)

=In x+In(2x+1) +

=In x

+C

2(2x+1)

e There is a repeated factor in
the denominator of one on the
terms; its integral is not a In
function.

° I 3 7 dx
(2x+1)

_BQX+D*”+
-2+1

C




1.

Exercise

Integrate each of the following.

(@)

(b)

(©)

(d)

(€)

(f)

9)

(h)

(i)

)

5 2
J.(Zx“+x—i2jdx:2i+x—+§+c
X 5 2 X

_1\3
j(zx—l)zdx:(zx Ve
3(2)
3
_(2x-1) LC
6
2 2
J.(x+—jdx X {2Ihx+C
X 2
3
_ 2
j\/4x—2dx:(4§—2)+c
—x4
2
3
_(4x=2)7
6
1
3 §(2x—3)5
I dx =2 1 +C
2v/2x-3 2

3 1
ZE(ZX—:%)2 +C

1
I L 3 lgx —in(x—1- 32D,
(x=1) (x-2) -1
:In(x—1)+i+C
x—-1
j(BSin 2X +4cos x) dx =—3C0252X+4sin x+C

JGsin (3x + %J dx =-2 cos(3x + %) +C

jsecz (4x+5)dx = %tan(4x +5)+C

jtan2 X dx =j(sec2 X —1)dx
=tanXx—-x+C

C



(k) Isinz xdx = J%(l— cos 2x) dx

zl(x_sm 2xj+C
2 2

=5_3|n2x+C
2 4

1
I Zxdx =|=(cos2x+1)dx
() Icos x dx Iz( +1)

:1(3'” 2X+x]+c
2 2

=3|n2x+§+C
2

(m) _[(ex +e)dx=e*"-e*+C

> -5 2 32
n e2 +3e 2)dx = _
(n) J.( ) 1 + _1 +C
2 2
=22-6 2+C

The gradient of a curve, at any point (x, y) on it, is given by dy _

dx 5-2x
passes through the point A(2, 7), find the equation of the curve.

. Given that the curve

Solution
y:J‘de
5—2x
_ In(5—2x) LC
-2
1
=—§In(5—2x)+C

AtA(2, 7), C+%In1:7
Cc=7
1
y:—EIn(S—Zx)+7




2

3. The gradient function of the normal to a curve is givenas ——

9-2x°"

If the curve passes through the point (3, 5), find the equation of the curve.

Solution

dy  9- 2x3
dx NG
= —9X 2 42X
y = I(Zx—gx‘z)dx

—x24+9x14C

=x2+g+C
X

At A3, 5), 5=%+9+C
C=-7

y:x2+g—7
X

4. (i) Differentiate In(sin x) with respect to x.
(if) Using your result from part (i), evaluate J}Zcotxdx.
6
Solution
. d . COoS X z
O LLCURY) B (ii) J:f 2cotx dx
=cot X 6
= [2In(sin x)]2
B
=2 In(sin Zj -2 In(sin Ej
2 6
=1.39
5. Itis given that y = (x+1)(2x—3)2.

(i) Show that dy can be written in the form kx~/2X—3 and state the value of k.

dx
Hence

6
(i) evaluate J.x\/2x—3 dx.
2

Solution

. dy 53
(i) —= =(2x-3)2 +=(x+1(2x-3)
dx 2

1

= (2x—-3)2[(2x—3) +3(x +1)]

=5X+/2X—-3

k=5

(ii) J‘sx\/2x—3dx —E(x+1)(2x—3)2

3

|

6

2

3 3
. %(7)(9)2 —%(3)(1)2

=37.2 or@
5



COS X
6. (i) Show that —( sin xj can be written in the form sy and state the value of k.
(if) Hence evaluate j [ ]dx.
1-sin x
Solution
0 dy _ —sin x(1—sin x)_—c%s X(—cosX) i J.Z J2 "
dx (1-sin x) 1—sin x
_ —sin x+sin* x+cos’ X i z
(1-sin x)? = Jo| 05X }4
. 1-sin x
_1-sinx
A N2 T
(1-sin x) 5 cosZ cos0
1 _ _
= e 1—sin Z 1-sin0
k=1 =92
d 1 1
7. Find —(—2) and hence evaluate J.;“dx
dx\ 9-4x 0 (9—4x7)
Solution
Tox g 1 '
d 1 2\_2 .[ v X = 2
&(WJ =—(9—4X ) (8X) 0 (9—4X ) 8(9—4X ) 0
8x L_i
= —m 8(5) 72
_1
90
8. (i) Differentiate (€2*+1)In(e®* +1) with respect to x.
(ii) Hence, evaluate Eezx In(e** +1)dx .
Solution
(e®* +1)(2e%%)

(i) L[ +1)in(e? +1)] = 262 In(e? +1)+ &%
dx e +1

=287 +2”* In(e™* +1)
i 1 2X 2x 2X 2x 2% 1
(i) [[2e +26? In(e™ +1)dx =[(e™ + 1) In(e> + )],
[ezx]f) +I§ 2e*In(e** +1)]dx = (e* +1) In(e* +1) - 2In 2

J'(?ZeZX In(e®* +1)]dx = (% +1) In(e? +1) —2In 2— (e? -1)



Eezx In(e® +1)]dx = %[(e2 +1)In(e® +1)-2In 2—(e* -1)]

=5.03
9. (i) Differentiate xsin x with respect to x.

T

(ii) Hence evaluate I 2 X cos X dx.
0

Solution

T

Lood o . W z
(i) o (xsinX) =sin x+xcos x (if) [ 2 (sin x+xcos x) dx =[xsin x]3

T

(2 T . T

[-cosx]Z + | " xcosxdx =—sin —

0 2 2
T

1+J‘2xcosxdx:z
0 2

s

szcosxdx=%—1

0

=0.571

. . dy . . kx
10. (i) Given that y=(2x+3)v/4x—3,show that — can be written in the form and

state the value of k.

7
.. X
ii) Hence evaluate I dx.
(i 1 +/4X—-3

L dy o1 -
() 2 =2(4x-3)2 +=(2x+3)(4x—3) 2(4)
dx 2

= (4x—3) 2[2(4x-3)+2(2x+3)]

1

=12(4x-3) 2
Y.
_\/4x—3
k=12
(T 12
(ii) L \/T)isdx ~[(2x+3)vax—3]
~[ex+3)vax—3]
X 1 g_; :
[ T3 %= O - B0
=37.2 or@
5

11. (i) Differentiate xe* with respect to x.



1
(ii) Hence evaluate I4xe5xdx.
0
: d 5x 5x 5X
(1) —(xe’) =e”" +5xe
dx

(ii) J' (5 +5xe™)dx = [xe™ ]}
[%} +5J‘xe5xdx=e5
0
5X 5 1
5Ixe dx=e —[E—g]

1
J.xeSde _ 4e° +1

0 25
1 5
I4xe5xdx = 4[4e +1j
0 25
=051
o dy _ 6+ 6x>
12. (i) Giventhat y = xv/6+3x?, show that -~ = ——=—,
dx /6 +3x2

N 5 1+x°
(if) Hence, evaluate j

1 4/6+3x%2

dx .

1 1
(i) %(x\/6 +3x%) = (6+3%x%)2 + x(%j(6+3x2)_2 (6X)

1
= (6+3x%) 2(6+3x*+3x°%)

_ 6+6x°

 J6+3x2

(ii) I%dx [xV/6+ 3

1+x 1
jm_@ﬂﬂ

=7

13. (i) Express in partial fractions.

3x* -10x -8

. 8 X—5

(i) Hence, evaluate j —————— X
6 6X°—20x-16

Xx-5 X—5

® 3x2 —10x—-8 (3x—2)(x+4)




X—5 A N B
3x2-10x—-8 3x+2 x—4
X—5=A(Xx—-4)+B(3x+2)

Let x=4, 14B=-1

Let

__1
14
3 3
A=l
14
X-=5 17 1

32 —10x—8 14(3x+2) 14(x—4)



o [® X—5 J‘& X-5
1 — —  dx = dx
W s 6x° —20x—16 6 2(3x* —10x —8)

:lﬂ 17 1 }dx
2Js | 14(3x+2) 14(x-4)

8

U ke 2) - Linex— g
2| 1403) 14 6
=1 EIn26—iln4— EIn20—iln2
2| 42 14 42 14
~0.0283

14. (i) Express 1_—2)(2 in the form A - B - LZ where A, B and C are constants.
X(x+1) X x+1 (x+1)

3 1-2x

(i) Hence or otherwise find the exact value of | ———
2 X(x+1)

dx . Express your answer in the form

Ina+b, where a and b are real numbers.

. 1-2x A B C
(i) Let ——=—F—t+—0.
X(x+1)° x x+1 (x+1)
1-2x = A(x+1)* + Bx(x +1) + Cx
Let x=0, A=1
Let x=-1, -C=3

C=-3
Comparing coefficientof X, A+B =0
B=—A=-1
1-2x 1 1 3

TX(x+D)7 X x+1 (x+1)?

P 1-2x 111 3
(W) 2 X(X+1)? x :J‘{;_X_H_(xjtl)z}dx

={In x—In(x+1)+i}3

X+1],
7))
=|In| — |+——
x+1) x+1],

=1In §J+§—In(%—l
4) 4 3

11



15. Given that y:M. Show that dy can be written in the form L and state the
1+sin 2x dx 1+sin 2x

value of k.

dy  —2sin 2x(1+sin 2x) —cos 2x(2cos 2x)
dx (1+sin 2x)?
_ —2sin 2x—2sin? 2x — 2cos® 2x
- (L+sin 2x)?
_ —2sin 2x -2
"~ (L+sin 2x)?
_ —2(1+sin 2x)
~ (L+sin 2x)2
-2
1+sin 2x
~k=-2

3X*+4x-20 A , Bx+C
x+1)(x*+4) 2x+1 x*+4
value of A, of B and show that C =0.

16. (i) Given that

, Where A, B and C are constants, find the

(i) Differentiate In(x*+4) with respect to x.
3x° +4x-20 .
2X+1)(x* +4)

(if) Using the results from parts (i) and (ii), find j(

3> +4x-20 A L Bx+C
@2x+D(x*+4) 2x+1 x*+4
3x% +4x—20 = A(X* +4) + (Bx + C)(2x +1)

s e

(i)

_85_17A
4 4
A=-5
Let x=0, -20=4A+C
C=0
Comparing coefficient of x*, A+2B=3
2B=8
B=4
3x* +4x-20 5 4x

=— +
@x+D(x*+4)  2x+1 x*+4

12



. d 2 22X
(i) d—X[In(x +4)]—X2+4

3x% +4x—20 5 4x
(i I(2x+1)(x +4) :J‘(_Zx+1+x2+4jdx

:—gln(2x+1)+2In(x2+4)+C

13
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1. If the displacement of a particle moving in a straight line from a fixed point is s m after time t s,
and its velocity and acceleration are v ms™ and a ms ™ respectively, then

(@) the velocity function, v= ja dt,

(b) the displacement function, s = _[v dt,
(c) the displacement after t seconds, s = j ;v dt,

(d) the distance travelled in the n™ seconds, s :j‘i}/ dt if v = 0 throughout the n™ second.

2. Whenv= % =0, the particle

(a) is instantaneously at rest and attempting to change its direction of motion (making a U-
turn),
(b) has a maximum or minimum displacement.

dv . : - :
3. When a= pra 0, the particle has a maximum or minimum velocity.

4. When two particles collide into each other, they share a common displacement.



Example

1. Two particles, P and Q, leaves a point O at the same time and travel in the same direction along
the same straight line. Particle P starts with a velocity of 9 m/s and moves with a constant

acceleration of 1.5nvs?. Particle Q starts from rest and moves with an acceleration of a m/s?,
t
where a =1+§ and t seconds is the time since leaving O. Find

(i) the velocity of each particle in terms of t,

(i) the distance travelled by each particle in terms of t.
Hence find

(iii) the distance from O at which Q collides with P,

Solution
(i) Vp=9+15t
t
Vo = j 1+t

t2
=t+—+C
4
When t=0,v=0, C=0

t2
SV, =t+—
© 4

(i) Sp = j (9-+1.5t)dt

2
=9t+3L+C
4

When t=0, s, =0, C =0

2
s,,:9t+3%

2 3
:t_+t_+c
2 12
When t=0, s, =0, CcC=0
t?2
Sy = —+—
2 12
3t2 t2 t3
iii) When s, =s,, 9t+—=—+—
(i) S 4 2 12
108t +9t? =6t +t°
t(t-12)(t+9)=0
Since t >0, t=12
2
When t=12, sp=9(12)+—3(142) _216

P and Q collide at a point 216 m away from O.



Exercise

1. A nparticle travels in a straight line, so that, t seconds after passing a fixed point A on the line, its

acceleration, ams ™2, is given by a=—2—2t. It comes to rest at a point B when t = 4.
(i) Find the velocity of the particle at A.
(if) Find the distance AB.

Solution
(i) v = j(—z—zt)dt
= 2t-t>+C
Whent=4,v=0, 0=-8-16+C
C=24
v=—t2-2t+24

When t=0, v=24
Velocity of particle at A = 24 ms™

(ii) Distance AB = j: (—t? — 2t + 24)dt

£ )
= {———tz + 24t}
3 0

4
= [—%—16+96}
3

0

:583m
3

(iii)

v (ms™

24

t(s)



A particle moves in a straight line, so that, t seconds after leaving a fixed point O, its velocity,
vms™, is given by

v =pt® +qt+4,

where p and q are constants. When t = 1 the acceleration of the particle is 8 ms™. When t = 2, the
displacement of the particle from O is 22 m. Find the value of p and of g.

Solution
dv
a=—
dt
=2pt+q
When t=1, a=8, 2p+q=8
q=8-2p ... (1)
s=j(pt2+qt+4)dt
3 2
=E+£+4t+c
3 2
When t=0, s=0, C=0
3 2
.'.s=ﬂ+£+4t
3 2
8p
Whent=2, s=22, ?+2q+8=22
8p
—+20=14
3 q=1= ... (2)
. 8p
Sub (1) into (2) ?+2(8—2 p)=14

8?p+16—4p=14



3. A particle, moving in a straight line, passes through a fixed point O with velocity 14 ms™. The

acceleration, ams 2, of the particle, t seconds after passing through O, is given by a =2t —9. The
particle subsequently comes to instantaneous rest, firstly at A and later at B. Find

(i) the acceleration of the particle at A and at B,
(if) the greatest speed of the particle as it travels from A to B,
(iii) the distance AB.

June 2007
Solution
(i) v = j (2t —9)dt
=t -9t+C
Whent=0,v=14, C=14
sv=t?-0t+14
When v=0, t*-9t+14=0
(t-2)(t-7)=0
t=2,7
AtA, t=2, Acceleration =2(2)-9
=-5ms >
At B, t =7, Acceleration =2(7)-9
=5ms?

2 2
(i) v :t2—9t+[§j +14—@j
2
:(t_gj gl
2 4

1
Greatest speed = 6 MS

(iii) =.|'(t2—9t+14)dt

3 2
U9 atsc
3 2

When t=0, s=0, C=0

3 2
s i
3 2

When t=2, s:§—§+28:12g
3 2 3

When t=7, S=E—ﬂ+98=—81
3 2 6

. 2 1 7,
Distance AB =12<+8= or —j (t? -9t +14)dt
3 6 2

:m§m
6



4. A particle moves in a straight line such that its displacement, s m, from a fixed point O at a time t s,
is given by
s=In(t+1) for0<t<3,

s=%ln(t—2)—ln(t+1)+ln16 fort>0.

Find

(i) the initial velocity of the particle,

(if) the velocity of the particle when t = 4,

(iii) the acceleration of the particle when t = 4,

(iv) the value of t when the particle is instantaneously at rest,
(v) the distance travelled by the particle in the 4th second.

Solution

(i) For 0<t<3, v :%ﬁmt+n]

_1
t+1
When t =0, initial v=1 ms™
.. dl1l
(if) For t>3, v =a[iln(t—2)—ln(t+1)+In16]}
__ 1 1
2t-2) t+l
When t=4, v _L1
4 5
1 st
20
GijFort>3, a9/t _ 1
dt| 2t—2) t+1
1 1
- 7 T 2
2t-2)%  (t+1)
Whent=4, a =- 12 iz
22?5
17 2
————ms
200
(iv) When v=o, —+ 1 _
2t-2) t+l
t+1-2(t—2)=0
t=5

(iv) When t=3, s=1In4=1.3862
When t=4, s=%|n 2—In5+1In16 =1.5097

Distance travelled in the 4™ seconds = 1.5097 — 1.3862
=0.124 m



5. A particle moves in a straight line such that t s after passing through a fixed point O, its

velocity, vms™, is given by v = k cos 4t, where k is a positive constant.

Find

(i) the value of t when the particle is first instantaneously at rest,

(if) an expression for the acceleration of the particle t s after passing through O.

Given that the acceleration of the particle is 12ms™ when t = %T :

(iii) find the value of k.

Using your value for k,
(iv) sketch the velocity-time curve for the particle for 0<t<r.

(v) find the displacement of the particle from O when t = %.

Solution
())When v=0, cos4t=0
4==
2
t="
8

. d
(i) a :a(k cos 4t)

= —4k sin 4t
(iii) When t:%‘, a=12, —4ksin 37”:12
—4k(-1) =12
k=3
(iv)
vims')
e} \‘ﬁ\ n In i3 3n in _n 7 i)
3.‘: 4 8 2 4 8

(v) s =_[3cos4tdt
:Esin4t+C
4
Whent=0, s=0, C=0
.'.s=§sin4t
4

When tzl, s:EsinE
24 4 6

3
==m
8



6. A motorcycle is driven along a straight horizontal road. As it passes a point A the brakes are
applied and the motorcycle slows down, coming to rest at a point B. For the journey from A to
B, the distance, s metres, of the motorcycle from A, t seconds after passing A, is given by
t

s=400(1—e 10)_16t.

(1) Find an expression, in terms of t, for the velocity of the motorcycle during the journey
from A to B.

(i) Find an expression, in terms of t, for the acceleration of the motorcycle during the journey
from A to B.

(i1i) Find the velocity of the motorcycle at A.

(iv) Show that the time taken for the journey from A to B is approximately 9.163 seconds.

(v) Find the average speed of the motorcycle for the journey from A to B

2009

.Solution

_t
(i) Velocity of the motorcycle, v = 400(— %}(—e 10J—lG

t
=40e 0 -16 ms™

t

(ii) Acceleration of the motorcycle, a = 40[— %)elo

t

= —4e 1 ms?
(iii) AtA, t =0, Velocity of the motorcycle at A =40-16ms™
=24ms™
t
(iv) AtB, v=0, 40e °-16=0
_t
el=04
L In0.4
10
t =-10In0.4
=9.163
The motorcycle took about 9.163 s to reach B.
t
(v) AtB,t=-10In0.4,e =04, s =400(1-0.4)-16(-10In 0.4)
=240+160In 0.4 m
=93.393m

240 +160In 0.4
Average speed =
-10In0.4

=102ms™




7. A particle P leaves a fixed point O and moves in a straight line so that, t s after leaving O, its
displacement, s m, from O is given by
s=tin(t+1)—t.
Find, when t = 20,
(i) the displacement of P from O,
(i) the velocity of P,
(iii) the acceleration of P.

2011
Solution
(i) Whent=20,s =20In21-20
=409 m
.. ds
) v=—
(i) "

SIn(t+1)+— 1
t+1

When t=20, v =In 21—§—1
21
=3.00 ms*
dv
i) a =—
(iii) m
1 t+1-t
=t
t+1  (t+1)°
1 1
=+
t+1 (t+1)°
When t =20, a :i+i2
21 21

~ 2 0 0.0499 ms
441



8. A particle moves in a straight line, so that, t seconds after leaving a fixed point O, its velocity,
—-3. Find

vms™, is given by v = 12
’ t+1)°

(i) an expression for the acceleration of the particle in terms of t,
(if) the distance travelled by the particle before it comes to instantaneous rest.

2012
Solution

(i) Acceleration, a= 3_‘:

=%[12(t+1)2 _3]

=12(-2)(t+1) (1)
24 S
T (t+1)?
12
(t +1)2
12 = 3(t +1)°
(t+1)> =4
t+1=%2
Since t>0,..t=1

(i) When v =0, -3=0

Distance travelled I:[12(t +1)7%2 - 3)dt

— ] 1
) M_ﬂ
0

| (D

- 1

| t+1 0
=—6-3-(-12)
=3m

Alternatively
s = [ [12(t+1) - 3]dt

-1
(-1)
:—i&—&+c
t+1
Whent=0,s=0,0=-12+C=>C=12
-1
g L2+ o s
(-1)
Whent=1 s :—%—3+12
=3

10



9. A particle, moving in a straight line, passes through a fixed point O with a speed of 28ms™.
The acceleration, ams™,of the particle, t seconds after passing through O, is given by
a=-16e°,

(i) Find the value of t when the particle is at instantaneous rest.
(if) Find the distance of the particle from O when it is at instantaneous rest.

2013
Solution
(i) v = _[—16e’°'5tdt

_ 1pa-0.5t

:%m

=32 +C

When t=0, v=28 28=32+C
=4
v=32e""-1

When v =0, 3207 _4=0

9
In s

t=—"2
-0.5
=416

(ii) S=j@mﬂﬂ—®m

—0.5t
=3%55—q+c

=64 %% —4t+C

Whent=0, s=0, 0=-64+C
C =64
-.s=—-64e%" _4t+64

When t =4.1588 s =—64e 05(*1%83 _ 4(4 1588) + 64
=39.4m

11



10. A particle travels in a straight line, so that, t seconds after passing through a fixed point O, its

. o . 8 .
acceleration, ams 2, is given by a= (t The particle comes to rest when t =2,

+ 2)2
Find

(i) an expression for the velocity of the particle in terms of t,
(if) the distance from O at which the particle comes to rest.

Specimen
Solution
(i) v :jsa+2y4m
= 8(t+2)1+C
8
T ot+2

When t =2, v=0, 0=-2+C
C=2

.'.v=—i+2

(i) s =[[2-8(t+2)"]dt
=2t-8In(t+2)+D

When t =0, s=0, -8In2+D=0
D=8Ih2
5.8=2t—-8In(t+2)+8In 2

When t =2, $=4-8In4+8In2
=-1.55
-.Distance fromO=155m

Alternatively
(%o -1
s_kp 8(t +2) 1]dt

=[2t-8In(t+2)f
=4-8In4+8In2

=-1.55
-.Distance from O =1.55m

12



Singapore Chinese Girls’ School
Secondary 4
Additional Mathematics

Revision 2
Name: ( ) Date:
Class:Sec4__
Revision 2: Surds, Indices and Logarithms
Solving of Surd Equations
e Isolate the surd or unknown.
e Square both sides if necessary.
e Simplify and solve equation.
e  Verify your answers.
Example
1. Without using a calculator, find the values of the integers a and b for which the solution of the
: _a++b
equation xv24 = x+/3+ /6 is 7\/_. 2009
X\/24 = XA/3 +/6 e Solve by making x the ) J2 ><\/§+1
subject. =
/24 —x+/3 =+/6 J J8-1 8+1
X8 —x =~/2 e Squaring both sides will _ 4+42
B introduce an additional 7
X(B-D =2 solution which is invalid. a=4

Laws of Indices
The following rules are used for dividing and multiplying numbers written in index form.

° am > an — am+n

e a"sa"=—=a

° (am)n — amn
e a"xb"=(ab)"



Example
1. Simplify

16" + 20(4%)

2X—38X+2

16" 1+ 20(4%*)  16(16%) + 20(16*)

2X738X+2

64 . ~x

3(16 )
_36(16")
8(16%)

N | ©

e Look for common factor between the
numerator and denominator.

e Inthis case, the common factor is 4** or

16",

2. Without using a calculator, find the value of 6%, given that 3** =12*,

3X+2 :1227X
144

9(3") =

3% o

a?xy>=%§

36" =16
(6")2 =16

Since, 6 >0, 6*=4

6*>0

Make 6 the subject.

Solving Exponential Equations

Three types of exponential equations

1. a*=a’

2. a*=b

=>X=Y

=xlga=lgh = x=

3. ap™+bp*+c=0

Example
3. Solve the

@) 2(16"

Solution

following equations.
)=2-3(4)

lgb

Iga

p*>0

(b) 2¢* =7+/e* 3

Compare indices

(@ 2(16")=2-3(4)

2(16") +3(4)-2=0

Let y=4"
2y*+3y-2=0

(2y-D(y+2)=0

1
=, -2
y 2

This is a trinomial of
degree 2.

Solve by method of
substitution

4*>0.

Taking log on both sides
Apply method of substitution

4 ==, —2(NA)
2
22X:2—l
2x=-1
1
X=—=
2



Solving Logarithmic Equations

e Simplify the given equation by applying the appropriate Laws of Logarithm.

e  Express the equation in the form log, M =log, N.

e Solve the equation M =N .

e Apply the method of substitution when none of the Laws of Logarithm are applicable.

Example
4. Solve the following equation.

(@) |094(X+2)+Iog4(4_x):§
(c) log,x=4-log, 27

(@ log,(x+2)+log,(4—-x)=

P~ pplw

|og4(x+2)(4—x)=g|og4
3

log,(8+2x~—x*)=log, 42

8+2x—x*=8

X*—2x=0

X(x-2)=0

x=0, 2

(b) log,(x—8)=1log,81—log, x
log,(x—8)+log, x=2log,9
log,[x(x—8)]=2log,3=1log,9
x°-8x =9
x> -8x-9=0
(x+)(x-9)=0
x=-1(NA),9

(c) log;x=log, 27 -2

Lett =log, x.
=32

t
t?+2t-3=0
t-Dt+3)=0
t=1-3
log,x=1-3
x=3" 33

_3 L
27

(b) log,(x—8)=Ilog,81—log, x

3
:Elog44

N | W

Express the equation in the form
log,M =log, N.

Verify your answers.

Express all the logarithmic terms in a
common base.

Simplify the expression.
logs x is undefined when x = -1

Verify your answers.

Express all the logarithmic terms in a
common base.

Simplify the expression.

None of the laws of logarithms could be
applied, use the method of substitution.

Solve the equation.

Verify your answers.



Graphs of Logarithmic Functions

Consider the graph of y =In(ax+Db),

e the asymptote by solving ax+b =0, '\ /——"

e the x-intercept by solving ax+b =1, 10 ] 1\ (1 ; 1o
e the y-intercept (if any).

y =In(=x) y =In(x)

Note
You might be provided with graph paper for rough work during the O Level Exam. However, you
should sketch you graph on the writing paper provided.

Example
1. (i) Sketch the graph of y =In(+/x+1), for x >-1.

(ii) In order to solve the equation x =e** —1, a suitable straight line is drawn on the same set
of axes as the graph of y = In(+/x+1). Find the equation of this straight line.

(i) e Solve x+1=0 to obtain the asymptote.

e Solve x+1=1 to obtain the x-intercept.

A
/
x=e2* -1 e Make In(+v/x+1) the subject of the
X+1=e2x* equation x = —1.
In(x+1) =2x-4
Insert y=2x—4.

Graphs of Logarithmic Exponential Functions

Note
Consider the graph of y=¢e,
e the asymptote is the x-axisand y =0,
e they-intercept = 1. et , | TN
y = eX y = eix
Consider the graph of y=¢", :
e the asymptote is the x-axis and y = 0, SRERY r i GERAR!
e the y-intercept =—1. . .
y=—¢" y=—e"



Exercise
a+by3 5+243
5+2\/§ 2+\/§ '

1. Without using a calculator, find the integers a and b such that 2012

a+by3 5+2V3
5+2J3  2+43

_ (5+243)?
a+bx/§——2+\/§

_ (25+204/3+12)(2—-+/3)
 (2+3)(2-3)

= (37+204/3)(2-/3)

= 74+ 40/3-37/3-60

=14+343
a=14
b=3

2. Giventhat \/p+q/2 = 2 ;/E where p and q are integers, without using a calculator, find
+

the value of p and of q.

2
Jp+av2 =
P+ 34242

_2(3-2V2)
9-8
p+0v2 =4(3-22)
= 4(9-12/2 +8)
= 68—482

3. Thecurve y=ax", where a and n are constants, passes through the points (2, 40), (3, 135) and
(4, k). Find the values of n, a and k.

At (2,40), 40=a(2") ... 1)
At (3,135), 135=a(3") ... )
At(4,k), k=a(@d" ... (3)
. 135 _a@")
@) 40 a(2")
E_ﬁ"
g8 (2
n=3
Sub n=3into (1) 40 =8a
a=
Sub a=5,n=3 into (3) k =5(64)



4. Baby food is heated in a microwave to a temperature of 80°C. It subsequently cools in such a
way that its temperature T°C, t minutes after removal from the microwave, is given by
T =20+ Ae™, where A and k are constants.

(i) Explain why A =60.

When t = 1, the temperature of the food is 65 °C.
(if) Find the value of k correct to 3 significant figures.

A baby should only be given this food when the temperature of the food is less than 40 °C.
(iii) Determine, with working, whether it is safe to give the food 4 minutes after removal from

the microwave. 2014
(i) Att=0,T=80°C, 80=20+A (iii) Whent=4, T =20+60e*""
=39.0 <40

(i) Whent=1, 65=20+60e™ It is safe to give the food to the baby.

60e™ =45

e k= 3

4
—k=In (§j
4
k =0.288

5. Thecurve y =5-¢°* intersects the coordinate axes at the points A and B.

(i) Given that the line AB passes through the point with coordinates (In 5, k), find the value of
k.

(ii) In order to solve the equation x =In+/9—x, a graph of a suitable straight line is drawn on
the same set of axes as the graph of y =5—e**. Find the equation of this straight line.

(i) When x=0, y=4 (i) x =In+/9-x
When y =0, 5—e* =0 :lln(g—x)
eZX_5 2
2x=1In(9-x)
X=§In5 e2X:9_X
4 8 e oy —
Mg = - =_|n5 e X—9
—§|n5 5-e*=x-4
8 Insert y=x-4
Equation of AB, y=4=-135"
o4 B
In5
At(n5.K),  k =4—-5_(in5)
In5
=4




6. Without using a calculator, find the fractions p and g, for which

J2+6
V12 +4/3

can be expressed as

P2 + /6.

V2+J6  J2+46

V12+43 23+43
_(2+46) 3
33 3

\/€+3\/§

9
NN
9 3

7.

(a) A triangle has a base (3v/5++/7)cm and an area (5+/35+37) cm’
Find the height of the triangle in the form (a~/5 +b+/7)cm, where a and b are integers.

(b) Given that coséd = c 12\/5 , Where @ is acute, express sec? @ in the form m+ n+/3 where

m and n are integers.

2Area

Base

 2(54/35+37) 3547
NN NN

_ 2(7547 -354/6 +1114/5 - 374/7)
- 45-7

_ 2(38/7 +764/5)

B 38

= (27 +44/5) cm

(@) Height =

1

cos? 0

= (5-24/3)?
=25-20./3+12
=37-2043

(b) sec? 6 =



8. In APQR shown below, sides PQ and QR are (3—+/2) cmand (b—8+/2) cm respectively and
/PQR=45°,
Given that the area of APQR is (1372 —18) cm?,

(i) showthat b =12,
(ii) find the perpendicular distance from R to PQ, leaving your answer in the form p+/2 —q.

(i) Areaof APQR :%x(b—sﬁ)(s—ﬁ)sin 45° (b—842)

Q T
/ 45°

(13v/2 —18) :%x (b—sx/i)(3—\/§)£§j

4132 -18) ~
b—8\/_——3\/5_2 (3-+2) \\\

4132 -18) 3J2+2
= X P
3W2-2 3242
_ 4(78+ 2672 —54./2 - 36)
14

—12-82
b=12

(i) find the perpendicular distance from R to PQ, leaving your answer in the form p+/2 —q.

. . 2(137/2 -18)
Perpendicular distance = W
_2(13V2-18) 3+42
o 3-2 T3+42
_ 2(39V2 +26-54-18/2)
- 7
 2(2142 - 28)
=S
= (6\/5—8) cm

2
Xg’nfly2 x 273

3(\/})2!‘] (y5n+1) '

9. Simplify

2
X3n71y2 % 273 X3n71y2 % 32

3(\/;)2n(y5n+1) - 3Xny5n+1

2n-1,,1-5n

=3X"y




10. Without using a calculator,
. . ] 3 r 2 6-r\2
(i) find the value of r and of n, given that X2 x (")
r 27X
3+4/2

242 -1

(i) simplify in the form a+b+/2.

i) 3x" . 2(r6—r)2
r? 27X
gxrflrlo—Zr — nx2
9

Comparing indices and coefficient,

= I’]X2

3+\/5
242 ~1

3++/2 B 3++/2 X2«/§+1
2N2-1 2J2-1 2V2+1
_6\/§+3+4+\/§

7

7247
7

=+2+1

(i) simplify in the form a+b+/2.

=nx?,

11. Given that (\/6 —2)x = (\/5 +2),
(i) find x in the form of a+b+/6,

. 1 .
(i1) evaluate X+ < without using your calculator.

(i) x =\/€+2
J6-2 X
_\/E+2X\/E+2
J6-2 JB+2
_6+46+4
=
=5+26

i) x+% =5426+

=5+2\/€+

1

5+2\/€

1 5-2J6

X
5+2J6 5-26

—5+2J6+5-26

=10



anbn—l _ a2n+1

anbn—l _ a2n+1 ~ an (bn—l _ an+1)
b2n—1 _ bnan+1 - b (bn—l _ an+1)
n

_a
b

81" +16(9%%)
81" +16(97) _ 81(3") +16(3")
3x—3 .27x+2 - 3x—3 ] 33x+6
- 97(3%)
- 34X+3
_9
27

14. Find the solutions to the equation (2+/3 +1)x2 — (v/3 + 2)x+1—+/3 =0, expressing your answers

a\/§+b

in the form

, Where a and b are integers, when necessary.

(B 2) (V3 +2)% - 4(2J3+1)(1-3)

2(2+/3 +1)
_(\/§+2)J_r\/3+4\/§+4—4(—6+\/§+1)
- 2(27/3+1)
_(x/§+2)i\/ﬁ
C2(243+))
_(\/§+2)i3\/§
©2(243+1)
4342 of X — 2-23
2(2V3+1) C2(24/3+1)
9 _1-43 X2\/5—1
2.3+1 243-1
_2\3-1-6+/3
- 11
3J3-7
o1n

10



15. Show that if n is a positive integer, 7(9"*") —6(3*") + 3*"** is exactly divisible by 14.

7(9") - 6(3°") +3°"°

= 7(9)(3%") - 6(32") + (27)3*"
= (3°")(63-6+27)

=84(3°")

=14(6)(3°")

Since 7(9"™") —6(3°") +3°"** is a multiple of 4, it is exactly divisible by 14.

3
16. The equation 2%P —7(23) = E(26‘) —8 has a solutiona =1.

(i) Find the value of b.
(it) Hence, find the other solution of a.

(l) 22a+b _ 7(2a+b) _ g(za) -8
22+b _ 7(21+b) — 2(2) _8

42°) -7(2)(2°) =5
10(2°) =5
1

M-
2

=1

(i) 2221-7(2% ) = g(za) -8

228 _7(2%)=3(2%)-16
(22)2-10(2%) +16=0
Lett =22

t2-10t+16 =0
(t-8)(t—2)=0

t=8, 2

28 =28 21

a=31

The other solution is a =3.

17. Solve the equation
X+5

O s
(x+5)2:7x+29
X2 +10X + 25 = 7X + 29
X2 +3x—-4=0
(x+4)(x-1)=0
X=-4,1

11

(i) 25° —2(5*"1)+25=0
(5)2 -10(5*) +25=0

(5*-5)%=0
5X=5
x=1



(iii) 2¢* =7\/eX -3 51,
x 2’
2" =7e2 -3
X 1 In3
X 2 2
Lett =e2. 1
) Xx=2In=, 2In3
2t°=7t-3 2
2t2—7t+3=0 =-1.38,2.18
(2t-1(t-3)=0
R
2
18. Solve the equation +/13 -2x —x =1,

V13-2x —-x=1

V13-2x =1+X

13— 2x = (14 x)?

13-2x=x*+2x+1

x> +4x-12=0

(x+6)(x-2)=0

x=-6(NA), 2

19. Solve the following equations.

() 2++/2x-1=x (b) (\/81)* =31 =3 -3
V2x-1=x-2 9*-3(3)-3"-3=0
2x—1=(x-2)? (3)2-4(3")-3=0
2x—1=x*—4x+4 Lett=3"
x> —6x+5=0 t? —4t+3=0
(x-1)(x-5)=0 (t-1(t-3)=0
x=1(NA), 5 t=1 3

3¥=13
x=0,1

12



3 3

20. (i) On the same axes, sketch the graphs of y =4x2 and y = 2x 2.

(it) Determine, with explanation, the number of solutions of x for the equation
3 3

4x2 +2x 2 =0.

3 _3
(i) On the same axes, sketch the graphs of y =4x2 and y=2x 2.

ol

(it) Determine, with explanation, the number of solutions of x for the equation

3 _3
4x2 +2x 2 =0.

3 _3 3 _3
42 +2x 2 =0 4x2 =-2x 2
No solution.

1 1
21. Show that log xyzzlog3x+Elog3 y.

log, xy=logq xy
=logy x+logy y
_logsx , logsy
log;9 log,;9

1 1
=Elog3x+EIog3y

13



22. (a) Giventhat log ; x+1log,; y =log,;(X—Yy), express x in terms of y. [3]

log,3 X+ 109,53 y =log;5(x - )
log;5 Xy =logy5(x-Y)
Xy=Xx-y
X=Xy=Yy
xA-y)=y

y

X=——
1-y

(b) Giventhat u=log, z, find, in terms of u,
3
(i) Iog3; =log;3-log,z
=1-u
(i) log327z =3log;3+log,z

=3+U

(i) log,9 =

2
23. (i) Evaluate log, x given that log, 8 = 3

log, 8=

log,8

log, x
3

Iogzx_

NIO wir win WIN

log, x =

(i) Given that t =+/5++/3, find the value of t—% .

2 2 5-.3
=B e B
=5 +3-(/5-43)
-23

24. A certain virus grows from an initial population of 1000 to size S at the end of t days.
14



Itis given that S :1000(2'“), where k is a constant, and that the population doubles at the end

of 20 days.

1
(i) Show that the value of k = 0"

(if) Find the size of the population of the virus, to the nearest integer, at the end of 30 days.
(iii) Find the number of days taken for the virus to reach a population of 8000.

(i) When t=20,  2000=1000(2>%)
24 =2
20kt=1
- L
20

1

30x
(i) When t=30, S =1000(2 )
= 2820

t
(i) When S =8000, 8000 =1000 (2%°)
t
220 —g— 23
k
20
k =60

=3

It takes 60 days.

25.

Food ordered from a particular caterer is delivered at a temperature of 75°C. It subsequently
cools in such a way that its temperature, T°C, t hours after delivery, is given by

T=25+ Ae_kt, where A and t are constants.

(i) Find the value of A.

When t = 2, the temperature of the food is 40°C.
(i) Find the value of k correct to 3 significant figures.
(iii) State, with explanations, the temperature of the room where the food is placed.

(i) Whent=0, T=75 75=25+A
. A=50

15

(i) When t=2, T=40, 40=25+50e
50e %k =15
e =03
-2k=In0.3
Koo In0.3
2
=0.602

(ili)As t > o0, T — 25,
..room temperature = 25°C.



26. A biologist conducted a research on a particular type of bacteria.

At the start of the experiment, there were 100 bacteria in the growth medium.
After 6 hours, there were 450 bacteria.

Assume that the growth of bacteria follows the equation A= A)e"t , Where A is the number of

bacteria, Ay is the initial number of bacteria, t is the time of growth in hours and k is the growth

constant.

(i) Show that A, =100 and k =0.251.

(it) Determine the number of hours for the number of bacteria to be 10 times the original
number.

(iii) Determine the number of bacteria present after 1 day of growth.
(iv) Find the rate of change of A after 2 hours.

() Whent=0, A=100, A =100 (ii) When A=104,, e"®*"'=10
When t=6, A=450,  450=100e% 0.25067 t =In10
ek=45 (10
0.25067
6k =In4.5 _919
In4.5
k= 6 (iii) When t = 24, A —100g24x0-25067
=0.25067 — 41000
~0.251
.. dA "
iv) — = Ajke",
(iv) m Ay
When t:2' (2]_? :100XO.25O6782(0'25067)
=41.4 bacteria per hour

27.

The population, x, of a certain micro-organism, present at t hours after the initial observation, is
given by the formula x =200(1+ e_O'Zt) :

(i) Find the initial population of the micro-organism.

(i) Find, to the nearest hundred, the population of the micro-organism, one day after the initial
observation.

(iii) Estimate the population of the micro-organism several years after the initial observation.

(iv) Sketch the graph of x = 200(1+e %)

(iv)
(i) When t=0, x =200(1+1) ¥
=400 1004
(i) When t=24,  x =200(L+e*9)
~200 \. x=200(1+ &)
2001 T
(iii) As t —> o0, €92 0, x — 200
Population of the micro-organism
~ 200 X
14
0

16



28. The temperature, T°C, of a liquid after x minutes is given by formula T =100 (0.9)".

(1) Find the initial temperature of the liquid.

(if) Find its temperature after 6 minutes.

(iii) The temperature decreases from its initial temperature by 19°C in m minutes. Find the

value of m.

(iv) Find the temperature as x becomes very large.

(v) Sketch the graph of T against x.
(i) When x=0, T =100

(i) When x=6, T =100(0.9)
~53.1

(iii) When T =81,  81=100(0.9™)
0.9™=0.81
mlg 0.9=1g 0.81
n_ 0081
lg 0.9
=2

(iv) When x —>c0, T —0°C.

(v)

1001

T =100(0.9)"

h 4

29.

(i) Sketch the graph of y=In(2+x) for x > —2, showing clearly the asymptote and the axis

intercepts.

(ii) By adding a suitable straight line to your sketch, determine the number of solution(s) of the

equation xe* =7 —2e*.

(i)

[
”

=

(i) xe*=7-2e*

xe* +2e* =7
X
X+2

Xx=In7-In(x+2)
In(x+2)=In7-x
Insert y=1In7-x

17



30. The equation of a curve is log, y =alog, x+b, where a and b are constants.
(@) (i) Given that the curve passes through the points (2, 8) and (%,32}, find the value of a

and of b,
(ii) Show that the relationship of x and y can be expressed in the form of y=kx" and state
the value of k and n.

(b) Given that log ,; x3 = log g U, express u in terms of x.

@ (i) At(2,8), log,8=alog,2+b
3=a+b (1)
(%) ossamabn
At|=,32], log,32=alog,| = |+b
2 2
5=—-a+b ...... )
1) -2 —-2=2a
a=-1
b=4

(ii) Show that the relationship of x and y can be expressed in the form of y =kx" and state
the value of k and n.

log, y=—log, x+4
log, y=—log, x+4log, 2

16
log, y=|ogzy

16
y:_

X
y=16x""
k=16
n=-1

(b) Given that log ,; x3 = log g U, express u in terms of x.

log,; x* = loggu
log;x® log;u
log;27 log;9
3log;x  log,u
3log;3 2log;3

log,u
log, x = —2—
93 2
log;u =2log, x
log;u = log; X2
u=x

18



31. Solve the equation Ig(4* —10)—x lg 2=1g 3.

lg(4* -10)-xlg 2=1g3
lg(4*-10)=Ig3+1Ig 2*
lg (4" —10) =g 3(2")]
4% -10 =3(2")

(2¥)* -3(2*)-10=0

Lett=2%
t?-3t-10=0
(t-5)(t+2)=0
t=5 -2
2" =5 —2(NA)
lg 2
=2.32

32.

(i) Show that log, p= !
log

p

(if) Solve the equation log , x—log 4 X = (log ; x)(log 4 X) .

log, p
log , X
1

__bgpx

(i) log,p =

4log, 2=4-log, x
4

log, x

Lett =log, x.

4o

t

4 =4t —t?

t2-4t+4=0

(t-2)>=0

t=2

log, x=2

x=2%2=4

=4-log, X

(i)
log,; x —

log; x —

Lett =log, x

t_lz{Lj
22

—(1-t)=0
t=0,1
log;x=0, 1
x=1 3

19

logsx _
0959

log; X

where p > 0. Hence solve the equation 4log, 2 =4-log , x.

log ; x —log , x = (log ; x)(log 4 X) .

log, x

g, X
% [bg39j
log; X
=Ioggx( %; j




33. Solve the equation:

(i) 3(0.9=15 (i) 2log,x—6log,2=1
0.9°=05 2log, x 810922 _
. lg0.5 log, x

Ig 0.9 Lett=log, x.

=6.58
2t-2-1

1

22 -t-6=0
(2t+3)(t-2)=0
3

t=—2, 2
2

3
log, x=——, 2
9> >

3
x=22,2°
=0.354, 4

34. Solve the following equations.

(i) V3x—9-3Jx-5=0 (iii) log, x=16 log, 3
V3Xx-9=-3Jx-5 o _16log,3
g3X=
3x—9=9(x-5) log; x
3x—9=9x—45 Lett =log, x.
6x =36 (16
X=06 t
t? =16
(i) e*(2e* -39)=20 t=—4, 4
Lett=e*. log;x=-4, 4
t(2t —39) = 20 x=3" 3
2t -39t -20=0 _la
(2t +1)(t—20)=0 81
t=—1 2o (iv) log,(2-3x)=1+2log, X
21 log,(2—-3x)=1log,2+2log, x
eX:—E(NA), 20 =log,(2x?)
x=1In20 2 —3x = 2x*
=3.00 2x* +3x-2=0
2x-D)(x+2)=0
1
x==, —2(NA
5 ~2(NA)

20



Singapore Chinese Girls’ School
Secondary 4(IP)
Integrated Mathematics Il
Second Derivatives and Application

Name: ( ) Date:

Class: Sec 4

Learning Objectives

At the end of the lesson, you will learn to

o find the coordinates of a stationary or turning point of a given curves at using dy =0.

e observe the changes in gradients at a stationary point (or a turning point) to determine whether
the point is a maximum point, minimum point or point of inflexion.

Worksheet 21: Nature of Stationary Points

Determination of Maximum and Minimum Points
Consider the graph of y=f(x) in the diagram below.

¥ _y 4 Fl
dx
f‘{i dy 0 & > O/
! . X
\ ) /
LY -~ / .
A dy dv \\ /
I/ a <0 // a < 0~
dr d._} 3 dx dx
|, N
|
Gradient of the curve Gradient of the curve
. . d . . .
Along | dy >0 = y increases as X increases AtD & _ 0 = D is a stationary points
AB dx dx
d . . . d .
At B o 0 = B is a stationary points Along &y <0 = y decreases as x increases
dx DE dx
Alon dy <0 = y decreases as x dy
g dx AtE — =0 = is a stationary points
BC . dx
increases
d . . . . .
AtC o 0 = C s astationary points Along | dy >0 =y increases as X increases
dx EF dx
Along | dy . .
CD I >0 = y increases as x increases
Stationary points
. d
Points B, C, D and E where d—y =0 are called stationary points.
X

Maximum and Minimum Problems



Minimum points
Point C (or E) is called a_minimum point because y =f(x) has a_minimum value as compared to
the points along BC and CD (along DE and EF).

Points C and E are also known as local minimums as they do not represent the minimum value of
the whole curve.

Maximum points
Point B (or D) is called a_maximum point because y =f(x) has a maximum value as compared to
the points along AB and BC (along CD and DE).

Points B and D are also known as local maximums as they do not represent the maximum value
of the whole curve.

Points of Inflexion
Consider the graphs of y=f(x) and y=g(x) in the diagram below.

y=1(x)
&, At points A and B, g_y =0, but they are both
d _ . X~ :
§ neither maximum nor minimum points.
We call these points the stationary points of
inflexion.
Summary

Givenacurve y=f(x),

(@) When g—yzo at x=a, then (a,f(a)) is a stationary point. (a,f(a)) is a_turning point if it is
X

either a maximum point or a minimum point.

(b) If t;_y changes sign from positive to negative as it passes through x=a, then it a maximum
X

point.

(c) If g_y changes sign from negative to positive as it passes through x=a, then it is a minimum
X

point.

(d) If 3_y does not change sign as it passes through x=a, then it is a stationary point of inflexion.
X

Maximum and Minimum Problems 2



Example 1
3
: . . X
Find, by calculus, the stationary point of the curve y = 3 X.

Observe the changes in the sign of the gradient of the curve and determine the nature of the point.
3

Hence, sketch the graph of y = X? -X.

y=?_x “k i
1=?—\
d—y:x2 -1
dx 2)
dy 3
When =~ =0, x*-1=0
dx
x=1 -1 . px
22 N/
3'3 Pt
. . 2 2 L-3]
The stationary point are 1,—§ and —1,5 : .
2
At (1, __jl X 1 1 1
3
dy
— _ 0 +
dx
Slope \ — /

As x increases through x =1, (;I_y changes sign from negative to positive, (1,—§j IS @ minimum
X

point.
2
At|-1—1|, -1 1 -1*
( 3) X 1 1
dy
— - +
dx 0
Slope / — \

As x increases through x = -1, j_y changes sign positive to negative, (—1, §j IS a maximum point.
X

Maximum and Minimum Problems 3



Example 2

Given that curve y= (x—2)3, find the coordinates of the stationary point and determine its nature.

ay _ 3(x—2)?
dx

When OI—y:O, 3(x-2)*>=0
dx

X=2
y=2
X 2 2 2"
dy + 0 +
dx
Slope / — /

.. (2, 0) is a point of inflexion.

Example 3

. 2x+1
A curve has the equation y =——, where x=1.

(@ Find d_y
dx

(b) State whether this curve has a stationary point. Justify your answer.

dy  (x-D()-@x+)Q)
dx (x—1)2
_ 2x-2-2x-1
o (x-1?
3

(@)

(x=1)?

3

x_1) <0

(b) Since (x—1)?>0, for x=1, —

d
. Yy <0,
dx
Hence, y is a decreasing function without any stationary points.

(Pg409Q2)

Maximum and Minimum Problems



Example 4

The equation of a curve is y = x(x —1)3.

(1) Show that g—ican be expressed in the form (x—1)?(ax+b) where a and b are integers.

(if) Find the coordinates of the stationary points on the curve.

(iii) Observe the change in sign of dy as x increases through each of the stationary points. Hence,

dx
deduce the nature of the points.

(iv) Sketch the graph of y =x(x—1)3.
(i) y=x(x-1°

dy _ (x-D)*@) +x(3)(x~1)
dx

= (x—-1)%(x—1+3x)
= (x—1)*(4x-1)

(ii) When j—y=o, (x—1)?(4x—1) =0
X
x=1, 1
4
When x=0, y=0

3
When x=%, y :1(—§j

4\ 4
__2
256
: : 1 27
The stationary points are (1, 0)and | —,———|.
4 256
. . 1 1 1
i X 1 1 1 = - =
(iii) 2 4 i
d_y + 0 + — 0 +
dx
Slope / — / \ — /
(1, 0) is appoint of inflexion. . y
(IV) F's
1 27). - :
—,——— isa minimum point.
[4 256j
0 b
(127
47 256)

Maximum and Minimum Problems 5



Example 5
Given that y = x® —6x? +3, find

(@) an expression for j_y
X

(b) the x—coordinates of the stationary points.

Show that the gradient of the curve between the stationary points is always negative.  (Pg409Q9)

(@ x=1 x=4 OI—y=3x2—12x
dx

(b) When j—yzo, 3x? -12x=0
X

3x(x—4)=0
x=0, x=4 2 0

-10

10

dy _ 3x2 —12x e
dx
=3x(x—4)

For 0O<x<4,0<3x<12
—4<x-4<0
~3X(x=4)<0
ﬂ <0
dx
Hence, the gradient of the curve between the stationary points is always negative.

Maximum and Minimum Problems 6



Singapore Chinese Girls’ School
Secondary 4(IP)
Integrated Mathematics Il
Second Derivatives and Application

Name: ( ) Date:

Class: Sec 4

Assignment 22: Nature of Stationary Points

1. Giventhat y=2x(1—x)?,
(i) show that g—ycan be expressed in the form (1—x)*(ax—b),
X
(ii) find the coordinates of the stationary points,

(iii) by considering the sign of j—y determine the nature of the stationary points.
X

Solution
(i) dy =2(1-x)* - 6x(1—X)?
dx
=2(1-x)*(1—x—3x)
= (1-x)*(2—-8x)

(i) When %:0, 2(1-x)*(1-4x)=0
X

1

4

27

128

x=1
y=0,

The two points are (1, 0) and G %) are stationary point.

(iii)
1 1 1" - +
X = — = 1 1 1
4

dy
—= + 0 - - 0 -

dx
Slope / — \ \ — \

1 27). . .
—, —— |Is a maximum point.
4 128

(1, 0) is a point of inflexion.

Maximum and Minimum Problems



2. Giventhat y=(X-5)V7+X,

(i) find an expression for (;l_y
X

(ii) find the x-coordinate of the stationary point.

(iii) by considering the sign of g_y determine the nature of the stationary points. (Pg409Q5)
X

Solution
0 Y 7w+ (x—5)x—
dx 247 +x
_2(7T+X)+x-5
27 + X
_ 3x+9
2/ T+ X
. dy
(i) When —=0, 3x+9=0
dx
X=-3
y=(-3-5)v7-3
=-16
(-3, —16) is a stationary point.

(iii) At (=3, -16),

X -3 3 -3"

dy

2 _ O +

dx

Slope \ — /

(=3, —16) is a minimum point.

Maximum and Minimum Problems 8



2x-1
X2 +2

3. Giventhat y=

(i) find an expression for d_y

dx
(i1) find the x-coordinate of the stationary point.

(iii) show that y increases as x increases between the stationary points.

Solution
i) dy _ 2(x*+2)-2x(2x-1)
dx (x? +2)°
X% +4-4%% +2x
(x> +2)°
_=2X%+2x+4
(X2 +2)?
_ =2(x-2)(x+1)
(x* +2)°
. dy
(i) When d—:O, -2(x+D)(x-2)=0
X
X=-1 x=2
(i) dy =_—2(x+1)(x—2)
dx (x> +2)°

For -1<x<2, 0<(x+1)<3
-3<(x-2)<0
(xX*+2)?>2
Cdy - 2(x+D)(x-2) 20

" dx (X2 +2)°

Hence for —1<x <2, y increases as x increases between the stationary points.

-~y

(Pg409Q10)

Maximum and Minimum Problems



x-1
Find the coordinates of the stationary point on the curve defined by Yy = B Determine the
nature of this point.

1
x{l(x—l)_z}— x-1
d_y ~ 2

dx x?
X
_ 2Jx_4_m
2
_ X=2(x-1)
C2x2x—1
. 2=X
T 2x2Jx—-1

When d—y=0, 2—x=0
dx

The stationary point is | 2, 1)

X 2" 2 2"

dy
-7 + 0 —
dx

Slope / — \

Hence (2, %) IS a maximum point.

Maximum and Minimum Problems 10



: b :
5. A curve has an equation of the form y = ax+—, where a and b are constants. Given that the
X

curve has a stationary point at (3, 5). Find the value of a and of b. (Pg409Q12)
dy _,_2
dx X3
At (3,5), ﬂ:o, a—2—b=0
dx 27
2b
=— ... 1
> (1)

y=5, 5:3a+g ...... )

sub(1)into (2) 5= 3(2_bj+9

Maximum and Minimum Problems 11



6. Thecurve y= Xz(x — k)z, where k is a non-zero constant, has three stationary points.

(i) Find ‘;_y in terms of k.
X
(if) Given that the curve passes through the point (1, 1), find the coordinates of each stationary
point.
(iii) Determine the nature of the points.

(iv) Sketch the curve for —1<x <3. (Pg410Q16)

(i) dy =2x(x—k)? + 2x?(x —k)
dx

=2X(x=K)(x =k + x)
=2X(x=k)(2x k)

(i) At(1,1), 1=(1-k)?
1-k=1-1
k =0(NA),2

dy =2x(x—-2)(2x-2)
dx
=4x(x-2)(x-1)

When (;_y =0, 4x(x-2)(x-1)=0
X
x=0,2,1
y=0,0,1
The three points are (0, 0), (1, 1) and (2, 0).

(i)

X 0 0 0" 1 1 1* 2" 2 2"

dy
dx

Slope \ — / /

(0, 0) and (2, 0) are minimum points
(1, 1) is a maximum point.

(iv)

w

-1 0 1 2 3

Maximum and Minimum Problems

12



7*. The curve y= xC+ax® + bx +C, where a, b and ¢ are constants, touches the x-axis at x = 1 and
crosses the x -axis at x = 4. Find
(i) the values of a, b and c,
(if) the coordinates of all the stationary points on the curve, and state the nature of each point,

(iii) the equation of the tangent to the curve at x = 0. (Pg410Q18)
(i) At(1,0), O=1+a+b+c ... (1)
At(4,0), 0=64+16a+4b+c  ...... (2)
(2)-(2) 0=63+15a+3b
0=21+5a+b
b=-—21-5a ... (3)
Y 324 2ax+b
dx
dy
At(l,O),&:O, 3+2a+b=0 ...... 4)
Sub (3) into (4) 3+2a—-21-5a=0
3a=-18
a=-6
b=9
c=-4
(i) y=x>-6x>+9x—4
Y 32 _10x49
dx
dy 2
When d—=0, 3x°—12x+9=0
X
x? —4x+3=0
(x=3)(x-1)=0
x=31
y=-4,0
The stationary points are (3, —4) and (1, 0).
(iii)
X 1 1 1 3 3 3
dy
— + 0 - — 0 +
dx
Slope / — \ \ — /

(1, 0) is a maximum point.
(3, —4) is a minimum point.

(iv) Whenx=0, y=-4
&g
dx
The equation of tangentisy =9x — 4

Maximum and Minimum Problems 13



Singapore Chinese Girls’ School
Secondary 4(IP)
Integrated Mathematics Il
Second Derivatives and Application

Name: ( ) Date:

Class: Sec 4

Learning Objectives

At the end of the lesson, you will learn to
dy
dx?

e use the value of at a stationary point A(a, f(a)) to determine whether A is a maximum or a

minimum point.

Worksheet 23: Second Derivative

Determining Maximum and Minimum Points Using the Second Derivative of v

The diagrams below shows the curve y =f(x) and the graph of g—y against x.
X

’ -~ -~
4 al” 41 dx
2 2
X X
J » 14
2 -1 0 1 2 -2 - 0 1 2
-2 -2
-4 -4

dy

From the graph of —
dx

against x, it is observed that

@ g—y decreases as x increases through A,
X

2
(b) the rate of change of %at A e i[d_yj = d_y <0 atA.

Cdxldx ) dx?
2
Thus a turning point is a maximum when g—i =0 and 3—32/ <0.
X

(c) g—y increases as x increases through B,

X

2
(d) the rate of change of d—yat B, i.e. i(d_yj :u >0 atB.
dx dx(dx) dx?

. . - dy d’y
Thus a turning point is a minimum when Foie 0 and o
X

Maximum and Minimum Problems 14

>0 .




Summary
Givenacurve y=f(x),

2
(@ When %:O and 3—)2/;& 0 at x=a, then (a, f(a)) is aturning point.
X

d’y

(b) If o >0, then (a, f(a)) is a minimum point.
X

2
() If 3—32/ <0, then (a, f(a)) isa maximum point.
X

Example 1
Given that y = (x—1)(x+2), find

dy d’y
a) —= and —,
(@) dx dx®

(b) the stationary values of y and determine the nature of these values.

(a j—i =2(x=D)(x+2) +(x—1)?
=2x%2 +2x—4+x? —2x+1
=3x"-3

d> d
o e
=6X

(b) When g—y: , Xx=-11

X
When x=-1, y=4
d?y
<0
dx?
..y is a maximum value.
When x=1, y=0
2
d_y> 0
dx®

.y is a minimum value.

Maximum and Minimum Problems

15



Example 2

Find the coordinates of the turning point of the curve y=8x+ % and determine whether this point
X

IS & maximum or minimum point.

(Pg409Q8)
dy i(8x+lx 2}
dx  dx
=8-x"°
dzy d _3
— =—(8-x
dx? dx( )
=3x7*

2 _4

When x:l, d—¥ = 3@]
2 dx
=48>0

(% 6) Is @ minimum point.

Maximum and Minimum Problems 16



Example 3

Show that the curve y = XL; where x # 3 has neither a maximum nor a minimum point.
X_

dy _ (x=3)-(x+2)
dx  (x-3)°
5
(x-3)*

5

(x_3)? <0

Since x#3, (x=3)> >0, —

Hence, d—y #0.

dx

Ly= XL? does not have any turning points.
X —

Example 4

Show that the curve y = 21x_—1 where x =1 has neither a maximum nor a minimum point.

dy 2(1-x)+(2x-1)
& (1-x)7
1
(1%’

Since 1-x)2 >0,
(1-x) (L x)?

Hence, d_y # 0.
dx

y= ix—l does not have any turning points.
—X

Maximum and Minimum Problems



Example 5

Given that curve y = (x+1)*, find

(@) an expression for g—i

(b) the coordinates of the stationary point and determine its nature.

(a) @y _ 4(x+1)°
dx

(b) When :—y:o, 4(x+1)°=0
X

y=0
d’y
o =12(x+1)?

d’y
When x=-1, d_2:O (inconclusive).
X

X -1 -1 1"
dy <0 0 >0
dx

Slope \ — /

Hence (-1, 0) is a minimum point.

Maximum and Minimum Problems

13



Example 6
Given that curve y = (x—1)%+2, find

(@) an expression for g—i

(b) the coordinates of the stationary point and determine its nature.

() dy =3(x-1)?
dx

(b) When %:o, 3(x—1)? =0

x=1
y=2
d’y
—2 =6(x-1
dx? (x=1)
d’y
When x =1, d_2: 0 (inconclusive).
X
X 1 1*
dy
— >0 >0
dx
Slope / /

Hence (1, 2) is a point of inflexion.

Maximum and Minimum Problems

14



Secondary 4(IP)

Name: ( )

Class: Sec 4

Assignment 24: Second Derivative

Integrated Mathematics Il
Second Derivatives and Application

Singapore Chinese Girls’ School

Date:

1. Find the coordinates of the stationary point(s) of the following curves and determine the nature

of each point.

@) y=x(x-6)°

0 y=x'+o
X

(a) ay _ (x—6)? +2x(x —6)

dx
=(X—6)(x—6+2x)
=(x—6)(3x—6)
=3(x-6)(x—2)
when ¥ 20 3(x—6)(x=2)=0
dx
X=06, 2
y=0, 32

The stationary points are (6, 0) and (2, 32).

2
9 _3(x—-2)+3(x—6)
dx

=6x-24

2

When x =6, %:12>0
X

6, 0) is a minimum point.

( P
2

When x =2, %:-1&0
X

(2, 32) is a maximum point.

(b)

d_y :ZX_E

dx X2
_2(x*-8)
==

When g_y =0, 2(x*-8)=0

X
x> =8
X =
y=12
The stationary points are (2, 12)
2 32

2
When x =2, d_¥:6>o
dx

(2, 12) is @a minimum point.

Maximum and Minimum Problems
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2. The graph of y =2x®+ax’ +b has a stationary point (=3, 19) . Find the value of a and of b.

Determine whether this stationary point is a maximum or a minimum, (Pg410Q14)
dy _ 6x° + 2ax
dx
_ dy _ 2 _
At (-3,19), o 0, 6(-3)“ +2a(-3)=0
54—-6a=0
a=9
At (-3,19), y=19, 19=2(-3)3 +9(-3)* +b
19=-54+81+b
b=-8
2
dxz' ~12x+18
d?y
When x =-3, — =12(-3)+18<0
X

(-3,19) is a maximum point.

3. Prove that the curve y =3x* +kx has only one turning point. Find the turning point where

k =12 and determine the nature of this point. (Pg410Q11)
ay _ 12x% +k
dx
When ﬂzo, 12x3 +k =0
dx
3__k
12
k
X=-3—
12

Hence, y =3x" +kxhas only one turning point at x = —i/g :

2
9 _ 362
dx
When k =12, Xx=-1
y=-9
2
9Y _ 3650
dx

(-1, -9) is a minimum point.

Maximum and Minimum Problems 16



4. The curve y:ax+2 b

1 has a stationary point at A(2, 7).

(i) Find the value of a and of b.
(if) Find the other stationary point.

(iii) Determine whether the point A is a maximum or a minimum point.

Q) dy =a—2b(2x-1)7?
dx

2b
a_
(2x-1)*

At A7), ¥ o,
dx

At A(2,7), y=T1,

Sub (1) into (2)

dy 18
2 _9_ -
dx (2x-1)

(i)

When =2 =0,
X

z(z_bj:7_9
9 3
4b=63-3b
7h =63
b=9

a=2

18
T (2x-1)?
2(2x -1)? -18=0
(2x-1)%=9
2X—-1=43
Xx=-1 2
y=-5 2

The other stationary point is (-1, —5).

. d?y 72

iii =

(i) x> (2x-1)°
When X =2,

d’y
W>O

A(2,7) isa minimum point.

(Pga10Q15)

Maximum and Minimum Problems
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(i) Determine the value of p and of q.

(if) Determine whether y is increasing or decreasing

(@) for values of x less than p,
(b) for values of x greater than p.

(iii) What do the results of part (ii) imply about the stationary point?

() F=-a6-2°¢D
X

=4(3-x)°
dy 3
At (pl q)! —ZO, 4(3_ p) =0
dx
p=3
At(p,g), y=9, q=2
(i) (&) When x<3, 4(3-x)*>0
.’.d—y>0
dx

Hence, y is increasing when x < 3.

(b) When x>3, 4(3-x)*<0

Hence, y is decreasing when x > 3.

(iii) The stationary point is a maximum point.

d2

(iv) d—Z — 4(3)(3-%)%(-1)
X
=-12(3—x)?
d’y _
AL@3,2), 7 =0

A curve has the equation y=2—(3—x)*. The point (p, q) is the stationary point on the curve.

(2014)

Maximum and Minimum Problems
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Singapore Chinese Girls’ School
Secondary 4(IP)
Integrated Mathematics Il
Second Derivatives and Application

Name: ( ) Date:

Class: Sec 4

Learning Objectives

At the end of the lesson, you will learn to
o apply the second derivative test to solve word problems involving real life situations.

Worksheet 25: Maxima and Minima Problems

1. A rectangle has sides x cm and y cm. If the area of the rectangle is 16 cm? show that its
perimeter, P cm, is given by P:2x+§. Hence, calculate the value of x which gives P a
X

stationary value and show that this value of P is a minimum.

Area of rectangle =16 cm?
Xy =16

16

X

Perimeter of rectangle =2x+2ycm
P =2x+ Z(Ej

X
:2x+£
X
P _, 32
dx X
a°p _64
dx? X8
Whend—on, 2—¥=0
dx X
x?-16=0
Xx=14
Since x>0, x=4
2
When x =4, d Ij>0
dx

Hence, P is a minimum.




2. A piece of wire of length 104 cm, is bent to form a trapezium as shown in the diagram.
(i) Expressy in terms of x and show that the area, A cm, enclosed by the wire is given by

A=208x —20x>.
(if) Find the value of x for which the area enclosed by the wire is stationary.
(iii) Explain why this value of x gives the largest area possible. (Pg416Q5 modified)

yem

(6x+y) cm

(i) Perimeter of trapezium=104cm
16x+2y =104

2y =104 -16x
y =52 -8x

ycm

Area of trapezium:%(Gx +2y)x4x cm?
A=2x(6x+2y)

=12x% + 4x(52 —8X)

=12x% +208x —32x?

= 208x — 20x>
(ii) d—A:208—40x
X
Whend—Azo, 208 —-40x =0
dx
x=5.2
d’A

(iii) When x=5.2, —-<0
dx

Hence, A is a maximum.

Alternatively

. dA . . . :
As x increases through x=5.2, ™ changes sign from positive to negative, A is a
X

maximum.

Maximum and Minimum Problems 20



3. An open rectangular box of height h cm has a horizontal rectangular base of sides x cm and 2x
cm. The volume of the box is 36 cm®.
(i) Express h in terms of x, and show that the total external surface area, A cm?, of the box is
. 1
given by A=2x? +208
X

(ii) Calculate the value of x and of h, which would make the total surface area a minimum.

(P416Q9)
(i) Volume =36 cm?®
36 = xx2xxh
18
h==
X2
A = 6xh + 2x?
:@+2x2
X
... dA 108
) — =4x——
(i dx NG
When d—A:O, 4x—g=0
dx X
4x3 =108
x3 =27
X=3
h=2

The box has a minimum area when x=3 and h=2.

Maximum and Minimum Problems 21



4. The diagram shows a box in the shape of a cuboid with a square cross-section of side x cm. The

volume of the box is 3500 cm®. Four pieces of tape are fastened round the box as shown. The
pieces of tape are parallel to the edges of the box.

=X CIll—

(i) Given that the total length of the four pieces of tape is L cm, show that

L=14x+ 2%,
X

(if) Given that x can vary, find the stationary value of L and determine the nature of this
stationary value. (June2003)

(i) Let the length of the box be | cm.

x? =3500
3500
| =—;
X
L =14(x)+ 2l
—14(x) + 2( 3580j
X
=14x+ 7080
X
... dL 7000
ny — =14-2
(i dx [ x? j
e 140;)0
X
When d—L =0, 14—1403OO =0
dx X
x® =1000
x=10
When x=10 L =14(10) + 7100020
=210
(i) (12_L 42000
dx? x*

2
When x =10, o >0,.. Lisaminimum value.
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5. The diagram shows a greenhouse standing on a horizontal rectangular base. The vertical
semicircular ends and the curved roof are made from polythene sheeting.
The radius of each semicircle is r m and the length of the greenhouse is I m. Given that 120
m? of polythene sheeting is used for the greenhouse, express | in terms of r and show that the
3
volume, V m® of the greenhouse is given by V =60r —%.

Given that r can vary, find, to 2 decimal places, the value of r for which V has a stationary
value. Find this value of V and determine whether it is a maximum or a minimum. (N02)

nr? +mrl =120
_120—nur?
nr

Volume of the greenhouse :%nrzl cm?

2
v :lnr2{120—nr j
2 mr

3

—6or-=
2
d_V =60_31tr
dr
dz\g =-3nr
dr
2
when 85 _0, 60_3"" _g
dx
40-nr? =0
40
r =.—
T
=3.57
V =143

2
When r =3.57, Z—\Z/ <0
r

Hence,V has a maximum value when r = 3.57.
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. 4 : :
6. The diagram below shows the curve y =—-+1. A variable point P, moves on the curve such
X

that PQ is always parallel to the y-axis and Q is on the x-axis. Let the x-coordinate of P be p,
p >0, and the area of triangle OPQ be A square units, where O is the origin.
(i) Obtain an expression for A in terms of p.

y
(if) Calculate the smallest possible area of triangle OPQ. t

(1) Coordinates of P = (p, iz+1J
p

Area of triangle OPQ, A = %x p><(i2 +1J unit?
p

o 0
[%H} unit?
p

+£ unit?
2

SN No

d
d’A 4 . .
——Z=—> 0 = Ais a minimum value.
dp® p
Whend—A:O,—£+1:>p:2

dp 22

= Minimum A = §+3 unit?

= 2 unit?
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Singapore Chinese Girls’ School
Secondary 4(IP)
Integrated Mathematics Il
Second Derivatives and Application

Name: ( ) Date:

Class: Sec 4

Assignment 26: Maxima and Minima Problems

1. The diagram shows a container made by fixing a hollow hemisphere of radius r cm to a

hollow right circular cylinder of the same radius. Water is filled to a height of h cm.
If the volume of water in the container is 1441 cm?®, show that

144 r

h = — +—.

r 3
Hence, find the value of r and of h such that the surface area of the container that is in contact
with the water is a minimum.

Volume of water = 144x cm?®

3

2 4 xr?(h—r)=144n cm.
f PN
2 r2h_r3 144 (h —r)em
3 N h cm
rzh—144+ﬁ
3 \’

h :£+£

r 3

Let surface area be A cm?.
A = 2nr® 4+ 2nr )

(h—r
= 2nr? +2nr(ﬁ+£—r)
r 3

2881 2nr?
= +
r 3
dA 288t A4nr d?A 576n 4x
— = ==+
dr r 3 dr r 3
When Y _q, 280 dmr_,
dr r 3
r==6
h=6
d?A

When r =6, — =4n>0
dr

Surface area in contact with the water is a minimum when r =h =6cm.
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2
X
The diagram shows part of a curve Y =9—?. PQRS is a rectangle with P(p,0) is inscribed

in the region bounded by the curve and the x-axis. Find the dimensions of the rectangle if its

area is to be a maximum.
y

LN

p2

2
Area of PQRS, A = Zp(g—%j unit?
= 18p— p° unit?
9A - 15-3p?
dp
A
dp2 p
When 9A =0, 18—3p? =0
dp
p=+6 (p>0)
pZ
—9-P _6
Y 2
2
When p=+/6, (;'?‘:—6\/6<0

The dimensions of the rectangle with a maximum area are 2:/6 units by 6 units.

Maximum and Minimum Problems



3. The diagram shows the cross-section of a hollow cone of height 30 cm and base radius 12 cm
and a solid cylinder of radius r cm and height h cm. Both stand on a horizontal surface with the
cylinder inside the cone. The upper circular edge of the cylinder is in contact with the cone.

30 cm

i \
i hem|
Fem i Y v
-
12 cm

(i) Express h in terms of r and hence show that the volume of the cylinder, V cm®, is given by

V= ﬂ(30l’2 S r3j.
2

Given that r can vary,

(i) find the volume of the largest cylinder which can stand inside the cone and show that,

in this case, the cylinder occupies gof the volume of the cone.

. h 12-r
1 —_ =
® 30 12
. _3002-1)
12
2
(i) V =nr*h

= 1r(30r2 ] rﬂ
2

2
dv :60”_1571!’
dr
dz\ﬁ = 60m —15nr
r
2
When OI—V:O, 60nr—157Tr =0
dr
8nr—mr2 =0
nr@-r)=0
r=8(r>0)
V =640x
= 2010
((j:r\i =607—-157(8) <0

Volume of thelargest cylinder

Volume of thecone
3 6401
1

5n(122)(30)

4
9

Maximum and Minimum Problems
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4. In the diagram, the cross-section of the prism is an isosceles triangle ABC in which

AB = AC =5xcm and BC =6xcm.

The length of each of the parallel edges AD, BE and CF is h cm.
Given that the volume of the prism is 4500 cm®,
(i) write an expression for h in terms of x,

(ii) show that the total surface area, A cm?, is given by 24x® + 6000
X

(iii) express 3—A in terms of x,
X

(iv) find the stationary value of A.

(i) Volume = 4500 cm®
%(6x)(4x)h — 4500

4500

X2

375

X2

h

(i) A :2><%(6x)(4x)+5xh+5xh+6xh

= 24x? +16%h
= 24%? +16x[375j

X
6000

= 24x% + —=
X

6000
X2

(iii) d—A =48X —
dx

6000
=

X
48x° = 6000
X3 =125
X=5
A=24(5)% +

=1800
Stationary value of A = 1800

0

(iv) When d—A =0, 48x-
dx

6000

(Pg417Q11)
A 5x cm B
hcm
D E
F

Maximum and Minimum Problems
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The diagram shows a toy which is made up of a right circular cone fixed to a closed cylinder
with height h cm. The slant height of the cone makes an angle of 60° with the horizontal axis

and the radius of the cone is r cm.

Given that the volume of the toy is 50% cm?, show that

h_50 13

r2 3

If the total surface area of the toy is A, show that

pese(s-25] 0

Hence, find the value of r for which A has a stationary value. ~ --===7--- i
Determine if A is a maximum or a minimum.

Height of cone = rtan60° cm

I’\/§ cm

Volume of toy = %nrz(l’\/é)+m‘2h cm?®

507 = ?nr‘% +7r?h

nr?h :5071—@”3

507‘5—\/3§TCI’3
h=
nr?
o503
r 3

I£=cosGO° = 1=2r

Total surface area of the toy is A
= nr? +2nrh+nrl cm?

= qr? +2nr(5—8—£]+nr(2r) cm?
r 3
, 100n 2nr2J3
t— o

= nrz[S— %] + 1007 cm?

= 3nr

r

dA _ an(g_Zf]_loon

dr r2
when B =0 2ar 3—ﬁ _100m _
dr 3 r?
5t 5 2¥/3 | _1007
3 r?
(3 1007
21{3—2;/§j

= 3.0035 cm
~ 3.00 cm

dr? 3

2
d’A _ 2n(3—2‘/§j+200“
r

=348>0
A is a minimum when r = 3.00 cm

Maximum and Minimum Problems
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6. The right-angled triangle ABC has AB=3cm, BC =4cm 4

and AC =5cm. The rectangle BXPY is such that

BX =xcm and BY =ycm. y P
(i) Expressy in terms of x. , yem \
(i) Show that the area, A cm?, of A== x(4—x). H

4 B xem X

(iii) Find the value of x for which the A is stationary.
(iv) Explain why this value of x gives the largest area possible.

LY —X
| —_— —
® 3 4
_3(4-x)
Y=
(i) A =xy
3
=—X(4-x
4( )
(iii) Ll :i(?;x—gxzj
d dx 4
=3—§x
2
Whend—A:O, 3—§x:0
dx
X=2
When x =2, A :%(2)(4—2)
=3
2
(iii) When x =2, d—'26‘=—§<0
dx 2

Hence, A is a maximum.

Alternatively

C

(Pg420Q5 modified)

. dA . . . . .
As x increases through x =2, ™ changes sign from positive to negative, A is a maximum.
X

Maximum and Minimum Problems
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7*. Show that the largest rectangle inscribed in a circle of radius a cm is a square of side av/2 cm.
(Pg417Q15)
Let the length, width and area of the rectangle be x cm, y cm and A cm?.
X2 +y* =(2a)? /\

y =+4a® —x? a

A=xy

= x+/4a® — x? \\/

1
= x(4a* —x%)?

1 1
((le_A = (4a* — x?)? +%x(4a2 —x?) 2(=2x)
X
1
= (4a> —x?) 2(4a® - x> —x?)
_4a’-2x?
V4a® —x?

2 2
When d_A:O, uzo

dx Vda® - x?

4a’-2x* =0
2x* = 4a*

X a2~ a2 a2

dy
dx

Slope / — \

.. Largest rectangle inscribed in a circle of radius a cm is a square of side av/2 cm.
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Singapore Chinese Girls’ School
Secondary 4
Additional Mathematics
Revision 14

Name: ( ) Date:

Class: Sec 4

Revision 14 Maxima and Minima

Given acurve y =f(x), when g—i =0 at x=a, (a,f(a)) is a stationary point.

First Derivative Test

d . : .
o |If d—y changes sign from positive to negative as it passes through x=a, then it a maximum
X

point.

o |If j—y changes sign from negative to positive as it passes through x=a, then it is a minimum
X
point.

o |f j—y does not change sign as it passes through x=a, then it is a stationary point of inflexion.
X

Second Derivative Test

2
o |f 3—)2/ >0, then (a, f(a)) is a minimum point.
X

2
o |f 3—)2/ <0, then (a, f(a)) is a maximum point.
X
2
o |f d—g = 0, the nature of the stationary point could not be determined. Apply the First
X

derivative test.




Example

1. The curve with equation y =e " sin x has a stationary point for which 0 < x<m.

(i) Find the x-coordinate of this point.
(i1) Determine the nature of this this point.

Solution
(i) dy =—e *sin x+e7* cosx
dx
=—e *(sin Xx—CcosX)
d .
When d_i =0, —-e*sinx+ecosx=0
Since e * >0, sin x=cos X
tanx =1
T
X==
4
.odly i .
(i) Fel =e " (Sin Xx—CcosXx)—e " (cosx+sin x)
X
= -2 CcosX
2
When x = z , d_z/ <0
4 dx

Hence the stationary point is a maximum point.

e  Apply the Product Rule.

e Solve g—i =0 to find the value of
x which gives a stationary value
ofy.

e Perform the Second Derivative
Test.

e  Check the sign of the value of
2

d7y

d

to determine nature of the

stationary value.

2. Theequation of acurveis y= e

(i) Find expressions for ™ and —-.

dy d?y
X dx?

(if) Find the coordinate of the stationary point and determine the nature of this point.

Solution
. dy 2,.x°
i) —=3x%
(i) ix
2
9 _exe’ +3x2(3x%")
dx?
—3xe* (2+3x%)
.. dy 2,.x°
(if) When &zo, 3xe” =0
Since e~ >0, x=0
y=1
2
When x=0, :—Z/ = 0 (inconclusive)
X
X 0 0 0"
dy
-2 + 0 —
dx

(0, 1) is a point of inflexion.

Apply the Product Rule

Solve % =0 to find the value of x

which gives a stationary value of y.

X X3
a">0ore” >0
When the Second Derivative Test fails,
performs the First Derivative Test.




3. The diagram shows a glass window consisting of a recatangle of height h m and and with 2r m
and a semicircle of radius r m. The perimeter of the window is 8 m. —

(i) Express hintermsof r. / 5
(i) Show that the area of the window, A m?, is given by - .

A=8r-2r? —%nrz.

Given that r can vary, hm
(i) find the value of r for which A has a stationary value,

(iii) determine whether this stationary value is a maximum or a

minimum. o
Solution
(i) mr+2r+2h=8
2h=8—nr—2r
h=4- 1rcr —-r
. 1 2 X X3
(i) A==mnr+2rh e a >0o0re” >0
i e \When the Second Derivative Test fails,
= Enrz +r(8—mr—2r) performs the First Derivative Test.
_gro2r?—Lpy2
2
A .
(iii) 3—A=8—4r—ﬂr e Solve 3—=0 to find the value of r
r r

which gives a stationary value of A.
When (;—Azo, 8—4r—ar=0 J y
r

8
r=——
447
=112
2 2
(iv) 3—? =—4-7<0 e  Check the sign of the value of 2—? to
r r
A is a maximum value. determine nature of the stationary value.



Exercise

9
1. Thecurve y=~/X+—.
TR
2
(i) Find expressions for dy and d—z
dx dx

(i) Show that the curve has a stationary value when x =9.
(iii) Find the nature of this stationary value.

Solution
1 3
(i) dy =1x 249 1 X 2
dx 2 2
1 -2 9 -2 1 9

==X 2-=X2%20or—-

2 2 2Jx  2x/x

3 5
ME(EJB(EJ
dx? 2\ 2 20 2

3 5
=_lx 2+£X 2
4 4
1 3
.. dy 1,25 9.5
i) When x=9, L ==(9 2)-=-(9 2
(ii) X ™ 2( ) 2( )
=0
Hence, the curve has a stationary value when x =9.
d2y 1 1 _3 9 3 _5
iii) When x=9, — ==|-=|09 2)-=|-=|0© 2
(i dx? 2( ZJ( ) 2( zj( )
__1
4(27) 4(243)
:i>0
54

The stationary value is a minimum.



2. A piece of wire, of length 2 m, is divided into two pieces. One piece is bent to form a square of
side x m and the other is bent to form a circle of radius r m.
(i) Express r in terms of x and show that the total area, A m?, of the two shapes is given by

_ (m+4)x* —4x+1

A
T
Given that x can vary, find
(i) the stationary value of A,
(iii) the nature of this stationary value.
Solution
(i) 4x+2nr=2
2nr =2—-4x
2-4x
r =
2r
_1-2x
T
A=7r?+x2
(1— ZXJ2 )
=7 + X
T
C1-Ax+4x% + X
T
(m+4A)X*-4x+1
VA
(i) d_A= 2X(r+4)—4
dx Vd
When d—A=O, 2X(n+4)—-4=0
dx
2X = 4
7+4
2
X =
7 +4
2 Y 2
(r+4) —— | -4 +1
T+4 r+4
A=
T
=0.140

d?A _2(n+4) >0
dx?
A=0.140 is a minimum value.

(iii)




3. A cuboid has a total surface area of 120 cm?. Its base measures x cm by 2x cm and its height is
h cm.

(i) Obtain an expression for h in terms of x.

Given that the volume of the cuboid is V cm?,

3
(ii) show that V = 40x—%.

Given that x can vary, find
(i) the stationary value of V and the nature of this stationary value.

Solution

(i) 2(2x? +hx+2hx) =120
2x* +3hx =60
3hx = 60— 2x?

_ 60-2x°

3

h

(i) V =2xh

_ 5,2 80— 2x?
3X

3
:4Ox—4i
3

(iii) WV _s0_ax?
dx
dv

When — =0, 40-4x*=0
dx
x? =10
Since x>0, X = /10
60-20
V =20
( 310 j
=843
2
dx

2
When x=\/ﬁ,2—\£=—8\/ﬁ<0
X

Hence V =84.3 is a maximum value.



4. The diagram shows part of the line y =12—2x. The point Q(x, y) lies on this line and the
points P and R lie on the coordinates axes such that OPQR is a rectangle.

y A

\

O

(i) Write down an expression, in terms of x, for the area A of the rectangle OPQR.
(if) Given that x can vary, find the value of x for which A has a stationary value.
(iii) Find this stationary value of A and determine its nature.

Solution
(i) A =x(12-2x)
=12x—2x?

(i) d—A =12 —4x
dx
When d—A=O, 12-4x=0

dx
X=3

(iii) When x=3, A =3(12-6)
=18
d*A
dx?
.. A=18is a maximum value.

=-4<0




5. The diagram shows part of the curve y =27 —x?.

The points P and S lie on this curve, The points Q
and R lie on the x-axis and PQRS is a rectangle.
The length of OQ is t units.

(1) Find the length of PQ in terms of t and hence
show that the area, A square units, of PQRS is
given by

A =54t —2t°,

(if) Given that t can vary, find the value of t for
which A has a stationary value.

(iii) Find this stationary value of A and determine
its nature.

Solution
(i) Coordinates of P = (t, 27 —t?)
PQ =27 —t* units
A=2t(27-t?)
=54t —2t3

... dA
i) — =54—6t>
(ii) i

When d—A=o, 54—6t*> =0
dt
t?=9
Since t >0, t=
(iii) When t =3, A =54(3)-2(3)°
=108
2
EA_ iy
dx
=-36<0

A has a maximum value when t =3.

I

- =
O I umits

= Y



6. The diagram shows an open container constructed out of 200 cm? of cardboard. The two
vertical end pieces are isosceles triangles with sides 5x, 5x and 8x cm, and the two side pieces
are rectangles of length y cm and width 5x,cm, as shown. The open top is a horizontal

rectangle.
‘ X CIN

(i) Expressy in terms of x.
(ii) Show that the volume V cm®, of the container is given by V =240x — 28.8x°.

Given that x can vary,
(iii) find the value of x for which V has a stationary value,
(iv) determine whether this stationary value is a maximum or a minimum.

Solution
Q) 2(% X 8X x 3xj + 2(5xy) =200y
24x% +10xy = 200
10xy = 200 — 24x?
y = 200~ 24x°
10
=20-2.4%*

(i) V :%XSXX3Xxy

=12x(20-2.4x?)

= 240x — 28.8x°
X
When ‘Z—V =0, 240-86.4x>=0
X
220
86.4
Since x>0, X = §
3
ddv
L —— =172 .8X
(iv) 4x2
2
When x = § d—\g <0
3 dx

Hence, V is a maximum value.



7. The diagram shows a container which consists of a cylinder and a solid hemispherical cap
which fits exactly on top of the cylinder. ,
The cylinder has a radius r cm, height h cm and it can hold a volume of 500 cm'.

. 2
(1) Show that the total external surface area, 4 cm , of the

o 000
container is given by A=37 re+—. L= =~

r e B |

Given that 7 can vary,
(i1) find the stationary value of 4, h

. . . cm
(ii1) determine the nature of this stationary value of 4.

Solution
(i) zr*h=500 =TT rom = v

500

h=""
7Zf2

A=nr?+2a%+2arh
=3’ + ZM(EL'?)
ar
2, 1000
r

=3ar

1000

... dA
i) —=6a—
(i dr r?

dA 1000

When — =0, 6ar 5
dr r

6413 =1000

[1000
= 3
67
=3.7575
A=37(3.7575)% + 1000
3.7575

0

=399

c|2A_6 2000
(i) gz ="t
2
When r =3.7575, Z—§>0
r

Hence, A is a minimum value.

10



8. The diagram shows an open cardboard box with a rectangular base and a close fitting cardboard
lid which slips over the top of the box.

The dimensions of the lid are 2x cm, x cm and 3 cm.
The total area of cardboard used in making the box and the lid is 2400 cm?.

(i) Obtain an expression for y in terms of x, and hence show that the volume, V cm® of the box
3

is given by V =800x — % —6x%°.

(if) Given that x can vary, find the value of x for which volume of the box is stationary.
Calculate this stationary value of V.

(iii) Explain why this value of x gives the largest volume of the box.

< 2x.cm S
Solution < 3 em
(i) 2x%+18x+6xy+2x% = 2400
dboard
6xy = 2400 —4x? —18x ﬁgr oar
2400 - 4x* —18x
y =
6Xx
~ 1200-2x* -9x i vom
- 1
, ¥ y— Cardboard
V =2xy // box
_ 5,2 1200~ 2x% —9x I/ i X cm
3x ~ X -
3
—800x— X _gy2
3
(ii) 4V _ 800 — 4x2 —12x
dx
When ?j_v =0, 800-4x*-12x=0
X
x? +3x—200=0
3% 32 - 4(1)(~200)
2
=12.7, -15.7 (NA)
d?v
(iii) W =-8x-12
2
When x=12.7, d_\g <0
dx

Hence, V is a maximum value.

11



9. The diagram shows a square PQRS of side 1 m.

The length of PX =x m and QY = gx m, where q is a constant such that q > 1.
(i) Given that the area of triangle SXY is A m?, show that A = %(1— X + gx2).

(if) Given that x can vary, show that QY = YR when A is a minimum. Hence, express the
minimum value of A in terms of q.

Solution
. 1 1 1 1
() A=1—§(1)(1—QX)—E(1)(X)—E(QX)(l—X) 5 R
2
2 2 2 2 2 1
2
_1ox  ox X
2 2 2
—3(1—x+ x?)
2 A P XX Q
.. dA 1
ii) —==(-1+2gx
(i) i 2( 0x)
When d—A:O, 1(—1+2qx):0
dx 2
2qx =1
1
X=—
29
d2—A—2q>0
dx?

A is a minimum when x = i
29

When x:i, QY =gx m
2

&)

2
Minimum A :% 1—i+q[ij ]

12
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Class: Sec 4

Revision 6: Modulus Functions

Equations Involving Absolute Valued Functions
e |X{=p=x=porx=-p

e l|aj=bj = a=bora=-b

Graphs of Absolute Valued Functions

>
Y
a | o
<

—

=

AN |

\

|
€|

Qo

y=C—|aX+b| y:|ax+b|+c y:‘axz+bx+c‘

Example
1. Solve the equation ‘xz —6‘ =5X.

Date:

y = —‘ax2 +bx+ c‘

x? —6 = 5x x? —6 = —5x% 1. Consider the two cases.
’ 3 ) 3 2. Asthe LHS >0, 5x >0.
X =5x=6=0 X“+5x-6=0 3. Verify the answers.
(x—6)(x+1) =0 (x+6)(x-1) =0

x=6, —1 (NA) x=-6 (NA), 1

2. Solve the equation [2x+4|+1=[3x+6|.

Method 1 Alternative method
|2x+4]+1=[3x+6| 2x+4 +1=3x+6|
2x+2+1=3x+2| 2X+4+1=3x+6
x+2/=1 x=-1

Xx+2=1 X+2=-1

x=-1 X=-3

—(2x+4)+1=—(3x+6)
—2X—4+1=-3x-6

Since 2x+4 and 3x+6 are multiples of x+2, only

two following cases are considered.



1.

Exercise

ﬂmdhmmﬂﬁwWSWMOfmemmmofy=5—Px+%

(i) Find the coordinates of the points A, B and C.
(i) Solve the equation 5—[2x+3 = x.

In each of the following cases, find the set of

e o X =5-12x+3
values of x that satisfies the given inequality. Y ‘ X ‘
(iii) y>0
(iv) y <x

B

(i) AtA, 2x+3=0

3
X=——
2
A(_E, sj.
2
AtBand C, y=0, 5-2x+3=0
2x+3/=5
2X+3=15
2x=2,-8
x=1-4
~.B(—4,0) and C(L,0).
(i) S—Px+3=x
Px+ﬂ=5—x
2X+3=5-x or 2X+3=x-5
3x =2 x=-8
2
X=—
3

(i) y>0=>-4<x<1

(iv) y<x=>x<-8or xz%




2. (a) Solve the equation |x+4|+3=2x.

|X+4)+3=2x

X+4|=2x-3

X+4=2x-3 or X+4=3-2X
X=7 3x=1

1
X= g (NA)

(b) Sketch the curve y =|-x* + 2x+3{ , showing clearly the coordinates of the maximum point

and the points where the curve meets the axes.
F Vv

J ,1'=|—.1”'+2:r+3

(1,4)

v

(c) The diagram below shows part of the graph of y = |2x—]4.

»

(i) Given that the line y=mx+3 y
intersects the graph y=[2x-1] at

only one point. Write down the
possible values of m.

(if) Determine the number of points of
intersection between the graph of

y=|2x~1 and the line y = x+¢
where ¢ > 0. Explain your answer.

v
>

@)

(i) y=mx+3 must be parallel to the right hand arm or left hand arm of y = |2x—]1.
m=+2

(if) 2 solutions.



3.

(@) Solve the equation

2
3x —16‘ 4
2X

[3x* ~16=[2x
3x% —16 = 2x
3x%2-2x-16=0
(3x—-8)(x+2)=0
8

X=—, =2
3

2_
3x 16‘:1_
or 3x2 —-16 = —2x
3x2+2x-16=0
(3x+8)(x—2)=0
x:—§,2
3

(b) The diagram shows part of the graph of y =[5-2x|-2.

Find the coordinates

At A, x=0,
- A(Q, 3).

At B,

£

AtC, y=0,

-o[Z.0)

of the points A, B and C.

y=3

2X
5
2

(c) Sketch the graph of y = |4x2 — 1| for —1< x <1. Hence state the range of y.

£

L}.
v =4x2 -1

1 -0.5

. NI Range ofy: 0<y<3
0 0.5 1




4. (a) Draw the graph of y =2|x|-3 for —3 < x < 3. State the range of y.

-~

Range ofy: —3<y<3

(b) Solve the equation ‘ x° —16‘ =6X.

‘xz —16‘=6x

x* —16 = 6x or x? —16 = —6X

X2 —6x—16=0 X2 +6x—16=0
(x-8)(x+2)=0 (x+8)(x—2)=0
x=8, —2 (NA) x=-8 (NA), 2
S.Xx=2, 8

5. (i) Sketch the graph of y=[2x—4|-2.
(i) Solve the equation of [2x —4|-2=x.

(i)

Ty y=Px-4-2

(i) [2x—4-2=x

2x—4/=x+2
2X—4=X+2 or 2X—4=—-x-2
X=6 3Xx=2



(i) Find the coordinates of all points at which the graph of y = ‘ZXZ —5‘ meets the coordinate
axes.
(ii) Solve the equation‘Zx2 —5‘: 3X.

(iii) Sketch, on the same diagram, the graphs of y = ‘ZXZ —5‘ and y = 3x.

Hence find the range of values of‘2x2 —5‘ < 3X.

(i) When y=0, ‘2x2—5‘=0

When x =0, y=5

The three points are (0, 5), ( % OJ and [— \/g OJ.

(i) [2x* -5=3x
2x% -5 = 3x or 2x% —5=-3x
2x> —3x-5=0 2x2 +3x-5=0
(2x-5)(x+1) =0 (2x+5)(x-1) =0
5 5
Xx=>, -1 (NA x=—> (NA), 1
5 (NA) 2( )
Sox=1, E
2
(iii)
_:|'=P_1:; -5 * v=3x
5
E7E

‘2x2—5‘<3x:>1<x<§
2



7. Solve the equation ‘xz —4x—334 =12.

\x2—4x—33{:12

x? —4x—33=12 or x? —4x—33=-12
X2 —4x—45=0 X2 —4x-21=0
(x=9)(x+5)=0 (x=7)(x+3)=0
Xx=9, -5 X=7, -3

S X=-5 -3 7,9

8. (i) Sketch the graph of y = |x* —5x| for —1< x <6, indicating clearly the points where the
curve cuts the x- axis.

(ii) Solve the equation 6 —| x> —5x|=0.

(i)
y=|x* -5x|

(2.5, 6.25)

-1

(i) 6—|x*-5x|=0

| x> —5x|=6

x* —5x=6 or X2 —5x =—6

x> —5x—6=0 x> —5x+6=0
(x-6)(x+1) =0 (x-2)(x-3)=0
X=6, -1 Xx=2, 3
Xx=-1 2, 3,6




9. The diagram shows part of the graph of y =5—[3x+1.
(i) Find the coordinates of A, of B and of C.
(if) Determine the area of the triangle ABC.
(iii) Solve the equation 5—[3x +1] = 2x.

(i) AtB, 3x+1=0

"<

1
X=——
3
B(_l, 5}
3
AtAand C, y=0, 5-3x+1=0

3x+1=5

3Xx+1=45

3x=4,-6

x:i,—Z

3

- A(=2,0) and C[%,Oj.

1 (4
(ii) Area of triangle ABC = 3 X (5 + 2) x5

_ 2 it ?
3
(iii) 5—[3x +1 = 2x

[3x+1=5-2x
3X+1=5-2x or 3X+1=2x-5
5x=4 X=-6

4
X=—

5




10. (i) Sketch the graph of y =|x* —3| for —2<x<2.
(if) Solve the equation x =|3x—-5|-2.

(i)

I
Ll
-

(i) x=|3x-5]-2
|3X-5=x+2
3X—5=x+2 or 3X—-5=-2-X
2x=7 4x =3
7 3
X=— X=—
2 4
7 3
SoX=—, =
2 4
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Revision 5: Partial Fractions

The following three cases will be assessed.

f(x) _ A N B
(ax+b)(cx+d) (ax+b) (cx+d)

f(x) __A N B N C
(ax+b)(cx+d)*  (ax+b) (cx+d) (cx+d)?

f(x) A Bx+C

= +
(ax+b)(x* +c?) (ax+b) (x*+c?)

Exercise

1. Express the following in partial fractions.

3x2-9x-10  3x?>-9x-10
@ — = >
(X*=4)(x+2) (x-2)(x+2)
3x2 -9x-10 A B C
et = + +
(X=2)(x+2)?> Xx-2 x+2 (x+2)
_ A(X+2)% +B(x-2)(x+2) +C(x—2)
- (X = 2)(x +2)?

3x2 —9x—10= A(X+2)? + B(x—2)(x+2) + C(x - 2)

Let x=2, 12-18-10 =16A
16A=-16
A=-1
Let x=-2, 12 +18-10=-4C
—-4C =20
C=-5
Comparing coefficient of x>, A+B=3
B=3-A
=4
3x% -9x-10 1 4 5
: = +

T(x=2)(x+2)2 x—=2 x+2 (x+2)?




(b) —, 2X _ 2X
X +6x+5 (X+1)(x+5)
2X A B
Let = +
(x+1)(x+5) x+1 x+5
_ A(x+5)+B(x+1)
T (X+1)(x+5)
2x = A(x+5)+B(x+1)
Let x=-1, —2=4A
__1
)
Let x =5, ~-10 =-4B
B2
2
Y S SR
T (X+D)(x+5)  2(x+1)  2(x+5)
© 2x% —5x+9
(x+2)(x-1)
2x? —5X+9 A B
(x+2)(x=1) ~ x+2 x-1
_2(x+2)(x=1)+ A(x-1) + B(x+2)
B (x+2)(x—-1)

2X% =5 +9=2(x+ 2)(x —1) + A(X—1) + B(x +2)

Let x=1,

Let x=-2,

2% -5x+9
T (x+2)(x-1)

6=3B
B=2

8+10+9=-3A

27=-3A

A=-9
9

2
X+2 x-1



(d)

7x? —21x+8

(x=5)(x* +1)

7x2—21x+8: A Bx+C
(x=5)(x*+1) x-5 x2+1
A(X? +1) + (Bx +C)(x—5)
B (x=5)(x2 +1)
7x% —21x+8= A(X* +1) + (Bx +C)(x—5)

Let x=5, 175 -105+8=26A
78=26A
A=3
Comparing coefficient of x>, A+B=7
B=4
Let x=0, 8=A-5C
8=3-5C
C=-1
_7x*-21x+8 3 L Ax-1
T (x=5)(x2+1) x-5 x2+1

(€)

3x%2 +4x-20
(2x+1) (X + 4)

3x% +4x—20 A Bx+C

2x+1) (2 +4) %11 x2+4
_ A(X®+4)+ (Bx+C)(2x+1)
(2x+1) (x> +4)
3x% +4x—20 = A(X? +4) +(Bx +C)(2x +1)

S IR S TR (IR

_85 _17A
4 4
A=-5
Comparing coefficient of x>, A+2B=3
2B=8
B=4
Let x=0, -20=4A+C
-20=-20+C
C=0
3x% +4x-20 5 4x

=— +
2x+1) (x> +4)  2x+1 x*+4




X2 +4x+5 ~-x-1

f — =1+
X“+5x+6 (X+2)(x+3)
-x-1 A B
et = +
(X+2)(x+3) x+2 x+3
_ A(x+3)+B(x+2)
(X+2)(x+3)
—Xx=1=A(X+3)+B(x+2)
Let x=-3, 3-1=-B
B=-2
Let x=-2, 2-1=A
A=1
Xo+dx45 1 2
" x?+5x+6 X+2 X+3
1
©) (2x+1)(x* +1)
Let 1 : __A +B>;+C
@2x+D(x“+1) 2x+1 x°+1
A+ + (Bx+C)(2x+1)
(2x+1) (x> +1)

1=A(x? +1) + (Bx+C)(2x+1)

Let x:—i, 1=—
2

Comparing coefficient of x*, A+2B=0

p=—2
2

Let x=0, 1=A+C

, 14 1-2
T x+D(x2+1)  52x+1)  5(x*+1)




8+ 3x — 2x°

") (x=1)(x+2)?

8+ 3x—2x? A B C
= + +
(X-D(x+2)> x-1 x+2 (x+2)?
CA(X+2)2 +B(x-1)(x+2)+C(x-1)
- (X -1)(x+2)?
8+3x—2x% = A(X+2)? + B(x—1)(x+2) + C(x —1)

Let x=1, 8+3-2=9A
A=1
Let x=-2, 8-6-8=-3C
c=2
Comparing coefficient of x>, A+B=-2
B=-2-A
=-3
- 8+3x—2x? 1 3 2

T —D(x+2)? x—l_x+2+(x+2)2

2. Factorise x® +3x* —4 completely.

Hence, express — in partial fractions.
X +

3x? -
Let f(x) =x>+3x? -4
f()=1+3-4=0

(x-1) is afctor of f(x).

Let f(x) = (x—1)(x* +bx+4).
Comparing coefficient of x, -b+4=0
b=4

X2 +3x% —4 = (x=1)(x* +4x +4)
= (x—1)(x+2)?

6 A B C
Let = + +
(X-D)(x+2)®> x-1 x+2 (x+2)°
_AXX+2)? +B(x—1)(x+2)+C(x-1)
- (X —1)(X+2)?
6= A(X+2)* +B(x—1)(x+2)+C(x-1)

Let x=1 6 =9A

A=?
3



Let x=-2, 6=-3C
C=-2
Comparing coefficient of x?, A+B=0

, 6 222
Ux3+3x% -4 3(x=1) 3(x+2) (x+2)

3 2

Express
X" =X +x-1

in partial fractions.
X2 —x% +x-1=x*(x-1) +(x-1)
= (x=1)(x* +1)

X—5 3 X—5
X -x?+x-1 (x=1)(x*+1)

ot X-5 _ A +BX+C
(x-D(x*+1) x-1 x*>+1
_AKX*+1) +(Bx+C)(x—1)
(x-D(x+2)?
Xx—5=A(x* +1) + (Bx+C)(x—1)

Let x=1, —4=2A
A=-2
Let x=0, -5=A-C
C=A+5
=3
Comparing coefficient of x?, A+B=0
—-A
=2
X—5 2  2x+3

———= 4
(x-D(x*+1) x-1 x*+1




x* A Bx+C

9 . .
4. EXxpress — "> in the form X+—+———, where A, B and C are constants to be determined.

X° 4+ 3X X X°+3

x*+9  x*+3x*-3x"+9
X2 +3x X3 +3x
9-3x2
=Xt ———
X(x“ +3)
9-3x2 A Bx+C
t =—+

Let——2 -2
x(x*+3) x  x*+3
_ A(X* +3) +x(Bx+C)
X3 +3x

9-3x? = A(X* +3) + x(Bx+C)

Let x=0, 9=3A
A=3
Comparing coefficient of x?, A+B=-3
B=-3-A
=—6
Let x=1, 9-3=4A+B+C
C=6-4A-B
=6-12+6
=0
x*+9 3  6x

S =X+ >
X+ 3X X X°+3
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Worksheet 1: Congruent and Similar Triangles

1.

2.

Parallel Lines

In the diagram, AB and CD are two parallel lines. E
If a transversal EF cuts the lines AB and CD, y /é B
e the alternates angles are equal , b
Zb=x«d (alt Zs, AB//CD),
e the corresponding angles are equal, (—C d D
sa=/d (corr Zs, AB//CD), ' /

e the interior angles are supplementary,
/Zb+ /c=180° (int £s, AB//CD).

Triangles
e Sum of Interior Angles of a Triangle
The interior angles of a triangle add up to 180°.
Za+ /b + Zc=180° (£ sum of A)

e Exterior Angle of a Triangle
The measure of an exterior angle of a triangle is equal to the sum of
the measures of the two non-adjacent interior angles,

Za=/b+ /c (Ext £ sum of A)
Example 1 p
In the diagram, the lines AB and CD are parallel. The A > B
lines PR bisects angle BPQ and the line RQ bisects angle W’\
PQD. _ _ _ _ E PR =
Prove that the line PR is perpendicular to the line QR.
4
Proof c Q D
Statement Reasons
Insert a line ERF such that ERF//AB//CD.
L1=/2 (PR bisects ZBPQ)
/3= /4 (RQ bisects ZPQD)
£5=/2+ /3 (alt Zs, ERF//ICD)
L1+ /2+ /3 + /4 =90° (£ sum of A)
2/5=180° (£ sum of A)
Z£5=90°
Hence PR L QR.




3. Congruent Triangles

Two triangles ABC and PQR are said to be congruent if they have the same shape and size.

i.e. their corresponding sides and angles must be congruent.

B
R
4 H C
P i 0
Triangles Corresponding congruent angles Corresponding congruent sides
ZA= 2P AB=PQ
AABC =APQR /B=/Q BC=0QR
/ZC=/R AC =PR

4. Tests for Congruent Triangles

Test

If two sides and the included angle on one
triangle are congruent to the corresponding
parts of another, then the triangles are
congruent.

1| SAS

>

If two angles and the included side of one
triangle are congruent to the corresponding
parts of another, then the triangles are
congruent.

2 | ASA

>

If two adjacent angles and a side of one
triangle are congruent to the corresponding
parts of another, then the triangles are
congruent.

3 | AAS

N
DD

If the three sides of one triangle are
4| SSS | congruent to the three sides of another, then
the triangles are congruent.

b
\S

If the hypotenuse and one side of a right-
angled triangle are congruent to the
corresponding parts of the second right-
angled triangle, the two triangles are
congruent.

5 | RHS

O

N
N

>



http://www.lifeisastoryproblem.org/vocab/en/a/adjacent.html

Example 2
In the diagram, D is the mid-point of AC and the line BD is perpendicular to the line AC.

Prove that
(i) AABD is congruent to ACBD,
(ii) BD bisects ZABC.

B

Proof
(i) BD is common.
AD =DC (Given) s

ZADB = /CDB (BD L AC) A D
..AABD is congruent to ACBD. (SAS)

(ii) ZABD = ~CBD (AABD = ACBD)
Hence, BD hisects ZABC.

Example 3
In the figure, /BAD = ZCAE, AB=AD and AC = AE.

Prove that ABC and ADE are congruent triangles. A

Proof

AB = AD

/BAD = /CAE

Z/BAD + /DAC = /DAC + /CAE

-./BAC = /DAE B

AC = AE V ¢
..ABC and ADE are congruent triangles. (SAS)

Example 4
In the diagram, AC is the angle bisector of #/BAD and /PBC = ZCDQ.
Prove that AB = AD.

Proof
/BAC = ZCAD (AC bisects ZBAD)
ZABC =180°- «ZPBC
=180°-~/CDQ
=/ADC B
AC is common.
.. AABC and AADC are congruent. (AAS)
Hence, AB=AD.

o




Example 5

In the diagram, ZBAQ = #ZDEP, AP = EQ and CP = CQ. B
Prove that C
(i) AQ=EP, $ :
(i) AABQ is congruent to AEDP, A P 0 E
(iii) ZQBA = ZPDE. (Pg246 Q2)
Proof
(i) AQ =AP+PQ
=EQ +QP
=EP
(i) «BAQ = ZDEP (given)
AQ =EP (from (i))
Z AQB = Z EPD (base Zs of an isos A)
AABQ is congruent to AEDP. (AAS)
(iii) ZQBA = ZPDE (AABQ = AEDP)
Similar Triangles
Q

Two triangles ABC and PQR are similar if:
o  their corresponding angles are equal (i.e. Z/A= P, /B=,Q, ZC = /R),

AB BC AC
PQ QR PR)

o their corresponding sides are proportional with the same ratio. (i.e.



Example 6
In the figure, BCD and BTAN are straight lines. CT // DA and

CA/IDN .

Prove that

(i) «TCA = ZADN .

(i) triangle CAT and triangle DNA are similar.

Complete the following proof.

Proof

D >

Statement

Reason

(i) | £TCA = ~/CAD

(Alt /s, CT/IDA)

ZCAD = ZADN

(Alt /s, CT//DA)

.. ZTCA = ZADN

(if) | In ACAT and ADNA,

ZTCA = ZADN

(from (i))

ZTAC = ZAND

(Corr £s, CA/IDN)

ACAT and ADNA are similar.

Example 7
In the diagram, Z/BAC = ZDEC =90°.

Prove that
(i) ZABC = ZEDC,
(i) ABxCD =DExBC.

Proof
(i) «DCE = ZACB (Common x)
/BAC = Z/DEC =90° (Given)
/ABC =90°-~«DCE (£ sum of A)
=90°—- ZABC
= /BAC (£ sum of A)
(i) AABC is similar to ADEC (AA)
AB DE
BC CD

.. ABxDE =CDxBC




Example 8
In the diagram, MN and BC are parallel lines, and Z/NMC = Z/NCM.

Prove that A
(i) AABC is similar to AAMN, >N\’\
(i) NC x AC = AN x BC. (Pg246 Q4)
M, C

Proof
(1) Z£MAN = ZBAC (Common ¥)

ZAMN = ZABC (Corr £s, MN/IBC)

. AABC is similar to AAMN. (AA)
(i) ZNMC = ZNCM (Given)

. MN=NC

MN AN

— = (Corr sides of similar As)
BC AC

MN x AC = AN xBC

.. NCxAC = AN xBC

Example 9 c
In the diagram, ZABD, ZBAC and £DCB are right angles.
Prove that
(i) AABC is similar to ACDB,
(i) AC x BD =CB (Pg246Q5)
Proof B D
(i) «CAB + ZABD =180°
..AC//IBD (Int Zs are supplementary)
/BCD = ZBAC =90° (Given)
ZACB = ZCBD (Alt zs, AC//BD)
AABC is similar to ACDB. (AA)
(i) AC_BC (Corr sides of similar As)
BC BD

. ACxBD =CB?




Example 10 B
In the diagram, ~EAF = ZEBF,and E and F are points on AC
and BC respectively. F
Prove that
(i) ZAFC= Z/BEC,
(ii) AAFC is similar to ABEC, \ = ¢
(i) CFxCB =CE xCA. (Pg248Q14)
Complete the following proof.
Statement Reason

(1) | ZACF = ZBCE (Common ¥)

ZACF = ZCBE (Given)

- ZAFC = Z/BEC (£ sum of A)
(i) | £LACF = #BCE (Common »)

Z/ACF = ZCBE (Given)

~.AAFC is similar to ABEC. (AA)
...| CF CA : _—
i) | —=—
(iii) CE " CB (Corr sides of similar As)

~.CF xCB =CE xCA
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Assignment 2: Congruent and Similar Triangles

1. Inthe diagram, CB = HI, GB = AH and the line BC is parallel to the line IH.

Prove that
(i) AGHI is congruent to AABC,
(it) CA/IGI. (Pg268Q1)
Proof
(i) CB=HI (Given)
/IHG = ZCBA (Alt s, BC//HI)
GB = AH (Given)
BA+ AG=HG +GA
~.BA=HG
AGHI is congruent to AABC.  (SAS)
(i) £HIG =«£BAC (Corr Zs of congruent As)
- ZIGA= ZCAG (Adj Zsonastline)

Since the alternate angles are equal, CA//GI.

2. Inthe diagram, P is the mid-point of AC and ZAPQ = ZABC.

Prove that
(i) AAPQ is similar to AABC, 0
AC?
i) AQ= . Pg268Q2
(i) AQ 2AB (Pg268Q2)
Proof
(i) ZQAP = /CAB (Common ) B
ZAPQ = ZABC (Given)
AAPQ is congruent to AABC. (AA)
A AP
(ii) % -5 (Corr sides of similar As)
1
~AC
A
MN_2 (2AP = AC)
AC AB
AC?
AQ =
Q 2AB




3. The diagram shows an isosceles triangle ABC with AB = AC. The points D, E and F lie on AB,
BC and CA respectively, such that DF is parallel to BC, ED is perpendicular to BC.

Prove that. A
(i) ABDE is similar to AEFD,
(i) AEFD is similar to ACEF. (Pg247Q12)
i D F
(i) ~«EDF = /BED (Alt Zs, DF//IBE)
/EFD = ZFEC (Alt Zs, DF//IBE) B & L 9
=90° E
= /BDE
..ABDE is similar to AEFD.  (AA)
(i) £ZEFD = ZFEC (Alt zs, DF//IBE)
«DBE = ZECF (Base Zs of an isos A)
=/FED (Corr«s of similar ABDE and AEFD)

. AEFD is similar to ACEF.  (AA)

4. In the diagram ABCD is an isosceles trapezium where AD is parallel to BC. CA is produced to
a point E such that and BE is parallel to CD.

Prove that OC? = OAxOE

E
Z0ODA=~Z0BC (Alt s, CDI//BE)
ZOAD = ~OCB (Alt /s, CD//BE) D A
AODA is similar to AOBC. (AA) N
~OD OA
So—=— (1)
OB OC
C B
#/DCO = ZOEB (Alt Zs, CDI/BE)
/ZD0OC = ZEOB (Vert opp £5)
ADOC is similar to ABOE. (AA)
OC OD
SL— == . (1)
OE OB
Comparing (1) and (2)
oc_oA
OE OE

-.0OC? =0OAxOE



5. The diagram shows an isosceles triangle ABC in which AC = BC . Lines are draw from A and B
to meet BC and AC at P and Q respectively. The lines AP and BQ intersect at X.

Given that PC = QC, show that A

(1) AXBis an isosceles triangle,

(i) PX =0QX. (2009)

Proof

(i) AC=BC (Given)
AQ+QC=BP +PC
. AQ=BP
ZQAB = Z/PBA (Base Zs of an isos A)

AB is common.
AQAB and APBA are congruent. (SAS)

ZXAB= /XBA (Corr Zs of congruent As)
Hence, AXB is an isosceles A.

(i) ZBXP = ZAXQ (vertopp £s)
BX = AX (AXB is an isosceles A)
/PBX = ZQAX (AACP and ABCQ are congruent.)

ABXP and AAXQ are congruent.  (AAS)
Hence, PX =QX .

6. In the diagram, triangle CDE is isosceles with DE = DC, and the line AE bisects the angle
BAD. Prove that

(i) AABE is similar to AADC, A
(i) ABx AC = AD x AE. (Pg247Q11) D
Proof E
() «DCE =ZDEC (Base Zs of isos A) B C
= /AEC (Vert opp «£5)
/DAE = _/EAB (AE bisects ZBAD)
~.AABE is similar to AADC.  (AA) 4 ;
(i) AB_AE (AABE is similar to AADC) E
AD AC b e
.. ABx AC = AD x AE

10



7. Inthe diagram, the lines AB, EF and CD are parallel to one another. Given that AE : EC=1: 2,

prove that B
(i) BF:BC=1:2, D
(i) AB:CD=1:1. (Pg248Q15) F
Proof 4 E C
(1) ZECF = ZACB (Common %)
/CFE = ZCBA (Corr Zs, AB//EF)

..AACB and AECF are similar. (AA)

CF_CE_1

CB CA 2

cF=1gc
2

(Corr sides of similar As)

.BF:BC=2:1

(i) ZFAE = ZDAC (Common Z)
ZAEF = ZACD (Corr Zs, CDI//EF)
..AACB and AECF are similar. (AA)

EF_AE_1 (Corr sides of similar As)

ChD AC 2

CD =2EF

EF = 1 (Corr sides of similar As, from (i))
AB 2

AB=2EF

AB =2EF =CD

Hence, AB:CD =1:1

11
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Worksheet 3: The Midpoint Theorem

The Midpoint Theorem

If PQR is a triangle with X and Y as midpoints of PQ and PR respectively, then
e the straight line XY is parallel to QR

1

e XY= 2QR
Proof
PX= XQ and PY= YR (Given)
PX 1 PY 1
"PQ 2' PR 2

PX PY
Hence, —=——

PQ PR
Also ZXPY = ZQPR (Common «s)
Hence, AXPY is similar to AQPR. (2 corr sides are proportional & the included /s are equal)
.. ZPXY = ZPQR (Corr «5s)

Hence, XY //QR.
1 .
L= :XY:EQR (Similar As)

Example 1
In the diagram, G and F are the midpoints of AB and BC respectively. GE and BC intersect at the

point F, GE is parallel to BD. Prove that AC is parallel to BD. (Pg246Q6)

Proof A
AC//IGFE (Midpoint Theorem)
. AC/IGE/IBD

12



Example 2
In the diagram, D and E are the midpoints of AB and AC

respectively.
(i) Prove that DE//BC.
(if) If BC = 2x cm, explain why DE = x cm. (Pg247Q7)
Proof
(i) DE/IBC (Midpoint Theorem)
(i) By Midpoint Theorem, if BC = 2x cm then DE =% BC
=Xxcm
Example 3
In the diagram, AG = EG, NG = LG, AR = ET and NI = LI. The points T and R are midpoints of NI
and LI respectively. G
Prove that AANT is congruent to AELR.
Proof N L
TR/INL (Midpoint Theorem)
ZLNT = ZNLR (Base Zs of an isos A)
ZLNT = ZNTA (Alt zs, TR/INL) 4 E
/NLR = ZLRE (Alt zs, TR/INL) T R
o ZNTA == ZLRE
ZNAT = ZLER (Base Zs of an isos A) ]
AR=ET
AT+ TR=TR +RE
.. AT =RE

.. AANT is congruent to AELR. (AAS)

13
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Assignment 4: The Midpoint Theorem

1. In the diagram, ABC and DEC are right-angled triangles with /BAC = ZEDC =90°. E is the

midpoint of BC. p D

C
Prove that

(i) D isthe midpoint of AC,

(i) AEC is an isosceles triangle. (Pg248Q14) E

Proof

(i) «£BAC = ZEDC =90° (Given)
/DCE = ZACB (Common %)
..AACB and ADCE are similar.(AA)

CE_CD_1 (Corr sides of similar As)
CB CA 2
CA=2CD
Hence, D is the midpoint of AC.
(i) AD=CD (Given)
/ADE = ZCDE =90° (adj Zs on a st line)
DE is common.
. ACDE = AADE. (SAS)
EC = EA (Corr sides of congruent As)

Hence, AEC is an isosceles triangle.

14



2. In the diagram, D and F are the midpoints of BC and EC respectively. The points E is on AC
such that AC = 3EC. BE and AD intersect at the point G.

Show that A
(i) AE = 4EF,
.. AG
i) —=4. Pg248Q18
(i) oD (Pg248Q18)
Proof
(i) AE =AC —-EC E
=3EC -EC G F
=2EC
= 2(2EF) F :
= 4EF A D C
(i) DE//EB (Midpoint Theorem)
ZEAG = ZFAD (Common %)
ZAEG = ZAFD (Corr Zs, DE//EB)
..AAEG and AAFD are similar.(AA)
E:E:ﬂ (Corr sides of similar As)
GD EF 1
AG_,

15



3.

In the diagram, B and G are the midpoints of AC and AF respectively. F is the midpoint of both

AD and EC. AC is parallel to DE.

Prove that

. EC
() GB =T

. 1
(if) area of AAGB = 3 of the area of AACD.

Proof
(i) FC=2GB (Midpoint Theorem)
EC=2FC
=2(2GB)
_EC
T4

..GB

(i) £GAB = ZFAC (Common %)
ZGBA = ZFCA (Corr £s, GB//FC)
..AAGB and AAFC are similar. (AA)

Area of AAGB ( 1)2

Areaof AAFC (2

Area of AAGB = ZlArea of AAFC
Area of AAFC = %Area of AACD
Area of AAGB= ZlArea of AAFC

= —1><1Area of AACD
4 2

= %Area of AACD

16
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4. In the diagram, B and E are the midpoints of AC and AD respectively. FD bisects CE and
/CBE = ZDFC.
Prove that A
(i) BE is parallel to CD,
(i) triangle BEC is similar to triangle FCD,

FC CD B E
Proof
(i) BE/ICD (Midpoint Theorem) C D
(i) «BEC = «ZCED (Given)

/CBE = ZFCD (Alt £s, BE//CD)

ABEC is similar to AFCD. (AA)
(iii) BE_EC (Corr sides of similar As)

FC CD

17
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Worksheet 5: Angles Properties of Quadrilaterals

The table below shows some properties commonly used for proving special quadrilaterals.
(TBPg251)

1. Parallelogram

quadrilateral with 2 pairs of parallel sides g
quadrilateral with 2 pairs of equal sides ﬂ

quadrilateral with 2 pairs of equal opposite angles Q

quadrilateral with 1 pair of equal and parallel opposite sides g

2. Rectangle
] [
« (quadrilateral with 4 right angles
1 i
T -
« parallelogram with 1 right angle 1 Y

3. Rhombus

o quadrilateral with 4 equal sides

« parallelogram with equal adjacent sides <>

4. Square
EEEENE
« quadrilateral with 4 equal sides and 4 right angles
0. [
T =
 rectangle with equal adjacent sides H
=
« rhombus with 1 right angle { T

18



Example 1
The diagram shows a quadrilateral ABCD with its diagonals AC and BD bisecting each other at E.
Prove that

(i) triangle ABE is congruent to triangle CDE, 4 D
(i) ABCD is a parallelogram. (Pg255Q1)
Proot £
(i) AE=EC (Given) B C
Z/AEB = ZCED (vert opp £5s)
BE =ED (Given)
AABE = ACDE (SAS)
(i) AB=CD (corr sides of congruent As)
/BAE= ZDCE (corr Zs of congruent As)
.. AB//IDC (alt £s are equal)
Hence ABCD is a parallelogram.
Example 2 A E , D
In the diagram, AFCE is a square and BF = ED.
Prove that
(i) triangle ABF is congruent to triangle CDE,
(i) ABCD is a parallelogram. (Pg255Q2) B
T F C
Proof
() AF=CE (Sides of a square)
ZAFB = ZCED =90° (Adj Zson astline)
BF =ED (Given)
AABF = ACDE (SAS)
(i) AB=DC (corr sides of congruent As)
AD//BC (opp sides of a square are //)

Hence ABCD is a parallelogram

19



Example 3
The diagram shows a parallelogram ABCD with its diagonal BD.

(i) Using the property of parallel lines in a parallelogram, prove that AABD is congruent to ACDB.

(if) Hence prove that the parallelogram ABCD has two pairs of equal sides. (Pg255Q3)
Proof A >
(i) ADB = «CBD (alt «s)

ZABD = ~CDB (alt £s)

BD =DB (Common sides)

AABD = ACDB (AAS) B > o
(i) AB=DC (corr sides of congruent As)

AD =BC (corr sides of congruent As)

Hence ABCD has two pairs of equal sides.

Example 4
In the diagram, ABCD is a quadrilateral. X and Y are on CB and AD produced respectively,

/BAC = ZACD and £XBA = £YDC.

Show that ABCD is a parallelogram. (Pg255Q5) A D
Proof

/BAC = Z/ACD (Given)

-.AB//IDC (Alt Zs are equal) e

ZABC = ZCDA (adj Zs on a st line) B C

AC =CA (common sides)

AABC = ACDA (AAS)

/BCA = Z/DAC (Corr s of congruent As)

..AD/IBC (Alt £s are equal)

Hence ABCD is a parallelogram.

20



Example 5
The diagram shows a parallelogram ABCD and its diagonal BEFD.

BE=FD =4cmand CF=7cm. A a D
(i) Show that triangle ABE is congruent to triangle CDF.
(it) Show that AECF is a parallelogram. /
(iii) Find the length of AE. (Pg255Q7) /
Proof B C
(i) AB=CD (opp sides of a //gram)

/ABE = ZCDF (alt £s)

BE=FD (Given)

AABE = ACFE (SAS)
(i) CF=AE=7cm (corr sides of congruent As)

/AEF = ZCDE (corr £s of congruent As, adj Zs on a st line)

EF =FE (common sides)

AAEF = ACFE (SAS)

/AFE = ZCFE (corr Zs of congruent As)

Z/AEF = ZCEF (corr £s of congruent As)

Hence AF//EC and AE//FC. (alt £s are equal)

Hence AECF is a parallelogram.
(i) AE=CF=7cm (corr sides of congruent As)
Example 6

The diagram shows a quadrilateral ABCD with its diagonal BD. The
points E, F, G and H are the mid-points of the sides AB, BC, CD and DA
respectively.

If BD is perpendicular to EF at the point | show that
(i) EH is parallel to FG and ZEFG = 90°,

(i) EFGH is a rectangle. (Pg255Q10)

Proof

(i) EH//BD (Midpoint Thm)
FG//BD (Midpoint Thm)
Hence EF//FG.

ZEIB = ZEFG = 90°. (alt «s)

(i) HG/IAC (Midpoint Thm)
EF//AC (Midpoint Thm)
Hence HG//EF.

/EFG =90° (corr Zs of congruent As)
/AEF = ZHFG = 90° (int Zs)

Hence EFGH is a rectangle.

21
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Assighment 6: Angle Properties of Quadrilaterals

1.

In the diagram, ABCD is a parallelogram. The sides DA and BC A }{\ B

are produced to points X and Y respectively such that AX = CY.
Prove that XBYD is a parallelogram. (Pg255Q6)

Proof D C
AD =BC (opp. sides of parallelogram) \){

AX = CY (given) Y
.- DX=BY

AD /I BC (opp. sides of parallelogram)
.- DX /I BY

Since DX = BY and DX // BY, XBYD is a parallelogram.

The diagram shows a kite ABCD with its diagonals AC and BD A
intersecting at E.
Prove that

(i) AABC is congruent to AADC,
(i) ABCE is congruent to ADCE, E
(iii) BD is perpendicular to AC. (Pg255Q8) B

Proof
(i) In AABC and AADC, C
AB = AD (adj. sides of Kite)
BC=DC (adj. sides of kite)
AC=AC (common side)
Hence AABC is congruent to AADC. (SSS)

(it) In ABCE and ADCE,
BC=DC (adj. sides of Kite)
/BCE = ZDCE (corr Zs of congruent As)
EC=EC (common side)

Hence ABCE is congruent to ADCE. (SAS)

22



3. In the diagram, AD is parallel to BC, AE = EB and AF = FC. EFG is a straight line, where G
lies on CD.

Prove that /\%
(i) F is the mid-point of BD, W s

(i1) G is the mid-point of CD,

(iii) ABCD is a parallelogram. (Pg255Q11)
B > c
Proof
(1) AF=CF (given)
Z/ADF = ZCBF (alt. Zs, AD // BD)
Z/AFD = ZCFB (vert. opp. £5)
Hence AADF is congruentto ACBF. (AAS)
..DF =BF (corr sides of congruent As)
Hence F is the mid-point of BD.
(i) EFG// BC (Midpt Thm)
/DFG = /DBC (corr £ s)
/FDG = /BDC (common/ s)
AFDG is similar to ABDC. (AA)
. DF DG 1
DB GC 2

Hence, G is the mid-point of CD.

(iii) From (i), AADF is congruent to ACBF.
. AD=CB
Since AD =BC and AD // BC, ABCD is a parallelogram.

4. Inthe diagram, ABCD is a trapezium with AB = CD. A D
Prove that 5
(i) ABAD is congruent to ACDA.
(i) AE =DE, B == s
(iii) ABEC is isosceles. (Pg256Q12)
Proof
(i) Since AD //BC and AB = CD,
/BAD = ZCDA
AB =CD (given)
AD =AD (common side)
Hence ABAD is congruent to ACDA. (SAS)
(i) «BDA = ZCAD. (corr Zs of congruent As)
Hence AE = DE. (base s of isos A)
(iii) «BCE = ZEBC (alt. Zs, AD // BC)
..BE=EC (base s of isos A)

Hence ABEC is isosceles.

23



5. Inthe diagram, BCDE is a rectangle. AAED is isosceles with AD = AE.
AFB and AGC are straight lines. /
Show that E——av )P
(1) AABE is congruent to AACD,
(i) AAEF is congruent to AADG. (Pg256Q13)
Proof B C
(i) «AED = ZADE (base /s of isos. AAED)
/BEF = ZCDG =90° (s of rectangle)
ZAED + /BEF = Z/ADE + ZCDG
Hence, ZAEB = ZADC.
AE = AD (given)
BE=CD (opp sides of rectangle)
Hence AABE is congruent to AACD. (SAS)
(i) ZEAF = ZDAG (corr Zs of congruent As)
AE = AD (given)
ZAEF = ZADG (base Zs of isos A)
Hence AAEF is congruent to AADG. (ASA)
6. In the diagram, ABCD and, CDEF are parallelograms. The point X is the mid-point of AC and

of BD, and the point Y is the mid-point of CE and of DF.

Prove that

(i) AE s parallel to XY,

(ii) AE is parallel to BF,

(iii) BAEF is a parallelogram.

Proof
(i) AE// XY

(i) XY/l BF
Hence, AE // XY // BF.

(iii) AB // CD and CD // EF
Hence, AB // EF.
.. BAEF is a parallelogram.

(Pg256Q14)

D

(Mid-point Theorem) E

(Mid-point Theorem)
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7.

In the diagram below, ABCD is a quadrilateral. AE = BE and BF = FC. The diagonal AC
A

intersects DE at X and DF at Y, so that AX = XY = YC.

Prove that

(i) BXDY is a parallelogram,

(i) AAXB is similar to ACYD.
(iii) ABCD is a parallelogram.

Proof
(i) EX//BY
FY /I BX

Hence, BXDY is a parallelogram.

(i) £LAXB = ZXYF
= ZCYD
AX=CY
BX =DY
.. AAXB is congruent to ACYD.

(iii) «BAX = ZDCY.
AB /I CD
AB=CD
ABCD is a parallelogram.

(Pg270Q5)

B

(Mid-point Theorem)
(Mid-point Theorem)

(corr. Zs, BX /I FY)

(vert. opp. £s)

(given)

(opp. sides of parallelogram)
(SAS)

(corr s of congruent As)

(alt Zs are equal)
(corr sides of congruent As)

25
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Worksheet 7: Angle Properties of Circles

Some Angle Properties of Circles

Date:

Property

Abbreviation

1. Anangle in a semicircle is a right angle.

N

Z in a semicircle

2. Anangle at the centre is twice any angle at the
circumference.

/ at centre = 2/ at @

/s in the same segment

4. The exterior angle of a cyclic quadrilateral is equal to the
interior opposite angle.

Ext « of a cyclic quad

5. Angles in opposite segments are supplementary.

AN
Zs in opp segments
(or opp Zs of a cyclic quad)
(Y
X+ £y =180°

26




Property Abbreviation

6. A tangent of a circle is perpendicular to the radius drawn to
the point of tendency.

0 tan L rad

A B

7. If PQ and PR are two tangents to a circle centred at O, then
e PQ=PR
e /OPQ=ZOPR
%4

’ tan from an ext pt

R

The Alternate Segment Theorem (Tangent-Chord Theorem)

An angle between a tangent, ATB and a chord, TP through the point of contact, T, is equal to
the angle in the alternate segment.

A 7 B

i.e. /PTB =/PQT.

Abbreviation: alt seg thm

Proof

Let SOT and O be the diameter and centre of the circle. S

Insert the diameter TS and join PS.

ZSPT =90° (£ in a semicircle) z p
ZX+ £y =90° (tan L rad) QW

7+ £x =90° (£ sum of A)

L=y X

W= /2 (Zs in the same segment) A B
Therefore, /PTB=/PQT. T

27



Example 1
In the diagram, two circles intersect at the points A and B. AC and AD are diameters of the circles.

Prove that C, B and D lie on a straight line. (Pg264Q1)

Proof

/DBA = ZCBA = 90° (£ in a semicircle)
.. DB//BC

Since DB//BC and B is a common point, .. C, B and D lie on a straight line.

Example 2
In the diagram, CB and DA produced meet at the point P and AB = AP. Prove that CD = CP.

(Pg264Q2)
Proof
Z/APB = /ABP (Base s of an isos A) ¢
ZCDP = ZABP (ext £ of a cyclic quad) B
= ZAPB
= /DPC
.. CD=CP A

Example 3
In the diagram, the circles ABCD and AEFB intersect at A and B. Prove that

(i) £LAEF + ZCDA = 180°,
(iii) CD is parallel to FE. (Pg264Q3)

Proof
(i) ZAEF = ZABC (ext £ of a cyclic quad)
Z/CDA= ZABF (ext £ of a cyclic quad)
/AEF + Z/CDA = ZABC +/ABF (adj Zsonastline)
=180°

(i) ZAEF + ZCDA = 180°
..CD is parallel to FE. (int Zs are supp)
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Example 4
In the diagram, O is the centre and AB is the diameter of the circle. Given that OX is parallel to BC.
Prove that OX is perpendicular to AC.

Proof ’
ZACB =90° (£ in a semicircle)
AC L CB A 4

B

Hence, OX L AC. (CB /1 OX)

Example 5
AB is a diameter and AC is a chord of a circle centre O and radius r. P is a point on the chord AC
and O is the foot of the perpendicular from P to AB.
(1) Name the two similar triangles.

(i) Hence, prove that APx AC =2r2.

Proof =
(i) ZACB=90° (£ in a semicircle) A

/O
o

= ZAOP
/PAO = Z/BAC (Common »)
. AACB is similar to AAOP. (AA)

.. AP AO APt

(i) —=—7>=>—=—
AB AC 2r AC
- APxAC=2r’

(Corr sides of similar As)

Example 6
In the diagram, PA, PB and PC are tangents to the circles at A, B and C respectively.

Prove that PB = PC. (Pg264Q3)

Proof r

PB = PA (tan from an ext pt)

PA=PC (tan from an ext pt)

.. PB=PC C

@
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Example 7
In the diagram, COB is a chord of a circle with centre O and it is produced to a point P where PA is

a tangent at A. Prove that PAx AC = ABx PC..

C
Proof
/BAP = ZACP (alt seg thm)
ZAPB = ZCPA (common )
AAPB is similar to ACPA . (AA) 10
PA_AB (Corr sides of similar As) A
PC AC B
. PAxAC =ABxPC P

Example 8

In the diagram, ABC is a triangle inscribed in the circle with centre O, and SZ is a tangent to the
circle at A.

Given that AB = AC, prove that

(i) ZABC = /BAT,

(ii) CBis parallel to ST. (Pg264Q5) C@B
O
S T
A

Proof
(1) «BAT = «ZBCA (alt seg thm)
= /ABC (base /s of an isos A)
(i) ZABC = ZBAT
.. CBis parallel to ST. (alt £s are equal)
Example 9
The diagram shows a circle with centre O. AB is a diameter and AQ is a tangent to the circle at A so
that ZPQA is a right angle. B
Prove that
(i) AABP is similar to APAQ, P
(i) AP =,/ABxQP . (Pg265Q8) o
[
Proof
(i) «PAB = ZPBA (alt seg thm)
ZBPA =90° (£ in a semicircle) A Q
= /PBA

-.AABP and APAQ are similar. (AA)

(i) AP _AB (Corr sides of similar As)
PQ AP

AP? = AB x QP

~.AP=[ABxQP

30



Example 10
In the diagram, ABC is a triangle inscribed in a circle, XY is a tangent at A. and CP is parallel to XY,

(i) Prove that AABC and AACP are similar.

. AC?
(ii) Deduce that PA= 2B (Pg266Q14)
Proof
(i) £XAC =~/ACP (Corresponding £s, PC//XY)
= /ABC (alt seg thm)
ZCAP = ZBAC (Common «)
AACP is similarto AABC . (AA)
(i) PA = AC (Corr sides of similar As)
AC AB
2
- PA= AC
AB
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Assignment 8: Angle Properties of Circles

1. Inthe diagram, AF and BF are tangents to the circle at A and B respectively.
Prove that Z/BFD = 2/ACB. (Pg265Q8)
Proof
/FAB = Z/ACB (alt seg thm)
AF =BF (tan from an ext pt)
/BFD = ZFAB +/ABF (ext ZofaA) \
=2/FAB (base £s of an isos A) \
2. In the diagram, triangle ABC is inscribed in the circle. The tangent at A meets the line BC
produced at P.
Prove that
(i) AAPC and ABPA are similar,
(i) BPxCP=AP?. (Pg265Q10)
B
Proof
(i) «ZCAP = ZABP (alt seg thm)
Z/CPA = ZAPB (common X)
. AAPC and ABPA are similar. (AA) C
AP CP . .
—=— Corr sides of similar As
W) 5p =ap ( ) A
-.BPxCP = AP’
3. The diagram shows a circle with centre O and diameter AB. AQ is a tangent to the circle at A,

and AL = AN. Prove that Z/ABL = Z/PBL. (Pg265Q11)
Proof B
ZANB = ZALN (base £s of an isos A) P
= /PLB (vert opp «£5)
ZAPB = ZBAN (£ in asemicircle, tan L rad) O e L
AABN and APBL are similar. (AA)
. ZABL = ZPBL. (Corr Zs of similar As)
A I N Q
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In the diagram, PS and PU are tangents to the circle at S and U respectively. QR is a tangent to
the circleat T.

Prove that PQ + QR + RP = 2PU. (Pg265Q13)
Proof

QU=QT (tan from an ext pt)

RS =RT (tan from an ext pt)

RS =PU (tan from an ext pt)

PQ+QR+RP

=(PU-QU) +(QT +RT) + (PS-RS)
= (PU -QU) + (QU + RS) + (PS - RS)
=PU + PS

=2PU

Hence PQ + QR + RP = 2PU.

In the diagram, triangle ABC is inscribed in the circle, and XY is a tangent at A. Given that PC

bisects #BCA and that CP is parallel to XY, prove that PB = PC. (Pg265Q15)
Proof
Z/XAC = ZACP (alt £s)

= /PCB (given)
ZXAC = ZPBC (alt seg thm) C 4
.. ZPCB = ZPBC '
Hence PB = PC. -

X = A Y

The diagram shows a circle, centre O, with diameter AB. The point C lies on the circle. The
tangent to the circle at A meets BC extended at D. The tangent to the circle at C meets the line
AatE.

(i) Prove that triangles AEO and CEO are congruent. °
(it) Prove that E is the mid-point of AD. (Nov 2008)
Proof . X
(i) OE is common.
/EAO = ZECO =90° (tangent L radius)
OC = OA (radius) A 9 B
AAEO = ACEO (RHS)
(i) LEOA = ZEOC (corr Zs of congruent A)
Z0CB = Z0BC (base s of an isos A)
.. ZEOA = ZCBO
/EAO = ZABD (common Z)
Hence, AEAO and ADAB are similar. (AA)
E:%:l (corr Zs of similar As)
AD BA 2

Therefore E is the mid-point of AD.
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Alternative Method
(i) OC=A0 (Radius) D

EO is common.

Z/ECO = ZEAO =90° (tan L radius)

AAEO and ACEO are congruent. (RHS)
.. E C
(i) ZEAO = ZDAB (Common ¥)

Z/COA =2/CBO (£ at centre)

2/EOA =2-CBO

/EOA = ZEOC s of A

- JEOA = /CBO ( , Corr Zs of congruent As) J

AEAOQO and ADAB are similar. (AA)

AE_AO_1

AD AB 2

Hence, E is the midpoint of AD.

7. In the diagram, PQ is the common chord of the two circles PQR and PQBC, and QC is a
tangent to the circle PQR at Q. Prove that BC is parallel to QR. (Pg270Q7)
Proof
/PQC= /PBC (s in the same seQ)

= ZQRP (alt seg thm)
Hence BC//QR. (alt s are equal)
Hence PB = PC.
8. In the diagram SPT is a tangent to a circle at the point P. The points Q and R lie on the circle.

The line PM is perpendicular to the chord QR and the line RN is perpendicular to the tangent

SPT.

(i) By considering QP as a chord of the circle, find, with explanation, an angle equal to angle
QPT.

(if) Explain why a circle with PR as diameter passes through M and N.

(iii) Prove that the lines MN and QP are parallel. (Specimen Paper)
Proof
() ZQPT =QRP (alt seg thm) R
M
(i) £ZRNP =ZRMP =90° (Z in a semi-circle) 0

.. acircle with PR as diameter passes through M and N.

(iii) ZMRP =ZMNP (alt seg thm)
=/ZQPT (from (ii)) =

Since the corresponding angles are equal, MN//QP. N P
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9. The diagram shows a point X on a circle and XY is a tangent to the circle. Points A, B and C lie
on the circle such that XA bisects angle YXB and YAC is a straight line. The lines YC and XB
intersect at D.

(1) Prove that AX = AB. ¥
(if) Prove that CD bisects angle XCB.
(iii) Prove that triangles CDX and CBA are similar.
Proof
(1) ZYXA = ~2XBA (alt seg thm)
= /BXA
Hence, AXB is an isosceles A and AX = AB.
(i) £YXB = _~XCB (alt seg thm)
=2/XBA (from (1))
Z/XBA = ~/XCD (alt seg thm)
2/XBA=/ZXBA+ £ZDCB
.. ZDCB = ZXBA= ZDCX
Hence, CD bisects XCB.
(iif) ~CxXB=-CBA (alt seg thm)
ZACB = £ZXCD (from (ii))
Hence, triangles CDX and CBA are similar. (AA)
10. In the diagram, P is any point on the semicircle centre O, and PQ is perpendicular to AB. The

inscribed circle centre C touches PQ, AB and the semicircle at D, E and F respectively.
Prove that
(i) A, Dand F lie on the same straight line,

(i) ADx AF = AQx AB. (Pg269Q12)
Proof
() Z£FAO =ZAFO (Base s of an isos A)
= /CDF (Base s of an isos A)
..CDI//OA (corr«s)
Hence, A, D and F lie on the same straight line.
(i) «DAQ= ZBAF (Common »)
ZAQD = 90°
- Z/AFB (£ inasemicircle)

~.AADQ is similar to AABF. (AA)

AD _AQ
AB AF
..ADx AF = AQx AB
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11. In the diagram AC is a straight line intersecting a circle at A and D. The point B lies on the
circle and BC is a tangent to the circle. The point E lies on AC such that the line BE bisects

angle ABD. Prove that triangle BCE is isosceles. (2013)
A
D
B C

Proof
«DBC = «ZBAC (Alt Seg Thm)
Z/BED = ZABE + ZBAC (Ext Z of A)

= Z/EBD + ZDBC (£EBD = ZABE, BE bisects ZABD)

= /BEC

.. BCE isanisos A.
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Revision 3: Quadratic Equations and Inequalities

1. Solving Quadratic Inequalities
o If a(x—a)(x—L)>0 where a < f then X<a or x> f3.

o If a(x—a)(x—p)=>0 where a < f then x<a or x> f3.
o If a(x—a)(x—/L) <0 where o< f then a < x< p.
o If a(x—a)(x—pL)<0 where a <f then a <x< B.

2. Nature of roots of a quadratic equation, ax* + bx +c =0

Description Tga:?kr)ggtzf Conditions
* The equation ax’ +bx+c =0 has two equal roots. 1 b* —4ac=0
* The equation ax’ +bx+c =0 has two distinct real roots. 2 b* —4ac >0
* The equation ax® +bx+c =0 has no real roots. 0 b? —4ac<0
* The equation ax® +bx+c =0 has real roots. lor2 b* —4ac>0
: b* —4ac<0
2
e The expression ax” +bx+c>0. 0 and a>0
: b* —4ac<0
2 0
e The expression ax” +bx+c<0. and a<0
2
. . . — <
e The expression ax* +bx+c >0 (or is non-negative) Oorl b®—4ac<0
and a>0
: . . b* —4ac<0
2
e The expression ax® +bx+c <0 (or is non-positive) Oorl and a <0

3. Intersection of a line and a curve

A straight line intersects a curve. The solutions from the equation ax® +bx+c =0 give the x-
coordinates of the points of intersection of these two graphs.

Description '}Ig;r?ggtzf Conditions
e  The line is a tangent to the curve. 1 b? —4ac=0
e  The line touches the curve. 1 b* —4ac=0
e  The line intersects the curve. lor2 b* —4ac>0
e  The line meets the curve. lor2 b* —4ac>0
e  The line does not intersect the curve. 0 b? —4ac<0




Example
1. Find the smallest value of the integer a for which ax®+5x+2 is positive for all values of x.

ax? +5x+2>0
Discriminant<0 and a>0
5% —4a(2) <0

25

a>—
8

Smallest integer value of a=4

2. Find the smallest value of the integer b for which —5x +bx—2 is negative for all values of x.

—5x2+bx—2<0
Discriminant < 0
b? —4(-5)(-2) <0

b? -40<0

(b++/40)(b—+/40) <0 e Solve inequality by factorisation

—J40 <b <+J40 e b<+/40 is mathematically wrong and
Smallest integer value of b =—6 should not be written.

3. Find the value of p and g for which the quadratic inequality x? + px > q is satisfied by x> 2

or X<-4,

X=2 or x<-4 p=2
(x=2)(x+4)>0 q=
X2 +2x—-8>0

X2 +2x>8

4. Thespeed vmsof aparticle travelling from A to B, at time t seconds after leaving A, is given
by v =10t —t2. The particle starts from rest at A and comes to rest at B. Show that the particle

has a speed of 5ms ™ or greater for exactly 455.

10t -t >5 e Solvev>5
2 _10t+5<0 o ;I;Pl(teocl?saécératic expression could not be
Let t*—10t+5=0 '
104107 406 e Assume that t*—10t+5=0.
t="" (=10)" ~4()) —b++/b*—-4ac .
2(2) e Applyt= 23 to find the t-
=525 intercepts of the curve of y=t>-10t+5.

2 -10t+5<0=5-2/5<t<5-25
Duration =5+ 2+/5—(5-24/5)

=455



4. Roots of Quadratic Equations
If the roots of a quadratic equation ax® +bx + ¢ =0 are a and $3, then
ax? +bx+c=0< X’ —(a+B)x+af =0

ie. a+ﬁ:—9 and af ==
a a
Some useful identities
o a*+p=(a+p)°-2ap
o d’+p° =(a+p)a’ -af+p)=(a+p)(a+p) -3ap]
o a'-p° =(a-p)a’ +af+ ) =(a+B)(a+p) -af]

Example
5. The equation x?+4x+k =0 has two real roots,  and 4, where & > . If o — =247, find
the value of k.

a+p=-4 e Do not attempt to find the value of « and
aff=4 B.
(@—p)* = (2J7)? e Make use of the values of o+ and af3.

a’+ p*-2a=28
(a+B)° -2aB-2aB=28
16-4k =28

k=-3

6. The quadratic equation 2x* +5x+4 =0 has roots « and f.
Find the quadratic equation whose roots are o*and f°.

e Always find the value of ¢+, afand
a’ + B* before attempting to find the
value of o®+ B° and o°f°.

5
a+ﬂ:—5

aff=2
a’+p*=(a+p)° -2ap

5 2
{5

»|©

o+ =(a+p)a’ -af+p)

e

5

8

a3ﬁ3 =8

: L 5
The required equation is x> +§x+8 =0 or 8x* +5x+64=0



Exercise

1. A ball is thrown from the top of a building. Its height, h metres, from the ground after time t
seconds is given by h =50+10t —5t>.
(i) Find the range of t for which the height reached is more than 50 m.
(i1) Use the discriminant to determine whether the ball could reach a height of 60 m.

(i) h>50
50+10t —5t? > 50
5t> —10t <0
5t(t—2)<0
O<t<?2

(i) When h=60, 50+10t —5t* =60
5t2 —10t+10=0
Discriminant = (—10)% —4(5)(10)
=-100 <0

50+10t —5t® = 60 has no real solution.
.. the ball could not reach a height of 60 m.

2. Find the range of values of k such that kx* +3x+k > 2x* + kx+ 3 for all real values of x.

kx® +3x+k > 2x% + kx+3
(k=2)x*+(B-k)x+(k-3)>0

Discriminant <0 and k—2>0
(3-k)* —4(k-2)(k—3) <0 k>2
(k—=3)2—4(k-2)(k-3) <0

(k—-3)(k—3-4k +8) <0

(k-3)*-4(k-2)(k-3)<0

(k-3)(5-3k) <0

k<§ or k>3
3

k>3




3. (a) Find the range of values of p for which the expression (p—6)x*—8x+p is always
positive for all real values of x.

(b) Show that the line y = EJFE is a tangent to the curve y* = 2x for all real values of k.

(@ (p—6)x*—8x+p>0
Discriminant <0 and p-6>0
82 —4p(p—6)<0 p>2
64—4p® +24p<0
p>-6p-16>0
(p-8)(p+2)>0
p<-2or p>8
L. p>8

(b)

x? k2
— X+ —=2X
k 4
2 2
:——x+k7_0
Discriminant
1Y k?
=(-)%-4 = | ~—
1 (kZM
=0

X k.
S y= m + > is a tangent to the curve y* = 2x for all real values of k.

4. Express y=-3x"+9x-16 inthe form y=a(x+b)’ +c where a, b and ¢ are constants.
Hence state the maximum value of y and the value of x at which this maximum value occurs.

Sketch the graph of y = -3x* +9x-16.

y =-3x* +9x-16 “ x

2 2 0
=-3 x2—3x+(§j +3(§j -16 (3 37)
2 2 L 27 4 )

2

2 4 -16
. 37
maximum y = 7




(@)

(b)
(©)

(@)

(b)

(©)

Find the range of values of k for which the line y=kx+3 will intersect the curve
y =7x* +5 at two real distinct points.

Find the range of values of x for which x* <4x+12.
Find the two possible values of k for which the line y=3kx—2k +4 is a tangent to the

curve y = (2k +1)x>.

y =kx+3 (D)
y=7x*+5 l2)
Sub (1) into (2) kx+3=7x*+5

7x% —kx+2=0
Discriminant > 0

k?—4(7)(2) <0
k?-56>0

(k ++/56)(k —/56) > 0
(k+2J7)(k=27) >0
k<—247 or k>27

x? <4x+12
x? —4x-12<0
(x+2)(x—6)<0
—2<x<6

y=3kx—2k+4 .....(~1)

y=02k+Dx*  .....(2)

Sub (1) into (2) 3kx—2k +4 = (2k +1)x*

(2k +1)x* —3kx+ (2k —4) =0

Discriminant =0

9k —4(2k +1)(2k —4) =0

ok% —4(4k?> -6k —4) =0

9k? —16k? + 24k +16 =0

7k? - 24k -16=0

(7Tk +4)(k—-4)=0

4

k=—o, 4
7



6. (a) A cone has a circular base area of (2x+5)cm?and a perpendicular height of x cm.
Calculate the values of x for which the volume of the cone is greater than 4 cm®.

(b) Find the range of values of m such that the curve y = x> + 2mx + m+12 always lies above
the x-axis.

(a) Volume >4 cm?®

%x(2X+5)><X>4 and 2x+5>0
2 5
2X° +5x>12 x>—§

2x% +5x-12>0
(2x-3)(x+4)>0

X < —4, x>§
3
SX>—
2

(b) x*+2mx+m+12>0
4m? —4(1)(m+12) <0
m?>-m-12<0
*m+3)(m-4)<0
-3<m<4

7. (a) Given that x<—-1 or x>5 is the solution set to the inequality (x+2)(x—6) >k, find the
value of k.
(b) A straight line passes through (1, 3) with gradient m. Find the limits within which m must

lie if the straight line is not to touch the curve y = (x +1)°.
(c) Prove that the equation (x +a)(x +b)=c? always has real roots.

@ x<-lorx>5 (b) y—-3=m(x-1)
(x+1)(x-5)>0 y=mx+(3-m) .....(1)
x> —4x-5>0 y=(x+1)° e(2)
X2 —4x—12> -7 Sub (1) into (2) mx+(3—m)=(x+1)*
(X+2)(x—6)>-7
sk=-7 mx+(3-m) = x*+2x+1

X2 +(2-m)x+(m-2)=0
Discriminant < 0
(2-m)?-4(1)(m-2)<0
m?—4m+4—-4m+8<0
m?-8m+12<0
(m-2)(m-6)<0

2<m<6



) (x+a)x+b)=c?
x? +x(a+b)+ab—c? =0
Discriminant
= (a+b)* —4(ab-c?)
=a’ + 2ab +b? — 4ab + 4c?
=a’ —2ab+b? +4c?
= (a—b)? +4c?
Since (a—b)2>0,¢2>0, .. (a—h)*> +4c*>0
Hence, (x +a)(x +b)=c? always has real roots.

8. Using a separate diagram for each part, represent on the number line the solution set of
(i) 3(2—x)<x+18,

(i) 6(x*—2)>3x-09.
State the set of values of x which satisfy both of the inequalities.

() 3(2-x)<x+18 (i) 6(x*-2)>3x-9
6—-3x<x+18 6x2 —3X+3> 0
4x >-12
‘o 3 2x2 —x+1>0

(2x+1)(x-1) >0

x<—1 or x>1
2

9. (i) Find the range of values of ¢ for which the straight line y=4x—2c meets the curve
y =2x* —6X+0.
(ii) State the value of ¢ for which the straight line is tangent to the curve.

(i) y=2x*-6x+9 ...(1)
y=4x-2c ce(1)
Sub (1) into (2) 4x—2c=2x*—6x+9
2x? —10x+9—-2c =0
Discriminant > 0
100-4(2)(9-2c) >0

25-18+4c >0
4c > -7
7
c>——
4
(i) c=——



10. (a) Find the range of values of h for which the equation x*> —8x+h?—9=0 has real roots.
If h is a positive integer, list the values of h for which the roots of the equation are real and
of the same sign, stating the reasons for your answer.

x> —8x+h*-9=0

Equation has real roots = discriminant > 0
82 —4(1)(h?-9)>0

64—4h* +36>0

4h* -100<0

h?-25<0

(h+5)(h-5)<0

-5<h<5b

If the roots are real and of the same sign, the
product of roots > 0.

h2-9>0
(h=3)(h+3)>0

h<-3 or h>3
As h is a positive integer, h>0, h=4,5

(b) Find the value of b and of ¢ for which x <—3 or x> 8 is the solution set of x* >c—bx.

Xx<-3or x>8
(x+3)(x-8)>0

X2 —5x—24>0
X > 24+ 5x
b=-5rc=24

11. The roots of the quadratic equation x? —5x+3=0 are ¢rand g.
(i) Express a? —-af+ ,82 in terms of (a+ ) and ap.
(ii) Find the quadratic equation whose roots are o *and j°.

(i) a’—apf+p* =(a+p) -2ap-ap
= (a+ B)’ —3af3
(i) a+p=5
aff=3
a’+p=(a+p)a’-ap+p?)
=(a+Ala+B)’ -3af]
=(a+p)*-3afla+p)
=125-3(3)(5)
=80

api=3
=27

The required quadratic equation is x> —80x+27=0



12. The equation 6x? +7x—3=0 has roots 1 and l.
(04

(i) Find the value of (ax+ f) and ap.
(i) Hence, or otherwise, find the exact value of a® + f°.

(i)

1 1 1

— Y — ==

a p 2

1 _ 1

a/i'_ 2

af=-2 ... (2)

Sub (2) into (1) o+ = —%(—2)

7
+ ==
a+pf 3

(i) a®+p° =(a+p’—ap+p7)
=(a+Bl(a+B)* -3af]
=(a+p)’ -3apfla+p)

7 7
(3] -e2l3)
_ra
27

10



13. The roots of the quadratic equation 5x* —4x+2=0 are e and £.
(i) Find the values of o + % and a* + B*.
(ii) Find the quadratic equation with integer coefficients and whose roots are «® +2 and
£ +2.

() a+fp-¢
aﬂzé
a’+p%=(a+p)*-2a8
2
(44
5 5
_4
25

at s ph=(a?+ 2?2 -2a22p7

2 2
_ (_i _Z(EJ
25) 5
384
625

4
i) o’ +2+p°+2 =——+4
(i) a°+2+p°+ >

9%
25

(@®+2) (B2 +2) = o’ B2 +2(a” + ) + 4

(&) o)

_%
25
. : .. .2 9% _ 9% ’
The required quadratic equation is X —£x+£ =0 or 25x°—96x+96=0.

11



14. The roots of the quadratic equation 4x®> —x+16=0 are '’ and S°.
Find the quadratic equation whose roots are « and 3, where a + 3 > 0.

2, 52_1

a“+p =

(06+,3)2—2a,8=% ....... (1)

a’p?=4

af=+2 ... 2

Sub af=2into (1)  (a+p)- :%
@+ P ==

Since a+ >0, a+ﬂ:g

Sub e =2 into (1) (a+,8)2+4:%

(a+p)? =10 (NA)

J17

The required quadratic equation is X —Tx+ 2=0 or 2x*-17x+4=0.

12



15. The roots of the quadratic equation 3x* —4x+5=0 are cand 3.

(i) If a+f=p and af=q, find the value of g
(if) Find the quadratic equation whose roots are “ and i .
a+2 L+2
. 4
() p—g
g5
3
p_4
q 5
(i) a_ . B _a(f+2)+p(a+2)
a+2 f[+2 (a+2)(f+2)
_ 2ap+2(a+p)
af+2(a+p)+4

A
HERE

18

25

i)t
a+2 )\ f+2) (a+2)(B+2)
5

3
5J+ 2(4j+4
3 3
1
5

The required quadratic equation is x? —%X+% =0 or 25x*-18x+5=0.

13



16. The roots of the equation x* — xv12+2=0 are pand q.

(i) Evaluate 1 + E
q

(i1) Hence form the quadratic equation whose roots are % %
() p+ra=+12
pgq=2
2,.2_P*q
Pq
i
2
=3
(i) H[zj _ 1
P A Pq
_1
2

1
The required quadratic equation is x? —\/§X+E =0 or 2x2 —24/3x+1=0.

17. Consider the equation kx* —k®x—3x+4=k.
(@) If gisaroot of the equation and the roots are reciprocal of each other,
(i) find the value of k,
(if) show that 27 = E
po+1 B

(@) (i) k—k*x—3x+4=Kk
k —(k? +3)x+4-k =0
1 k2+3

w

(i) f+==

14



(b) If the roots are 4 and g, find the quadratic equation, in terms of k, whose roots are % and
1
y7i

k —(k? +3)x+4—k =0

A+u=k*+3
Au=4—-k
1+£=1+,u
A u Au
k?+3  k
= X —
k 4 -k
_k?+3
4-k
()2
ANu) Au
__k
4—k
: . ., kP43 k 2 2
The required quadratic equation is X° — -y x+4 k:O or (4—k)x“—(k“+3)x+k=0.

18. The equation x* +4x+k =0 has two real roots, @ and 3, where & > 3.
(i) Find the range of possible values of k.
(i) If a— B =27, find the value of k.

(i) Hence, find the exact value of o® — j°.

(1) Discriminant> 0 (i) - B° =(a-B)(a®+aB+p?)
4° -4 (k)>0 — 2J7(42 +3)
s -5/

(i) a+p=-4
af=k

a—ﬂ:Zﬁ
(@—p)*=28
a’—2af+ % =28
(a—pB)? —4af=28
16— 4k =28

4k =-12

k=-3

15
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Worksheet 13: Increasing and Decreasing Functions

Increasing Function

A function y=f(X) is increasing on an interval a<x<Db,
if

» <

o T(x)) <f(x,) where a<x;<x,<b.

f(xy)p------------
In other words, the value of f(X) becomes larger as x +I () /

increases over the interval a<x<b.
f(Xz) et

d :
° %>0 / !

/ X1
—
+
Example 1
Consider the graph and the gradient function of

(@) y=2x+1 () y=x3+1, x>0

________ ot
A+
dy _ 3x?
dx
d d
—y>0forallvaluesof X Since x* >0 forall x>0, Yo
dx dx
The values of Y for both graphs  become larger as x increases and j_i >0.

Hence, y=2X+1and y=x3+1, x>0are both increasing functions.

Rate of Change



Decreasing Function

A function Y =f(x) is decreasing on an interval a<x <b
if
o f(x))>Tf(x,) where a<x;<x,<b.
In other words, the value of f(X) becomes smaller as
x increases over the interval a<x<b.

° d—y<0.
dx

Example 2
Consider the graph and the gradient function of

(@ y=1-2x

|

f(xa)r-

f(xZ)--ﬂf --------- N

6 4 0 jt 6
,,,,,,,,,,,, ]
______________ 1 NN N
d_y__2 ﬂ:—Zx

dx dx

dy . dy
&<0 for all values of x Since —2x <0 forall x>0, &<0

The values of y of both graphs

become smaller as x increases and

ﬂ<0
<0

Hence, ¥ =1-2X and y=-x?, x> 0are both decreasing functions.

Rate of Change



Example 3
A function can be an increasing or a decreasing function, depending on the interval under analysis

or consideration.

Consider the graph and the gradient function of y=4—x2.

5oy

Forall x>0, g—=—2x<0

y
X
Forall x<0, ﬂ=—2x>0
dx
Hence

e y=4-—x? isanincreasing function for x <0 and

e y=4-—x?is adecreasing function for x>0.

Example 4
A curve has the equation Y =f(X) where f(x)=x3+3x.

(i) Obtain an expression for f'(x).
(if) Determine, with explanation, whether f is an increasing or decreasing function.

i) f'(x) =i(3x2+3)
dx

=3x° +3
(i) Since x>0, 3x*+3>3
f'(x)>0
Hence, f is an increasing function for all real values of x.

Rate of Change 3



Example 5
A curve has the equation Yy =f(X) where f(x)= X—_i forx > 1.
X +

(i) Show that f'(X) can be expressed in the form where Kk is a constant to be found.

(x+1)?
(if) Determine, with explanation, whether f is an increasing or decreasing function.
(ii1) Showing full working, determine whether the gradient of the curve is increasing or decreasing.

M 100 -2

dx\ x+1
_ X+1-(x-1)
T (x+1)?
2
C(x+1)?2

(i) Since x>-1, (x+1)°>0
2
(x +1)?
Hence, f is an increasing function for all real values of x.

S F(x) = >0

e df 2
(i) () -dXLHDZ}
=2(-2)(x+1)°
3 4
(x+1)*
Since x>-1, (x+1)°>0

4
(x+1)°
Hence, the gradient of f is decreasing for x > —1.

() - <0

Rate of Change 4



Example 6
2 2
A function is defined by y =2iwherex> 2. Determine, with explanation, whether y =2L1 is

an increasing or a decreasing function.

dy _4x(x-1)-2x

dx (x—1)?
_2x% —4x
(x-1)?
_ 2X(x—2)
(x-1?
Since x> 2, 2x>0, x—=2>0and (x-1)*>0
B2
dx (x-1)
2x% .. . )
Hence y = 1 is an increasing function.
X_
Example 7

A function is defined by y = 2X 1 Find the values of x for which y is an increasing function.
X<+

(x? +1)(;jx(x) - x(;jx(x2 +1)

dy
dx (X2 +1)°
(P D)@ - x(2x)
T (x2+1)?
_XP+1-2x
(X2 +1)?
1%
(X% +1)?
When y is an increasing function, d—y>0, 12_—)(22>0
dx (x“+1)
1-x*>0
x?-1<0
x+D(x-1<0
-1l<x<1

Rate of Change



Example 8
It is given that y =18+ px+qx® —x3 where p and q are integers. The only values of x for which y

is a decreasing function of x are those values for which x < % or x> 3.

Find the value of p and of q.

dy _ P +20x —3x*
dx

When y is a decreasing function, 3—§ <0, p+2gx—-3x><0 & X< % or x>3

3x?—2gqx—p >0 @(x—%)(x—@ >0

< (Bx=7)(x-3)>0
o 3x%-16x+21>0

Comparing coefficient of x, -20=-16
q=38
Comparing constant term, -p=21
=-21

Rate of Change 6
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Assignment 14: Increasing and Decreasing Functions

1. Show that the function y = X > g is a decreasing function.

(2x-3)%’

y=(2x-3)7
dy

5 =237

___ 4
(2x-3)®

Since x>g, 2x—-3>0

(2x-3)*>0

;>O

(2x—3)3

R A Y
dx  (2x-1)°

Hence y = X >§ is an increasing function.

(2x-3)%’

2. Determine, with explanation, whether y=+/x-1, x>1is an increasing or a decreasing
function.

1
y=(x-1)2
1
1
24/x -1
Since x>1, x-1>0
Jx-1>0
Jdy 1

Tdx 24x-1

>0

Hence y=+/x-1, x>1 isan increasing function.

Rate of Change 7



3. A function is defined by yzll—z, determine whether y is an increasing or a decreasing
+X

function
(@ for x<0,
(b) for x>0.
@ y=@+x)™
dy 2\-2
— =2X(1+x°)"
i 1+x7)
___ X
1+ x%)?
Since x<0, —-2x>0
(1+x*)*>1
.'.d—y:— 2x2 > >0
dx @+ x)
Hence y = 5» Xx<0 isan increasing function.

1+x

(b) Since x>0, —2x<0
1+x2>1
.ﬂ_ 2X

S -————<0
dx  (1+x%)?

Hence y=——, x>0 is a decreasing function.
1+x
.dky
1
0
-6 -4 -z a

-

Rate of Change



. 3x+4 1 . . dy .
4. Given that y=———, where x> =, find == and hence find the range of values of x for
y v2x-1 2 X 9
which y is
(1) increasing,
(ii) decreasing.
y_3x+4
V2x-1
3x+4
- 1
(2x-1)2
1 d 1
2x-1)2 —(3x+4)—(3x+4)—(2x-1)?
by (@D G -@red)  x-)
dx (v2x-1)?
T _1
3(2x-1)2 —E(3x+4)(2x—l) 2(2)
- 2x—-1
_1
_(2x-1) ?(6x—3-3x—4)
2x-1
_3
=(2x-1) 2(3x—-7)
3x—7
- 3
(2x-1)?
i) when Y50, X7 g
(2x-1)?2
3x—7>0 and 2x-1>0
7 1
X>— X>=
3 2
7
SOX > —
3
. . . . 7
ywanmme&mgﬂmamnmma1x>§
i) when D<o, 37 o and  2x-1>0
(ii) When ;
X (2x—1)2
1
3x—-7<0 X>—=
2
7
X< —
3
1 7
L=< X< —
2 3

9m£x>%,yhammm%mgmmmmnMwn%<x<%.

Rate of Change



5. It is given that y=—x>+ax?+bx+4 where a and b are integers. The only values of x for

which y is an increasing function of x are those values for which g <x<4.

Find the value of a and of b.

Y 3421 2ax+b
dx
Wheny is a increasing function, (dj—y >0, —3x?+2ax+b>0 < g <x<4
X
3x?-2ax-bh<0 < (x—%)(x—@ <0
< (Bx-4)(x-4)<0
< 3% -16x+16<0
Comparing coefficient of x, —2a=-16
a=8
Comparing constant term, —-b=16
b=-16

Rate of Change
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Worksheet 15: Rate of Change

Rates of Change

. N dx . . .
(a) If avariable x varies with time t, then pre is the rate of change of x with respect to time.
dx .
(b) If @ IS a constant, x changes at a constant rate.

dx . : _ dx :
(c) If @ is a function of t, x changes at a non-uniform rate. The value of Eat t=a, is the
instantaneous rate of change of x at the instance t =a.

dx . . . \
(d) If p <0, then a decrease in magnitude of x is observed as the value of t increases.

dx . . : . .
(e) If p >0, then an increase in magnitude of x is observed as the value of t increases.

Example 1
The height of a rocket above the ground, h, kilometres, with respect to time t seconds from its time

of launch to its return, is given by

t(10-t)
h(t) = .
Find the rate of change of h with respect to t when
() t=2
(i) t=6. (Pg386Q1)
dh . dh  5-2
Rate of change of h = m (i) When t=2, e
d (10t —t2 =15kms™*
- a( 4 J ~. the height is increasing when t = 2.
10-2t 1
= km's (i) Whent=6, N _5-6
5_t B dt 2 L
= ——kms =-0.5 km s
2 .. the height is decreasing when t = 6.

Rate of Change 11



Example 2
The length, | mm, of an elastic string at time t seconds is given by
3

=Y 4110
3

Find the value of t when
(a) the length is increasing at a rate of 5 mms™,
(b) the length is decreasing at a rate of 4 mms™. (Pg386Q2)

dl
Rate of change of length, ot " (t?> —4) mms™
dl = 2
(@ When azS mms -, t“°-4=5
t2=9

t=3 (t>0)

(b) When %=—4 mms t2_4=—4

t2=0
t=0 (t>0)
Example 3
The radius, r cm, of a body changes with time t seconds, and they are related by the equation

r=t>+2.
. dr :
(i) Find @ and calculate the rate of change of r with respectto tat t = 2.

(ii) Sketch the graph of r =t%+2and explain the changes in r with respecttot. (Pg386Q2)

dr (iii) r increases non-uniformly with respect

(i) 5 =2 tot.

When t=2, %:4 cm st

(i)

0

Rate of Change 12



Example 4
The radius, r cm, of a circle at time t seconds is given by

3 2
r= t——SLJr6t.
3 2

(i) Express its area, A cm?, in terms of t.
(if) Find the values of t for which the area is increasing.

A =nr?

2
[+3 2

=T t——5L+6t
3 2

A _ (t> —5t +6)
a

When ‘;—?>0, n(t? —5t+6) >0

n(t—-2)(t-3)>0
t<2ort>3

Since t>0, area is increasing when 0<t<2ort>3.

Example 5

3
The volume, V cm?, of a cone of height h is % . If h increases at a constant rate of 0.2 cm s and

the initial height is 2 cm, express
(i) hintermsoft,
(i) Vinterms of t and find the rate of change of V at time t.

() h =2+0.2t

. _ T 3
@i) Vv _12(2+O.2t)

dv

v _T 2
 =1,B32+020°(02)]

=0.057m(2+0.2t)?cm3®s !

Rate of Change 13
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Assighment 16: Rate of Change

1. The amount of water, V cm®, in a leaking tank at time t seconds is given by
V =(@15-t)% for 0<t<15.
Find the rate at which the water leaves the tank at the instant when t =4.

v _ —3(15-t)* cm®™
dt

When t =4, C:T\t/ =-3(15-4)*>cm3s!

—-363cm3s™

The water leaves the tank at the rate of 363cm’s™

2. A rectangle has sides measuring x cm and 2x—4 cm. The length x cm at time t seconds is
given by
X=2+3t, (t=0)

(i) Show that the area, A cm? of the rectangle, in terms of tis A =12t +18t>.
(if) Find the rate of change of area at the instant when t = 2.
i A =x(2x-4)

=(2+30)[2(2+3t)—4]

=6t(2+3t)

=12t +18t*

iy YA —12- 36t
dt

When t =2, ‘i—/: =12+36(2)

=84cm?st

Rate of Change 14



3. The radius, r cm, of a spherical balloon at time t seconds is given by

r=3+i.

() What is its initial radius?

(if) Find the rate of change of r with respect to t when t = 3. Suggest what may be happening
to the balloon at this instant.

(1) Whent=0, r=3+2=5
Initial radius =5 cm

(i) r=3+2@1+1t)7*

dr _2
—=2(-D@+t)(
g = 2D+ @)
_ 2
(1+1)?
2
Whent =3, a __ 7
dt (1+3)
- Lemst
8

. : 1
The balloon is deflating at a rate of ~cm s

4. Mr Tan derived a function to estimate the number of people in his supermarket with respect to
time. The time t is measured in minutes after 10 am, and the function is given by

1 2 2
f(t)=—————(6t°+5)°.
® 10000000( )

(1) How many people will there be in the supermarket at 11 am?
(if) At what rate are people entering the supermarket at 11 am?

1
i) Whent=60, f(60) =————[6(60)°+5]°
(i) When (60) 10000000[ (60)" +5]
=46.7
There are 46 people

1
~ 10000000
1250000
2
When t = 60, i[f ®] = 3(60)[6(60)“ + 5]
dt 1250000
=3.11 people/min

(m-%ﬁan x 2(6t% +5)(L2t)

Rate of Change 15



5. The stopping distance, s km, of a van moving at v km/h can be modelled by the formula
v V2

S=—+—.
8 80

. . 0s
(1) Find — and calculate Ewhen v = 60.
dv dv

(if) Explain the meaning of your answer to (i).

. ds 1 v

i) = =c+o

dv. 8 40
When v = 60, $:1+@
dv. 8 40

= % km per km/h

(if) 1f someone is travelling at 60 km/h, for every 1 km/h increase in speed, his stopping
distance increases by 1% km.

Rate of Change
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Worksheet 17: Connected Rates of Change (l)

Connected Rates of Change

dx . . .
If p is the rate of change of x with respect to time t and y = f (x), then the rate of change of y

dy_dy ok

with respect to t is given by d o axCd

Example 1
. 2x-1
Given that y :T’ find the rate of change of

units per seconds at this instant.

dy _2x—=(2x-)

dx x2
_1
XZ
dx . dy dy dx
When x=2 and — = 6 unit/s, - =L x=
dt dt dx dt
1
= 2—2)< 6
= § unit/s
2
Example 2
Given that y=(x-5)v2x+5,
dy

(i) show that dx can be expressed in the form

(i) find the rate of change of y when x=10, if x

this instant.
1

J2x+5 +%(2)(x—5)(2x+5)_2

-5
=+/2X+5+ X
\2X+5

_ 2X+5+x-5

V2X+5
3X
\V2X+5

(i)

ay
dx

y when x=2, if x is changing at the rate of 6

kx
J2x+5°
is changing at the rate of 5 units per seconds at
.. dy 30
(i) When x=10, X " 7
30
5
=6
dy _dy o
dt  dx dt
=6x5
=30 unitss™

Rate of Change
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Example 3

3
1
Giventhat y = (g X+ 2) , find the rate of change of x when x=9, if y is changing at the rate of 5

units per seconds at this instant.

dy (1 2
i _(§x+2j

dy : dy dy dx
When x=9 and — =5 unit/s, —=—=x—
dt dt dx  dt
2
5= (g + 2) %
3 dt
dx = 1 unit/s
dt 5
Example 4
Giventhat y= X ,
3X+2
: dy : k
(i) show that — can be expressed in the form ,
dx (3x+2)?
(ii) find the rate of change of x when x=0, if y is changing at the rate of 5 units per seconds at
this instant.
0 dy _3x+2-3x
dx  (3x+2)?
__ 2
(3x+2)?
. dy 1
(i) When x=10, E: 5units s
@ _1
dx 2
dy _dy ox
dt  dx dt
5.1, 0X
2 dt

dx _ 10units s*
dt

Rate of Change 18



Example 5
A curve has equation y = (2x—-1)7/4x+1.

(i) Express j—y in the form kx
X

, Where Kk is a constant.

VAx+1
Hence,
(ii) find the rate of change of x when X =2, given that y is changing at a constant rate of 2 units
per second. (N09)
(1 dy _ 24/4x+1+(2x —1)[; X 4}
dx 24/4x +1
_8x+2+4x-2
Vax+1
o 12x
Vax+1
. dy o dy dy dx
i) When x=2, —==2unitss™, —— =—=X—
(1) T dt  dx dt
o 122 X
J4(2)+1 dt
d_x =2+8
dt
~ L Units s
4
Example 6
. 2x-10
A curve has the equation y = , Where x = —1.
. dy . .
(i) Show that ™ is always positive.
s . . . dy _dx
(if) Given that both x and y vary with time t, find the value(s) of x for which pra 35.
(Pg391Q4)
d (x +1)£(2x—10)—(2x—10)i(x +1)
(i) ay _ dx dx
dx (x+1)?
_ (x+1D(2)—(2x-10)(1)
(x+1)°
12
(x+1)?
Since (x+1)? > 0for all values of x, .-. )
(x+1)2

Hence, ﬂ > 0.
dx

Rate of Change 19



(i) When d_y:3d_x’ d_y:3
dt dt = dx

12
(x+1)?2
(x+1)? =4
X+1=42
x=1 -3

Rate of Change
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Assighment 18: Connected Rates of Change (l)

1

Date:

1. Two variables, x and y, are related by the equation 1 +1 =5 Given that x is decreasing at a

Xy

rate of 3.6 units per second when x =5, find the rate of change of y at this instant.

1
2
1
X
-2

O 2x
2X
X—2

dy _ 2x-4-2x

dx (x—2)?
4

(x-2)?

dy _dy ox
dt dx dt
4
(x-2)
144
(x-2)*
When x =5, 3—{ = % units per second

= 1.6 units per second

x (—3.6)

Rate of Change
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2. Liquid is poured into a container at a rate of 12 cm®™. The volume of liquid in the container

is V. cm?®, where V :%(h2 +4h),and h cm is the height of liquid in the container. Find, when
V =16,

(@) the value of h,
(b) the rate at which h is increasing.

(a) When V =16, %(h2+4h):16
h?+4h-32=0
(h-4)(h+8)=0
~-h=4,-8(NA)
dv. 1
by &L ==(2h+4
(b) i 2( +4)
=h+2
Whenh =4, Cl—V=12 cm®™, d_V:d_VX@
dt d dh dt
12=6x%
dt
12-6
dt
.'.%=2cm3‘l
dt

Rate of Change



3. Two variable lengths x cm and y cm are related by the equation y = /@_ X .
X
. . dy .
(@) Obtain an expression for dx in terms of x.

: . d ., d
(b) Given that x and y are functions of t (seconds) and d_)t( =2, find & when x=2.

@ v =[2—ij
X

=(22x " —x)2
dy 1,.. ., = ( 22
e :5(22x1—x) Zx(—F—lj
_ —(22+%%)
2x? /g—x
X
dy dy dx
b L =L
®) g Tax
__22+x
W2 |22 _
X
dy (22+4)
When x=2, — =-—
dt 411-3
13 1
=—==cms
6
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4. A curve has the equation y = (Xx—C)vX+6.

. . dy kx
a) Find the value of ¢ and of k for which == = )
(@) dX +/x+6
(b) Find the value of x for which ﬂ=§%
dt 2 dt
1
@ Y6+ Lx_ox6) 2
dx 2
X164+
27X +6
_2X+12+x-cC
2+/X+6
_3x+12-c
2+/X+6
3 +12—c
2JX+6  2Jx+6
3x 12—-c kx
When + = , 12—-c=0
2JX+6 2Jx+6 /x+6
c=12
k=2
2
o B _dy i
dt dx dt
Whend_y=§%' d_y=§
dt 2 dt dx 2
3X _§
2JX+6 2
X 1
VX+6
X2 =X+6
X2 —x—6=0
(x=3)(x+2)=0
- x=3, —2(NA)

Rate of Change



5. A particle moves along the curve y =2x? +3x—5. At the point P, the x-coordinate of the
particle is increasing at a rate of 0.04 units per second and the y-coordinate is increasing at 0.2

units per second. Find the coordinates of P. (N2014)
dy =4X+3
dx
When d—y=0.2, %=0.04, ﬂzd—yx%
dt dt dt  dx dt
0.2=0.04(4x+3)
4x+3=5
4x =2
1
X —_
2
y=-3
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Worksheet 19: Connected Rates of Change (ll)

Method for Solving Word Problems on Related Rates

« Form an equation that relates the dependent variables. Find the derivative of this
equation.

»  Use the chain rule to get the related rates equation.

»  Substitute the given information into the related rates equation and solve for the
unknown rate.

Example 1

The radius of a sphere increases at a rate of 2cms . Find the rate of increase of its volume when
the radius is 3 cm.

Let the radius and volume of the sphere be r cm and V cm? respectively.
dr

so—=2cms™
dt

Step

@® Form an equation that relates the dependent 4
variables. V= 3™

@ Use the chain rule to get the related rates dv )
equation. ar anr

® Substitute the given information into the dv dv dr
related rates equation and solve for the dt - EXE
unknown rate. 2

=8nr
dv
When r =3 cm, P 72nem’s™
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Example 2

The edge of a cube is increasing at the rate of 2cms™. Find

(a) the rate of increase of the surface area, when each side is 4 cm.

(b) the rate of increase of the volume when each side is 8 cm.

Let the length, surface area and volume of the cube be x cm, A cm? and V cm? respectively.

dx_ 2cms™
dt
(a) Step

@® Form an equation that relates the dependent

variables. A=6x>

@ Use the chain rule to get the related rates dA
equation. ™ =12x

® Substitute the given information into the dA dA dx
related rates equation and solve for the gt dx % m
unknown rate. — 24x

When x = 4 cm, dd—'? =96cm?s

(b) Step

@® Form an equation that relates the dependent

variables. V=x

@ Use the chain rule to get the related rates dv
equation. v 3x?

® Substitute the given information into the dv dv dx
related rates equation and solve for the dt - dx % dt
unknown rate. e

When x = 8 cm, av =384cm3st

dt

Rate of Change
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Example 3

The area of a circle increases at a rate of 2cm?s*. Find the rate of increase of the radius when
the radius is 6 cm.

(@) the radius is 4 cm,

(b) the area is 97 cm?.

Let the radius and surface area of the circle be r cm and A cm? respectively.
dr

so—=2cms™
dt
@ A-mrz— B _on (b)) WhenA=9ncem?,  nr’=0n
dr r=3 (r>0)
dA _dA dr dA -
dt _drxdt When r = 3 cm, Hlencm S
=4nr
When r = 4 cm, C(Ij_? =16mcm3s™

Example 4

The surface area of a sphere is decreasing at the rate of 20 cm?s™ when the radius is 15 cm.
Calculate (a) the rate of change of the radius at this instant,
(b) the rate of change of the volume at this instant.

Let the radius, surface area and volume of the sphere be r cm, A cm? and V cm® respectively.
dA

. —=-20cm?™
dt
A-tmr? =% _grrem
dr
vl oV gurzem?
3 dr
) dA dA dr dr dA dA
(@ Since —=—x—, . — =—+—
dt dr dt d dt dr
__20
8nr
S 4
————_cms
2nr
When r =15, ﬂ =— 5
dt — 2n(15)
:—icms‘1 or —0.0531cms™
67
dv dv dr
b) Whenr =15, — _av A
(b) Whenr dt dr dt
1
— 4n(15)% x| - —
. )x( &J
=-150cm%™

Rate of Change
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Example 5

The diagram shows a vertical cross-section of a container in the form of
an inverted cone of height 60 cm and base radius 20 cm. The circular
base is held horizontal and uppermost. Water is poured into the
container at a constant rate of 40 cm®s .

(1) Show that, when the depth of water in the container is x cm, the
3
volume of water in the container is % cm®.

(if) Find the rate of increase of x at the instant when x = 2.
(iii) State, with a reason, whether this rate will increase or decrease as t increases.

Let the radius of the water surface and volume of the water be r cm and V cm?® respectively.
dv

- —=40cm3™
dt
N 20 cm
) —=— «—»
® 20 60
X
r=—
3
VRSN
3
(i)
=—m — | X
3 \3
S
27
(ii) d_V=’T_X2 2
dr
: dv. dv dx dx dv dv
Since —=—x—, Rk
dt  dx dt dt  dt dr
=40 x iz
X
360 4
=—Cms
X
When x = 2, d—X = 360
dt  n(2)?
=28.6cms™
(iii) When t increases, x increases.
As % :3—6(2)cms‘1 is inversely proportional to N 3—1( decreases as t increases.
71X
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Example 6
N is a fixed point on the circumference of a circle, centre O, radius 8 cm. A variable point P

moves round the circumference such that 6 (or ZPON) increases at a constant rate of g rad. per

second. Find
(@) the rate of increase of s (arc length from N to P),
(b) the rate of increase of A cm?, the area of the sector NOP. (Pg396Q8)

(@ Arclength fromNtoP,s=86cm

P
ds _ds_de
a = % X E 8cm
BL*\,

=8x— ' 0

2
=4mcemst

1
(b) Area of the sector NOP, A = EX82 x0

=320cm?
dA  dA de

_ =X —
dt  do dt
=32><E
2

=16mcm? s

Example 7
A ladder PQ of length 6 m is leaning against a vertical wall. The bottom end of the ladder is

sliding away from the wall at a constant rate of 0.6 ms™.

Find the rate at which the top of the ladder is sliding down the wall when P is 4.8 m from the

ground. (Pg392Q13)
P

Let PR=ycm and QR=xcm.

y =v6° —x? 6 m

1 wall
= (36— x?)?2 0.6<rr_1/s
N
dy 1 2
d_izi(%_xz) 2(~2x) Q R
X
36— x°

When y=4.8 x*=36-4.8

X = /36 — 4.8

—36
dx dy 3.6
When x=3.6, — =0.6, b A Y X
dt dt |36-3.6° "
=-045ms™

The top of the ladder is sliding down the wall at a rate of 0.45ms™.
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Assighment 20: Connected Rates of Change (lIl)

1. The area of a circle increases at a rate of 2z cm?s™. Find the rate of increase of the radius
when the radius is 6 cm.
Let A cm? and r cm be the area and radius of the circle respectively.
A=nr?
d—A =2nr
dr
dA dA dr dA dr
— =—X—=— =21 X—
dt dr dt dt dt
When I =6, d—A= 2n, 2n= 275(6)><ﬂ
dt dt
dr 1 1
—==-Cms
dt 6
2. A circular ripple spreads across a lake. If the area of the ripple increases at a uniform rate of
10n m?s*, find the radius of the ripple when the radius is increasing at a rate of 2.5m st
Let A cm? and r cm be the area and radius of the circle respectively.
A=nr?
la =2nr
dr
dA dA dr dA dr
— =—X—=>— =20 X—
dt dr dt dt dt
When ﬂ =2.5, d—A =10, 10m=2nrx2.5
dt dt

r=2
Radius of the ripple =2 cm
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3. The area of a square increases at a rate of 10 cm? ™. Find the rate of change in the length of
its side when the area is 4 cm?,

(Pg391Q7(a))
Let x and A represent the length and the area of the square.
A=x?
d—A =2X
dx
dA dA dx dA dr

— =—X— = —=2XX—
dt dx dt dt dt

When A=4, x° =4
x=2 (x>0)
When x=2, d—Azlo, 10:4£
dt dt
dr
— =25cms?
dt
4. The surface area of a cube increases at 0.2 cm?s™ . Find the rate of increase of the volume
when the length of a side is 1 cm. (Pg391Q7(b))
Let x, A and V represent the length, area and the volume of the cube.
A=6x>
d—A =12X
dx
dA dA dx dA dr
— =—Xx—=—=12Xx
dt dx dt dt dt
When r =1, d—A =0.2, 0.2=12(1)x ﬂ
dt dt
dr_02
dt 12
_L cms™
60
V=x
V3¢
dx

v dv dx dv ., dr
— = x—= =3X"x—
dt  dx dt  dt dt

dr 1
When I’=1, —_—=—, d_V:3(_‘]_)Xi
dt 60 dt 60
=0.05cm3*

Rate of Change
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5. A viscous liquid is poured onto a flat surface. It forms a circular patch which grows at a

steady rate of 4cm?s™. Find, in terms of ,
(a) the radius of the patch 16 seconds after pouring has begun,

(b) the rate of increase of the radius at this instant.

(Pg396Q7)

(a) Let the radius and the area of the circular patch be r cm and A cm? respectively.

The circular patch grows at a steady rate of 4cm’s™ = A=4t

When t =16, A =4(16)
=64 cm?
A=nr?
nr? =64
ro 94
T
8
N
dA
(b) E—an
g dA 201
When r=ﬁ,az4cm S

dA dA dr
_an 2

dt  dr dt
8 dr
4=2m — |x—
’{ﬁjxdt
4=16\/Exﬁ
dt

a4
dt ~ 16vn
1 1
=mcms

Rate of Change
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6. A water tank with a rectangular base 30 cm by 40 cm contains water to a depth of 20 cm. The
water is then poured at a steady rate into an inverted conical container with base radius equal

to its height and whose axis is vertical.
3

L r
After t seconds, the volume of the water that has been transferred is given by V :%, rcm

is the radius of the horizontal surface of the liquid.

Given that all the water is transferred in 6 seconds, find at the instant when the depth of the
liquid is 12 cm, the rate of increase

(i) of the depth of the liquid,
(i) the area of the horizontal surface of the liquid.

Solution
Volume of water transferred in 6 s = 30x40x 20 c¢cm®

Rate of change of volume, (ij_\t/ _ 30x40x20 cm¥s

6
= 4000 cm3s!
3
vt L Ve
3 dr
. dv dv dr
(i) — =—x—
dt dr dt
4000 = mr? g
dt
dr _ 4000 -1
— = cms
dt  nr?
When r =12 cm, dr_ 4000 cmst
dt 144rx
r h
Since r = h, dr _dh _ 8.84cmst
dt dt

dA
i) A=mr’= —=2nr
(i) = ar T

M _an or
dt  dr dt
= 21trﬂ
dt
When r = 12 cm, dr_ 4000 cmst
dt 1447
A o125 2000
4

2
= 666= cm?s*
3
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7. The diagram shows part of the graph of y :X?. The point P(p, 0) is on the x-axis and the

point Q is on the curve.

(Pg397Q7)

R(=2,0)

(i) Given that PQ is parallel to the y-axis and the coordinates of R is (-2, 0), express the area

3

A of the triangle PQR in terms of p. Hence, show that Z—A =2 pZ+p.
Y

(it) If p is increasing at a rate of 0.1 units per second, find the rate at which A is increasing at

the instant when p=4.

: dA . .
(iii) State, with a reason, whether m will increase or decrease as t increases.

2

(i) Coordinates of Q = (p, %J

Area of triangle PQR = %(p + 2){'0_

units
2 J

= %(p3+2p2) units

dA 3 ,
L—=—Pp°+p
dp 4

(ii) dA-_dA dp
dt dp dt

=G p2+ p)xO.l unit® per second

dA
When p=4, — = Gx42+4jx0.1

dt

= 1.6 unit® per second

(iii) When t increases, both p and p?will increase.

aA : ). .
Hence, — which is jointly proportional to p and p©increases as t increases.

Rate of Change
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8. [The volume of a cone of height h and base radius R is given by

ldﬁHq
3

The diagram shows a hollow conical tank of height 30 cm
and radius 15 cm. The tank is held fixed with its circular rim
horizontal. Water is then poured into the empty tank at a

constant rate of 20 cm®s™. After t seconds the depth of water
ishcm.

(i) Show that the volume of water in the tank, V cm3, attimetisgivenby V = ﬂ

(if) Find the rate of change of the depth when h = 5.

hcm

|

3

12

(iif) State, with a reason, whether this rate will increase or decrease as t increases.
Specimen Paper

: % h®
M 3 " 30°
é7:(152)(30)
h® 1
V =—x=7(15%)(30
3mx3ﬂ( )(30)
7Zh3
T2
. dV  zh?
i) —=—
i dh 4
v _dv_dn
dt dh dt
2
20— ", dh
4 dt
dh _ 80
dt zh?
When h =5, dn_ 80 cms ™ or1.02cms™
dt 257
(i) When t increases, h will increase.
As % = % is inversely proportional to h?, this rate will decrease as t increases.

cm
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9.* The figure shows a parallelogram OPQR. Given that Q lies on the line Yy =2X+1 and x

increases at a rate of 1.2 units per second, find
(a) the rate of change of area of the parallelogram OPQR when X =1.5,
(b) the rate of change of the length of the diagonal OQ at this instant.

R(x.y) Q(2x,y)

0(0, 0) P(x, 0)

(@) Let the area of the parallelogram OPQR be A.
Since Q(2x, y) lieson the liney =2x + 1,
y-coordinates of Q =2(2x) +1

=4x+1
A=x(4x+1)
=4x% + X
d—A:8x+1
dx
When x=15, ~ A _GA &
dt  dx dt
=(B8x1.5+1)x1.2
=15.6 unit®s™
(b) LetOQ=s.

s? =(2x)* + (4x +1)°

=4x? +16x> +8x +1

=20x> +8x +1
s =+/20x% +8x+1
1
E=3(20x2 +8x+1) ?(40x+8)
dx 2
B 20x+4
V20x% +8x+1
ds 20x+4 ds
When x =15, — =———or " x>
dt  J20x?+8x+1 dX
__ 2005)+4 o,
J20(1.5)? +8(1.5) +1
~5.36 units™

(Pg392Q11)
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Revision 13 Rate of change

Increasing and Decreasing Functions

1. Afunction y=1f(x) is increasing on an interval a<x<b, if j_y >0.
X

2. Afunction y=f(x) is decreasing on an interval a<x<b if % <0.
X

Rates of Change

1. If avariable x varies with time t, then % is the rate of change of x with respect to time.
dx .
2. |If & is a constant, x changes at a constant rate.

3. |If 3—1( is a function of t, x changes at a non-uniform rate. The value of 3—1( at t=a, is the

instantaneous rate of change of x at the instance t=a.

4. If % <0, then a decrease in magnitude of x is observed as the value of t increases.

If % >0, then an increase in magnitude of x is observed as the value of t increases.

Connected Rates of Change

If 3—1( is the rate of change of x with respect to time t and y=f(x), then the rate of change of y

with respect to t is given by dy_dy X ax .
dt dx dt



2

Example

1. Giventhat y= ® for x>0 , find the range of values of x for which y is a decreasing function.
X

Solution
d_VZM « Solve ﬂ<0
dx NG dx
e (2x2-1)
T
Since x2>0, e >0, dy <0,
dx
2x?-1<0
(x+ij(x—i)<0
V2 V2
_t .1
V2 V2
V2 V2
ST X< —
2 2
V2

Since x >0, 0<x<7

2. ltis given that y =18+ px+qgx?—x® where p and q are integers. The only values of x for which

y is a decreasing function of x are those values for which x <% or x>3. Find the value of p

and of g.

Solution

ay _ P+ 20X —3x?
dx

When y is a decreasing function, j—i <0, p+2gx—3x? <0
3x*-2qx—p>0
7 7
x<§ or x>3 :>(x—ﬂ(x—3)>0

= (3x-7)(x-3)>0
= 3x2-16x+21>0

Comparing coefficient of x, —2q=-16

Comparing constant term, p=21



3. Acurve has the equation y=(x—-12)vXx+6.
dy . .
@ Dmm$a¥mﬂmmmW—EL-WMmkmawmmm

NX+6

(b) Find the value of x for which d_y:§d_x
dt  2dt

dY e s Lixe E
@ a;-4x+® +2(x]2Xx+®

= (x+ 6)’{0( +6) +%(x —12)}
:(2x+12+x—13

2/ X+6
X
2/X+6
o W _dy o
dt  dx dt
When d_y=§d_x1 QZE
dt 2 dt dx 2
3x 3
2JX+6 2
X 1
AV X+6
X% =X+6
X2 —Xx-6=0

(x=3)(x+2)=0
~x=3, —2(NA)



4. [The volume of a cone of height h and base radius R is given by%ﬂRzH.]

The diagram shows a hollow conical tank of height 30 cm and radius 15— ——i5ai
cm. The tank is held fixed with its circular rim horizontal. Water is then

poured into the empty tank at a constant rate of 20 cm®s-.
After t seconds the depth of water is h cm. i

cm

(i) Show that the volume of water in the tank, V cm?, at time t is given /u}n
7th
by V="—. 2
yv="5 [2]
(if) Find the rate of change of the depth when h = 5.
(iii) State, with a reason, whether this rate will increase or decrease as t increases.

Solution

(i) Let the radius of the water surface be r cm. e Apply the properties of similar
r h triangles to establish a relationship
15 30 between r and h.

(i) =1t «  Apply Chain Rule & - 9 &

dt dx dt
v _av_dn
dt dh dt
2

ZOZﬂx%
dt
_dh_80
G

dv dh 80

When h=5 — =20, — =——

e h=5 4 dt 257

=1.02cns™

e  Apply the concept of inverse

g dh 80 L onal
(III) Since — =—, his inverse y proportional to proportion.

dt  7h?’
h?, the rate will decrease as t increases.



Exercise

1. The equation of a curve is y:x3+gx2—2x+l. Find the values of x for which y is a

decreasing function.

& _3x2 152
ax

y is a decreasing function , .. 3y <0.
X

3x% +5x-2<0
Bx-D(x+2)<0

—2<x<1
3

2

2. Find the range of values of x for which the curve y = 2X2

is an increasing.
2X°+3

dy  (2x* +3)(4x) - (2x* —3)(4x)
dx (2x2 +3)2
24X
(2x% +3)?

y is an increasing function , .. ((ley >0.
X

24X 20
(2x2 +3)?

Since (2x?+3)* >0, x>0

. In x
A curve has the equation y =—-.

N - dy
i) Find —.
(i) ™
(i) Hence, find the range of values of x, such that y is increasing.

’ xz(l}—lenx
i) = =—%

dx x4
~1-2Inx

X3

(if) y s an increasing function , .. gy >0.
X
Since x>0, 1-2Ihx>0

1
hx<=
2

<o



4. The equation of a curveis y =1In (5—2x), where x < g

(i) Find the coordinates of the point on the curve at which the normal to the curve is parallel to
2y =X+3.
(i) Show that as x increases, y is a decreasing function.

. dy 2
iy <+ =-
0 dx 5-2x
2
2X-5
Whend—y:—z, —-2= 2
dx 2x-5
4x-10=-2
4x =8
X=2
y=0

The required point is (2, 0).

(i) X<g = 2x-5<0

= <0

2x-5
Hence, y is a decreasing function.

5. (i) Giventhat y=(2x-1)v4x+1. Obtain an expression for 3_2(/

6
@. At the instant when x = 3,

(if) The variables x and y are related by the equation y = (

y is decreasing at the rate of 2 units per second. Find the rate of change of x.

=)
=
o
<

1 1
= 2(4x+1)2 +(2x —1)[1j(4x +1) 2(4)
dx 2

1
=2(4x+1) 2(4x+1+2x-1)
1

-5 12x
=12x(4x+1) 2 or —
( ) NAx+1
5
(ii) d_y =6(2x—5) 2
dx 3
= 4(2x—5)°
When x =3, d—y:—z, dx :d_y+d_y
dt dt dt dx

=—0.5units per second



6. A tub contains liquid with height x metres. The volume, V m?, of the tub is given by
V =0.05[(3x +2)° - 8.

If liquid is poured into the tub at a constant rate of 0.081 m® per second, find the rate at which
the height of the liquid is increasing when V = 0.95.

?T\; =0.05(3)(3x +2)(3)
=0.45(3x + 2)*
WhenV =0.95, 0.95=0.05[(3x+2)°—8§]

19=(3x+2)*-8

(3x+2)* =27
3Xx+2=3
3x=1
1
X:_
3
When x:l,d—vzo. 81, ax :d_V+d_V
3 dt dt dt  dx

=0.081+(0.45%9)
=0.02 units per second

7. A metal ball is heated to a temperature of 225°C before being dropped into a liquid. As the ball
cools, its temperature, T°C, t minutes after it enters the liquid is given by

T=P+190e,
where P and k are constants.

(i) Explain why P = 35.

When t = 4, the temperature of the ball reaches120°C.

(if) Find the value of k correct to 3 significant figures.

(iii) Find the rate at which the temperature of the ball is decreasing at the instant when t = 10.

(iv) From the equation of T given above, explain why the temperature of the ball can never fall
below 35°C.

(i) Whent=0,T=225 ~ 225=P+190
P=35

(i) When t=4, T =120, 120 =35+190e
190e* =85
e_4k = E
190

—4k =In (Ej
38

k:—iln Ej
4 |\ 38

=0.201



dT

(iii) i ~190ke™
—10x| — Eln v
When t=10, 91 —_190/ 1In(gj e { N [%H
dt 4 (38
=-5.11°Cmin *
The temperature is decreasing at a rate of 5.11°C min *.
(iv) Since e®>0, ast— oo, e 50
35+190e™ — 35
ST —>35

8. The voltage V, in volts, of an electrical signal in an electrical system is given by the formula

V =4sin rt

where t is in seconds.

(i) Find the exact rate of change of voltage after % seconds have elapsed.

(if) Find the exact times when the rate of change of voltage is 273 volts per second for

O<t<4.

(iii) Given that current (I in amperes) supplied to the system is governed by the equation

| = \é find the rate of change of current when the rate of change of voltage is 2 volts per

second.
(1) d—v=47r0057zt
dt
When tzi, d_V — 4zcos™
4 dt 4
_4Az
J2
=272 Vst
.. dv
(ii) When H:zmﬁ, 4z cosat =27+/3
coszztzﬁ
2
ﬂt_z 117 137 23«
6'6 6 6
(11113 23
6'6 6 6
dt 5 dt
When d_V: 2, d_lzg -1
dt dt 5



9. A container is in the shape of an inverted right circular cone which has a vertical axis and a
base radius that is equal to its height. Water is poured into the vessel at a constant rate of

50cm® . The depth of the water is x cm.
: : N 1
(i) Show that the volume of water in the container is V = gzz x*cm®,

Calculate, at the instant when depth of water is 20 cm, the rate of increase of
(if) the depth of the water, in terms of =,

(iii) the area of the horizontal surface of the water.

(i) Let the base radius, height of the cone be R cm.
Let the radius of the water surface be r cm.

r_x
R R
r=Xx
V= 17ZI’2 X |
3
3
.. adv 9
i) —=7zx
(i) ol
When x =20, d—vzyzxz, dx _av  adv
dx dt dt  dx
=50+400x
_1
8z
~0.0398cms™
(iii) Let the area of the horizontal surface of the water be A cm?.
A= 7x?
d—A =27 X
dx

When x=20,d—A:7rx2, dA _dA dx
dx dt  dx dt

27(20)x
87

=5cm?s™



10. In the diagram, a ladder, 6 m, is leaning against a vertical wall. The distance between the base
of the ladder and the wall is x m. A force is exerted, pulling the base of the ladder away from
the wall at a constant rate of 0.2 m/s.

(@ (i) Showthat x=6 cos 4.

(if) Find (:j—f at the instant when ¢ = 0.367 radians.

(b) If it took 20 seconds for the ladder to be flat on the floor, 6 m

find

(i) the initial value, in radians, of &,

(ii) the time taken for Z—f to reach a value of —0.0385. &

f——
0.2m/s X
(@ () %zcos 0
X=6c0sd

.. dx .
i) —=-6sinéo@
(i) 10

When g=0367, 2 _dx o
dt dt de
=0.2+(—6sin 0.367)
=-0.092897
~—0.0929 rad per second

(b) (i) Whent=0, x =6-0.2x20

=2
cosf = E
6
0=1.23
(ii) When a0 =-0.0385, —0.0385 = 0'_2
dt —6sin O
0= 0.2
6(0.0385)
0=1.0467
When 6 =0.52404, X =6c0s1.0467
=3.0025
Time taken = 3.0025 -2
0.2
=5.01s

10



11. The diagram shows a semi-circle with centre O and radius 10 cm. TOQ is a horizontal line.
Beginning from Q, the point R moves along the semicircle at a rate of 0.132 radian per second.

O 10 cm Q

Given that ZROQ = @ radians at any instant,
(i) Show that at any instant, the area of the shaded region, A, is given by
A=50(z—6-sin 6).

(if) Find the rate of change of A after 5 seconds.

0 A =%x102><[7z—<9—sin (z-0)]
=50(7z —6—sin 6)

dA

i)y —=50(-1-cos@

(ii) 40 ( )
When t=5, 6 =5(0.132)

=0.66
When =066, 30 —013, 9A _0A d6
dt dt do dt
=50(—1-c0s0.66)x0.132
=-11.8cm?s™

11
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1. The Remainder Theorem states that if a polynomial f(x) is divided by (x—a), the remainder

R=f(a).

2. The Factor Theorem states that if a polynomial f(x) is exactly divisible by (x—a), the

remainder R=f(a)=0.
Conversely, if R=f(a) =0, then (x—a) is a factor of f(x).

Hence, (x—a) is a factor of f(x) < f(a)=0 and f(x) is divisible by (x—a).

Example

1. The term containing the highest power of x in the polynomial f(x) is 2x*. Two of the roots of
the equation f(x) =0 are —1 and 2. Given that x* —3x+1 is a quadratic factor of f(x), find

(i) an expression for f(x) in descending powers of x,

(if) the number of real roots of the equation f(x) =0, justifying your answer,

(iii) the remainder when f(x) is divided by 2x-1.

(1) (x+1)and (x—2) are linear factors of f(x). o
f(x) = 2(x+1)(x—2)(x* =3x +1)
=2(x* = x=2)(x* =3x+1)
=2(x* =3+ x* = x> +3x* —=x—2x* +6x—2)
=2(x* —4x® +2x* +5x—2)
=2x* —8x° +4x* +10x -4

(i) Consider the equation x*—3x+1,
Discriminant=5>0
f(x) =0 has four real roots.

o (A e

1=
8

2008

Do not let f(x) be represented

by 2x* +ax®+bx? +cx+d and
attempt to find the value of a,
of b, of c and of d. You would
need four equations to solve
for the four unknowns.

Apply Remainder Theorem Do
not use Long or Synthetic
Division




2. When f(x)=x%+kx* —7x+2 is divided by x—k, the remainder is 2k.
Find the possible values of k, leaving your answer to two decimal places where necessary.

f(x) =2k 1. Apply Remainder Theorem to form the
K4 k% — Tk +2 =2k required cubic equation.

2k* -9k +2=0 2. Find the first root using trial and error.
Let g(k) =2k® -9k +2 3. Show the method for finding the
0(2)=16-18+2=0 corresponding quadratic factor.

(k—2) is a factor of g(k) .
4. Factorise completely.
Let g(k) = (k —2)(2k* + bk —1) ]
. .. 5. Equate g(k) to zero, otherwise answer
Comparing coefficients, —2b—-1=-9 :
b4 marks will not be awarded.

-~ g(K) = (k —2)(2k? + 4k —1)

g(k)=0

—4+
kzz,%m

=2,0.22, 2.22

Exercise

1. (a) Solve the equation 2x° —9x? +3x+4=0.

(b) Find the value of p, of g and of r in the following identity
X2+ 2x* +5x—10 = (X =1)(X+ 2)(X— p) + gx +r.

(a) Let f(x)=2x>-9x*+3x+4

fQ)=2-9+3+4=0

(x—1) is a factor of f(X).

Let f(x) = (x—1)(2x? +bx—4)

Comparing coefficient of x, -b-4=3

b=-7

f(x)=(x=1D(2x* —=7x—4)

=(x=-1)(2x+1)(x—4)

f(x):O:x:—%,l, 4



(b) x*+2x%+5x—10 = (X=1)(X+2)(X— p) +gx+Tr
Let x=1, 1+2+5-10=q+r
q+r=-2 ... (1)
Let x=-2, 8-8-10-10=-2q+r
-20+r=-20 ...... (2)
(1)-(2) 3q=18
q=6
r=-8
Let x=0, -10=2p+r
-10=2p-8
p=-1

(@) (i) Given that 3x*+x? —4x+3=(Ax+B)(x—1)(x+2) +Cx—1for all real values of X,
find the values of A, B and C.
(ii) Hence, deduce the remainder when 3x° + x* —4x +3 is divided by x* +x—2.

(i) Let x=1 3+1-4+3=C-1

C=4
Let x=0, 3=-2B-1
2B=-4
B=-2
Comparing coefficient of x3, A=3

(i) 3 +x%—4x+3 =(Bx=2)(x-1)(x+2) +4x-1
=(3x—2)(x* +x—2) +4x—1
Remainder = 4x—1

(b) Solve the equation 2x> +5x? —28x—-15=0.

Let f(x)=2x3+5x*—28x-15

f(-5)=-250+125+140-15=0

(x+5) isa factor of f(x).

Let f(x) = (x+5)(2x* +bx—23)

Comparing coefficient of x, 5b-3=-28
5b=-25
b=-5

f(x) = (x+5)(2x*> —=5x - 3)

=(x+5)(2x+1)(x—-3)

f(X)=0=> x =5, —%, 3



3. (a) The expression 2x°>—3x?+ax+2 is divisible by 2x — 1 but leaves a remainder 2b when
divided by x + 2. Find the value of a and of b. Hence factorise the expression completely.

Let f(x)=2x%-3x* +ax+2

l—§+E+2:0

4 4 2

a_ 3

2 2

a=-3

f(-2)=2b

2b =2(-2)* -3(-2)* —3(-2) + 2
=-20

b=-10

Let 2x3 —3x? —3x+2=(2x—1)(x* +bx—2)
Comparing coefficient of x, -b-4=-3
b=-1

f(x) = (2x -1 (x*> —x—2)
=(2x-D)(x-2)(x+1)

(b) Given that AX*—12x%+2x+5=(2x+1)(2x—1)(x+B)+3x+C for all values of x,

determine the values of A, B and C. Hence, state the remainder when A —12x2 +2X+5
is divided by 4x* — 1.

Comparing coefficient of x>, A=4

3 2
Let x = 1 2(1 —12(EJ + Z(EJ +5= 3(1) +C
2 2 2 2 2
C=2
Let x=0, 5=)(-1(B)+2
B=-3

52X —12x% + 2x+5= (2x+)(2x—-1)(x—3) +3x + 2

Remainder = 3x+2



Find the values of a and b for which the function f(x)=2x*-7x®+ax*+bx—21 is exactly

divisible by x* —2x—3. Hence determine, showing all necessary working, the number of real
roots of the equation f(x)=0.

x? —2x—3=(x—3)(x+1)
x—3 and x+1 are factors of f(x).

f(3)=0
2(3)* -7(3)°* +a(3)? +b(3)-21=0

—-48+9a+3b=0
3a+b=16 ... (1)

f(-1)=0
2(-D)* -7(-1)*+a(-1)? +b(-1)-21=0

-12+a-b=0
a—b=12 ... Q)

(1)+(2) 4a=28
a=7
b=-5

Let 2x* —7x% + 7x% —=5x—21=(x* —2x—3)(2x* + Bx + 7)
Comparing coefficient of x, —-5=14-3B
3B=9

B=3
22X T3 +7x2 —5x—21=(x* —2x —3)(2x? +3x+7)

f(x)=0=>x"-2x-3=0 or 2x*+3x+7=0
Discriminant = 3% — 4(2)(7)
=-33
No real roots.
f(x) =0 has only two real roots.




5. The polynomial ax® —4x% —5x+b is exactly divisible by x—2 and has a remainder of —4
when divided by x-1.
(i) Find the value of a and of b.

(i) Hence, factorise ax® —4x® —5x+b completely.

(i) Let f(x)=ax>—4x*—5x+b

f(2)=0
8a-16-10+b=0
8a+b=26 ...... (1)
f@=0
a-4-5+b=-4
a+b=5 ... (2)
(1)-(2) 7Ta=21
a=3
b=2

(i) Let f(x)=3x>—4x?—5x+2=(x—2)(3x* + Bx 1)
Comparing coefficientof x, —-5=-2B-1
2B=4

B=2

f(x) =3x> —4x* —5x+2
= (x—-2)(3x% +2x-1)
=(x-2)(3x-1)(x+1)



6. The expression px® —3qgx? +qx+2p is exactly divisible by (2x+1) and has a remainder of —10
when divided by (x+1).

(i) Show that the values of p and q are 2 and 3 respectively.

Hence, or otherwise,
(if) factorise the above expression completely, and
(iii) determine the remainder when the expression above is divided by (x —3).

(i) Let f(x)= px®—3gx* +Ox+2p

f(-1)=-10

P(-1)*-3q(-1)* +q(-1)+2p=-10
-p-3qg-q+2p=-10

p=49-10 ...... (2)

Sub (1) into (2) 2—3‘1 _4g-10
109 49
3
q=3
p=2

(i) Let f(x)=2x3—9x%+3x+4=(2x+1)(x* + Bx +4)
Comparing coefficientof x, 3=B+8
B=-5

f(x)=2x>-9x? +3x+4
= (2x+1)(x* —=5x + 4)
=(2x+D)(x-1)(x—4)



7. The cubic polynomial f(x) is such that the coefficient of x* is 2 and the roots of f(x) =0 are

—1, 2 and 3k. It is given that f(x) has a remainder of —36 when divided by (x + 4).
Find the value of k.

f(x)=2(x+1)(x—2)(x—3k)
f(-4)=-36

2(-3)(-6)(—4 - 3k) =—-36
—-4-3k=-1

3k =-3

k=-1

8. The expressions x®—2x*—px+6 and x*+x?+(8— p)x+10 leave the same remainder when
they are divided by (x + a), where a is an integer.

(i) Let f(x)=x>—2x*—px+6 and g(x) =x° +x* + (8- p)x+10.
f(-a)=9(-a)
a®-2a’-pa+6=a+a’+(8—p)a+10

~.3a°+8a+4=0

(i) 3a®+8a+4=0
Ba+2)(a+2)=0

2
a=-<(NA), -2
3( )

(iii) f(—a)=-20
(2)* - 2(-2)* - p(-2) +6=-20
-8-8+2p+6=-20
2p=-10
p=-5




9. The expressions f(x)=6x*+ax*+bx—6 has a factor x+2 but leaves a remainder of —12
when divided by x-1.

(i) Find the value of a and of b.
(i1) Factorise f(x) completely and hence solve the equation 48> + 4ax? =6 — 2bx.

(i) Let f(x)=6x3+ax’+bx—6

f(-2)=0
6(-2)° +a(-2)? +b(-2)-6=0
—48+4a-2b-6=0

4da—2b=54

b=2a-27 ...... (1)

f()=-12

6(1)° +a(l)® +b(1) - 6=-12

a+b=-12 ...... ()

Sub (1) into (2) a+2a—-27=-12
3a=15
a=5
b=-17

(i) Let f(x)=6x3+5x>—-17x—6 = (x+ 2)(6x° + Bx—23)
Comparing coefficientof x, —-17=2B-3
2B=-14

B=-7

f(x) = (x+2)(6x* —7x—3)
=(xX+2)(3x+1)(2x-3)

48x* +20x* —34x—6=0
6(2x)* +5(-2x)? -17(2x)-6=0
(2x+2)(6x+1)(4x-3)=0

13
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10. The function f(x) is defined by f(x) =2x* —2x*-7x-3.

(i) Show that (x+1) is the factor of f(x).
(if) Solve f(x)=0. Leave your answers in exact form.

(i) f(x) =2(-1)°-2(-1)>-7(-1)-3
=0
- (x+1) is the factor of f(x).

(i) Let f(x)=2x>—2x*—7x—3=(x+1)(2x* +bx—3)
Comparing coefficientofx, —-7=b-3
b=-4

f(X) = (x+1)(2x? —4x—3)

f(x)=0 =x+5=0 or 2x*-4x-3=0
A’ -4-3)

4
_4+4410
4
_2+410
2

=X=-5

11. (a) The cubic polynomial is such that the coefficient of x> is —1 and the roots of the equation
f(x)=0 are —2, 3 and k. Given that f(x) has a remainder of 12 when divided by x—4,
find the value of k.

f(X)=—-(x+2)(x—-3)(x—k)
f(4)=12

- (6)(1)(4-k) =12
k—4=2

k=6

10



(b) () Solve the equation 4x® —7x* —21x+18=0.

. 1 7 21
(if) Hence solve the equation §x3 —sz = P x—18.

(i) Let f(x)=4x>—7x*-21x+18
f(-2) = 4(-2)° - 7(-2)? - 21(-2) +18

=0
(x+2) is a factor of f(x).

Let f(X) =4x> —7x? —21x+18 = (x+ 2)(4x> +bx +9)
Comparing coefficientof x, —-21=2b+9
b=-15
f(x)=4x* —7x* - 21x +18
= (x+2)(4x* —15x +9)
=(X+2)(4x-3)(x-3)

f(x)=0=x=-2, % 3

s 70 2

(ii) = x-18

3_Tye 2Ly 18-0
4 2

{3 ) o)
a5l

X =—4, § 6
2

1
—X
2
1
—X
2

11



12. Solve the equation 3x® +2=8x* —3x. Hence or otherwise, find the values of y such that
3(y-1°-8(y-1)*+3y-1=0.

3x% +2=-3x
3x3—8x*+3x+2=0
Let f(x)=3x>—8x?+3x+2
f(1)=3-8+3+2

=0
(x—1) is a factor of f(Xx).

Let f(x)=3x>—8x* +3x+2=(x-1)(3x* +bx—2)
Comparing coefficientof x, 3=-b-2
b=-5

f(x) = (x-1)(3x* =5x—2)
=(x-1)(Bx+1)(x-2)

f(x)=0=x=1 —%, 2

3(y-1)°-8(y-1)*+3y-1=0
1
-1=1,-=, 2
Y 3

2
=2, -, 3
Y 3

12



13. The expression 2x° +ax* +bx—2 is exactly divisible by x — 1 and by x + 2.

(i) Calculate the value of a and of b.
(if) Find the third factor of the expression.

(iii) Hence solve the equation 2x*® +ax® +bx—2=0.

(i) Let f(x)=2x+ax®+bx—2.
f)=0

2+a+b-2=0
a=-b ... Q)

f(=2) =0
_16+4a—-2b-2=0

4a-2b=18
2a—b=9 ...... (2)

(if) The third factor is (2x+1).

(i) 2x® +3x* -3x-2=0
(x=-D(x+2)(2x+1) =0

x=1 -2, —1
2

Alternative Method for (i)
(i) By inspection, the third factor is (2x+1).

2x3 +ax® +bx—2
=(X=-D(x+2)(2x+1)
=(x* +x-2)(2x+1)

=253 +2x% —AX+ x> +x -2
=2x3+3x% —3x-2

a=3

b=-3

13
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